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Detecting primes in sets of integers

Goal: Count primes in a finite set A of integers

‚ A = [1, x]. Prime number theorem.
‚ A = tn ď x : n ” a (mod q)u. PNT for AP, Linnik’s theorem
‚ A = (x ´ y, x]. Primes in short intervals, Hoheisel’s theorem
‚ A = tp+ 2 : p ď x, p primeu. Twin primes.
‚ A = t2p+ 1 : p ď x, p primeu. Sophie Germain primes.
‚ A = tN ´ p : p primeu. Binary Golbach problem.
‚ A = tn2 + 1 : n ď xu. Primes of the form n2 + 1.
‚ A = ta2 + b4 ď xu. Primes of the form a2 + b4.
‚ A = tn ď x : n omits 7 in base 10u. Primes with missing digits



Sieving for primes (the small sieve)

Setup: A Ă [1, x], Q = product of primes ď
?
x.

#ta P A : a primeu ě #ta P A : (a,Q) = 1u

(incl.-excl.) =
ÿ

d|Q

µ(d)|Ad|, Ad = ta P A : d|au.

In principal, good knowledge of Ad will solve the problem.
But there are 2π(Q) « 2Q/ logQ summands. Way too many!

Small sieve: Replace µ(d) with support-limited ξ(d):
ÿ

d|Q

µ(d)|Ad| ě
ÿ

dďxγ

ξ(d)|Ad|.



Level of distribution

#ta P A : a primeu ě
ÿ

dďxγ

ξ(d)|Ad|.

γ is the level of distribution for A if asymptotics for |Ad| for most d ď xγ .

Example: A = tp+ 2 ď x : p primeu. Here

|Ad| = π(x; d,´2) = count of primes ď x that are ´ 2 mod d.

By Bombieri-Vinogradov, for any ε ą 0,

ÿ

3ďdďx1/2´ε

ˇ

ˇ

ˇ

ˇ

|Ad| ´
π(x)

φ(d)

ˇ

ˇ

ˇ

ˇ

!A
x

(logx)A
.

So A has level of distribution 1/2 ´ ε for all ε ą 0.



The parity barrier to the small sieve

#ta P A : a primeu ě
ÿ

dďxγ

ξ(d)|Ad|.

If @ ε ą 0, A has level of distribution 1 ´ ε, must A have many primes?

No! Selberg’s examples:

A+ = t1 ď n ď x : n has an even number of prime factorsu,
A´ = t1 ď n ď x : n has an odd number of prime factorsu,

By the Prime number theorem, λ is the Liouville function, if d = o(x),

|A˘
d | =

ÿ

eďx/d

1 ˘ λ(de)

2
=

x

2d
+O(1) ˘

λ(d)

2

ÿ

eďx/d

λ(e) „
x

2d

A´ has all the primes ď x, A+ has no primes.



Breaking the parity barrier with bilinear (Type II) sums.

A Ď (x/2, x]

Three basic parameters: γ, θ, ν.

ÿ

mďxγ

ˇ

ˇ

ˇ

ˇ

|Am| ´
|A|

m

ˇ

ˇ

ˇ

ˇ

!B
|A|

(logx)B
(Type I bound).

Let an be indicator function of A. For any divisor-bounded complex se-
quences (αn), (βn),
ˇ

ˇ

ˇ

ˇ

ÿ

xθămďxθ+ν

x/2ămnďx

αmβn(amn ´ |A|/(x/2))

ˇ

ˇ

ˇ

ˇ

!B
|A|

(logx)B
(Type II bound).



Parity-breaking sieves: some successes

For certain (γ, θ, ν), if the Type-I / Type-II bounds hold, then we have
lower bounds on #tp P Au of the expected order.
Sometimes we get asymptotics for #tp P Au.

γ [θ, θ + ν] Application
3/4 [1/4, 3/4] Primes of form x2 + y4 (Friedlander-Iwaniec)
3/4 [1/4, 1/3] Primes of form x2 + (y2 + 1)2 (Merikoski)

19/28 [9/28, 10/28] Fractional part of αp (Jia)
2/3 [1/3, 2/3] Primes of form x3 + 2y3 (Heath-Brown)
0.64 [0.36, 0.425] Primes with a missing digit (Maynard)
1/2 [0, 1/3] Solving x2 ” a (mod p) (Duke-Friedlander-Iwaniec)

1/2 [0, 1/5] Dynam. systems at prime times (Sarnak-Ubis)



Main questions

(1) Bound C(γ, θ, ν), the supremum of numbers c so that if A Ă (x/2, x]
and the Type-I and Type-II bounds hold, then

#tp P Au ě c
|A|

logx
.

(2) For which (γ, θ, ν) is C(γ, θ, ν) ą 0?

(3) For which (γ, θ, ν) do we have a guaranteed asymptotic

#tp P Au „
|A|

logx
(x Ñ 8).



Comments on existing approaches

Existing results produce some ranges of (γ, θ, ν) so that we have a guar-
anteed asymptotic and some ranges where C(γ, θ, ν) ą 0, i.e., we detect
primes.

Tools: identities of Linnik, Vaughan, Heath-Brown (for asymptotics),
Buchstab iteration / Harman’s sieve (for lower bounds)

In cases where an asymptotic is not proved, the methods are largely ad-
hoc, deploying the Type-I and Type-II bounds piecemeal, and do not shed
any light on the optimality or the limitations of these approaches.

When ν ą 0, there are no examples in the literature with no primes or
showing that the asymptotic does not necessarily hold.



A new approach

New approach (KF, James Maynard, 2017–present)

‚ We replace iterative treatments with direct arguments,
deploying all of the Type-I and Type-II information at once.

‚ In principle, we can to determine C(γ, θ, ν) exactly, by reducing
the problem to a combinatorial optimization problem. This
optimization problem is very complex and we have solved it
only in some cases.

‚ We have a general method to construct examples giving upper
bounds on C(γ, θ, ν), and a general, non-iterative, method to
obtain lower bounds on C(γ, θ, ν).



Level of distribution ă 1/2. An easy construction

Theorem 0. If 0 ď θ ă θ + ν ă γ ă 1/2, there are sets A Ď (x/2, x]
satisfying Type-I and Type-II bounds but having no primes.

Proof. Choose α, ε ą 0 so that [α ´ ε, α+ ε] P (γ, 12).
‚ ap = 0 on primes;
‚ an = K for n = p1p2, p1 P [xα´ε, xα+ε], p2 ą p1, K ą 0 real;
‚ an = 1 for all other n P (x/2, x].

Choose K so that |A| =
ř

n an = x/2.

Type-II is trivial: For `with a divisor in (xθ, xθ+ν ], a` = 1 = |A|/(x/2).

Type-I: If 1 ă m ď xγ then |Am| = x/(2m) + O(1) = |A|/m + O(1),
since xγ ă xα´ε.



Guaranteed asymptotics

1

2
ď γ ă 1

Theorem 1 [FM]. We have a precise determination of which triples
(γ, θ, ν) give a guaranteed asymptotic. This includes many cases that were
known before and many new cases.

Precisely, we have a guaranteed asymptotic if and only if both:
(A1) For all n ě t 1

1´γ u + 1, there is a P N with a
n P [θ, θ + ν];

(A2) For some h P N, h(1 ´ γ) P [θ, θ + ν] Y [1 ´ θ ´ ν, 1 ´ θ].

Example: γ = 0.55, [θ, θ + ν] = [ 1
10 ,

1
3 ].

(A1): Here t 1
1´γ u + 1 = 3 and [θ, θ + ν] contains 1

3 ,
1
4 , . . . ,

1
10 .

(A2) holds with h = 2.



Guaranteed asymptotics

Theorem 1 [FM]. We have a precise determination of which triples
(γ, θ, ν) give a guaranteed asymptotic. This includes many cases that were
known before and many new cases.

Precisely, we have a guaranteed asymptotic if and only if both:
(A1) For all n ě t 1

1´γ u + 1, there is a P N with a
n P [θ, θ + ν];

(A2) For some h P N, h(1 ´ γ) P [θ, θ + ν] Y [1 ´ θ ´ ν, 1 ´ θ].

‚ (A1) needs only to be checked for n ď 1/ν

‚ (A1) eliminates constructions (for nonasymptotic) based on integers
p1 ¨ ¨ ¨ pn with pi « x1/n for all i;

‚ (A2) eliminates constructions based on integers p1 ¨ ¨ ¨ pmq with
pi « x1´γ for each i, q « x1´m(1´γ), m = t 1

1´γ u.



Special case: γ = 1/2, θ = 0

Theorem 2 [FM]. We have
‚ C(1/2, 0, ν) = 0 for ν ď 0.163; there are examples with no primes
‚ C(1/2, 0, ν) ą 0 for ν ě 0.1676; there are always many primes
‚ an exact value of C(1/2, 0, ν) for ν ě 1/5, e.g.

C(1/2, 0, 1/5) = 0.362 . . .

Duke-Friedlander-Iwaniec showed C(1/2, 0, 1/5) ě 0.23.
‚ C(1/2, 0, ν) = 1 for ν ě 1/3; asymptotic for primes. Known to DFI



Special case: γ = 1 ´ θ, ν = 1 ´ 3θ. 1
4 ď θ ă 1

3 .

Used to study fractional parts of αp for a fixed α R Q.

Theorem 3 [FM]. We have
‚ An exact value of C(1 ´ θ, θ, 1 ´ 3θ) for 1

4 ď θ ď 3
10

‚ C(0.7, 0.3, 0.1) « 0.84; Harman showed ě 0.80



How much Type-II information is needed to detect primes?

Theorem 4 [FM]. (examples with no primes) For every γ ă 1, there
is a ν0(γ) ą 0 so that whenever 0 ď ν ď ν0(γ), and for all θ, we have
C(γ, θ, ν) = 0.

Fix δ ą 0. We use a function rλ, which is similar to the Liouville function:
‚ rλ is completely multiplicative;

‚ rλ satisfies the Type-I bounds up to xγ , i.e.,

ÿ

dďxγ

ˇ

ˇ

ˇ

ˇ

ÿ

x/2ănďx
d|n

rλ(n)

ˇ

ˇ

ˇ

ˇ

!A
x

logA x
;

‚ rλ(p) « ´1 for all primes p P (xδ, x];

‚ rλ is supported on integers with no prime factor ď xδ .



Continuity of C(γ, θ, ν)

There are many discontinuities in the function C(γ, θ, ν) !

Dark lines are points of discontinuity.
Shaded region is where we have a guaranteed asymptotic.



Optimization and duality

H is a special set of vectors: components ě ν, at least two components, sum
of components 1, no subsum in [θ, θ + ν], other conditions.

Suppose f : H Ñ R satisfies f(x) ě ´1 for all x P H and

(I’) For r ě 0, ξ1 + ¨ ¨ ¨ + ξr ď γ,
ÿ

kěr+1

ż

¨ ¨ ¨

ż

ξr+1ă¨¨¨ăξk
ξ1+¨¨¨+ξk=1

f(ξ1, . . . , ξk)

ξr+1 ¨ ¨ ¨ ξk
= 0.

Suppose g is a function on vectors (of var. length) with
g(∅) = 1; g(x) supp. on

ř

xi ď γ; (1 ‹ g)(x) ď 0 for x P H.

If (1 + f(x))(1 ‹ g)(x) = 0 for x P H (slackness), then

C(γ, θ, ν) = 1 + f(1) = 1 +
ÿ

kě2

ż

¨ ¨ ¨

ż

xPHXRk

x1ď¨¨¨ďxk

(1 ‹ g)(x)
x1 ¨ ¨ ¨xk

.



Brief version of our direct approach

Linnik’s identity: t(n) :=
Λ(n)

logn
=

8
ÿ

j=1

(´1)j+1

j

ÿ

n=d1¨¨¨dj
diě2 (1ďiďj)

1.

Proof: log ζ(s) = log
(
1 + (ζ(s) ´ 1)

)
=

8
ÿ

j=1

(´1)j+1

j
(ζ(s) ´ 1)j .

Equate coefficients of n´s on both sides.

Truncated Linnik: ty(n) :=
8
ÿ

j=1

(´1)j+1

j

ÿ

n=d1¨¨¨dj
2ďdiďy (1ďiďj)

1, y = x1´γ .



Truncated Linnik: ty(n) :=
8
ÿ

j=1

(´1)j+1

j

ÿ

n=d1¨¨¨dj
2ďdiďy (1ďiďj)

1, y = x1´γ .

If n has a prime factor ą y then ty(n) = 0.

(wp = ap ´ bp)
ÿ

p

wp =
ÿ

n

wnt(n) (ignore prime powers)

«
ÿ

n

wnty(n) (using Type-I)

«
ÿ

nPU

wnty(n) (using Type-II),

where U = tx/2 ă n ď x : y ´ smooth
looooomooooon

Type-I

, no divisor in [xθ, xθ+ν ]
looooooooooooomooooooooooooon

Type-II

u.

Cor. Have guaranteed asymptotic iff U is empty.


