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CHAPTER 0

Background material and notation

1. Notation
Number Theory Functions

7(n) is the number of positive divisors of n

(n) is the number of distinct prime factors of n

(n,t) is the number of distinct prime factors of n which are < ¢

(n;S) is the number of distinct prime factors of n that lie in the set S

(n) is the number of prime factors of n counted with multiplicity

(n) is the Mobius’s function; p(n) = (—1)*™ if n is squarefree and p(n) = 0 otherwise.
*(n) is the largest prime factor of n; P*(1) = 0 by convention

~(n) is the smallest prime factor of n; P~ (1) = co by convention

£ &

T 2¢&

aviiav)

Permutation notation

S, is the permutation group on a set of n objects (we don’t care what the objects are)
C;(o) is the number of cycles of length j in the permutation o

C(o) is the total number of cycles in the permutation o

C1(o) is the number of cycles of length j € I in the permutation o

Blo means that § is a divisor of the permutation o, i.e. a product of some subset of the cycles of &
A fized set I of o is a subset of [n] which is itself permuted by o. Equivalently, I is the set of

indices permuted by a divisor of o.
|8] is the size of 3; § is a divisor of a permutation.

Order of magnitude notation (Bachman-Landau, Hardy, Vinogradov)

The notations f = O(g), f < g and g > f mean that there is a positive constant C' so that
|f| < Cg throughout the domain of f. The constant C' is independent of any parameters, unless

specified by subscripts, e.g. f(z) = Oc(x%).

f = g means that both f < g and g < f hold. Generally makes sense only if f, g are both positive.
Equivalently, there are positive constants C' < C’ such that Cg < f < C’g throughout the domain

of f.

e f~gasx— ameans lim, ., f(z)/g(x) = 1. Here a can be finite, co or —oo.
e f=0(g) as x — a means lim,_,, f(x)/g(x) = 0. Here a can be finite, co or —oc.

Probability

e P(X) is the probability of the event X
o E(X) is the expectation of the event X

e X £V means that X has the same distribution as Y
e Pois(\) is a Poisson random variable with parameter A

1



2 0. BACKGROUND MATERIAL AND NOTATION

General notational conventions

N=1{1,2,3,...}, the set of positive integers (“natural numbers”)

Ny ={0,1,2,3,...} =NU {0}

e = 2.71828182. .. is the base of the natural logarithm

v = 0.57721566 . .. is Euler’s constant

log is the natural logarithm

log;, « is the k—th iterate of the natural logarithm of x

|| is the greatest integer which is < x.

[2] is the least integer which is > x.

1(S) is the indicator function of statement S; 1(S) =1 if S is true, and 1(S) = 0 if S is false.
H,=1+4+1/24---+1/nis the n-th harmonic sum

H(I)=),c;1/iis a general harmonic sum, where I C N

Variables in boldface type, e.g. h, usually denote vector quantities.

A statement for “almost all integers” means that the number of exceptions below z is o(x) as
T — 00.

The symbols p, g denote primes unless otherwise noted

e The symbols k, [, m,n denote integers unless otherwise noted

2. Basic summation estimates

HARMONIC suMS. The harmonic sums H, satisfy
(i) logn < H, <1+ logn;
(i) H, =logn+~+ O(1/n), where v = 0.57721566 . .. is Fuler’s constant.

STIRLING’S FORMULA. We have the asymptotic (Stirling’s formula)
n! =+v2mn(n/e)"(14+ O(1/n))

and the strict inequalities

n! 1
0.1 1< —— <2 14— n € N).
(0-1) V2mn(n/e)n on :

EULER’S SUMMATION. Let f € C'(y,x). Then

x x
>t = [ f@ars [ @r@ i o) - @)
y<n<x Y Y
where {t} =t — |t] is the fractional part of t.

Roughly speaking, the sum of f(n) is approximated by the corresponding integral of f(t).

ABEL SUMMATION, ALSO CALLED PARTIAL SUMMATION. Let a, be any sequence of complex
numbers with counting function A(t) =3, <; an. Let 0 <y <z and suppose f € Cl(y,x]. Then

S anf(n) = AW @)~ A - [ AGF @) ar

y<n<z
3. Arithmetic functions

A function f : N — C is called an arithmetic function. An arithmetic function f is multiplicative if
it is not identically zero, and if f(mn) = f(m)f(n) whenever (m,n) = 1. Equivalently, if n has prime
factorization n = p{* - - - pi*, then

fn) = fp1") - f(pi)-
In particular (the empty product) f(1) = 1. A function is completely multiplicative if f(mn) = f(m)f(n)
for all m,n € N. Important examples include powers n¢ (c fixed), 7(n), the number of positive divisors



4. Prime number estimates 3

of n, Euler’s totient function ¢(n), and the Mobius function u(n). Clearly, the product and quotient of
multiplicative functions is also multiplicative, as is any fixed power of a multiplicative function.
A sum over divisors of n of a multiplicative function f may be written as a product:

(0.2) Zf =] O+ @)+ e+ + ),
p|ln

and an “infinite version”

(0.3) Yo f@=1IC+rw+ 1w+,

d:pld = peT peT

provided each infinite sum converges, and the product also converges. An important special case is f(n) =
1/n, which yields the formula

(0.4) > H<1> 1.

dip|ld = pET peT
Moébius inversion and the Legendre sieve. The Mébius function encodes a number-theoretic version
of inclusion-exclusion. For any finite set of primes with product P, and any set A of positive integers
#{neA:(n,P)=1} = nu(d)#{nc A:dn}.
d|P

An arithmetic function f is additive if f(ab) = f(a)+ f(b) whenever (a,b) = 1. A function is completely
additive if f(ab) = f(a) + f(b) for all a,b, € N.
Examples include

(1) f(n) =w(n;S), the number of distinct prime factors of n lying in a set S;
(2) f(n) =Q(n), the number of prime power divisors of n; this is completely additive.
(3) f(n) =logn. completely additive;
(4) f(n) =logg(n), where g(n) is a positive, multiplicative function.
4. Prime number estimates

Throughout, p denotes a prime number.

PrRIME NUMBER THEOREM (PNT).

w(o) = #lp <o) = [ (040 (s V),

Also,
Zlogp =x4+0 (me_m) .

P<T

Tdt oz Lo T
, logt logz logz )

MERTENS’ ESTIMATES WITH STRONG ERROR TERMS. For some constants ci,co we have

We also have the asymptotic

Two consequences are:

(0.5) Z% =loglogx + ¢, + O (e"/@> ,
psT
(0.6) Z logp _ logz +c3 + O (e_\/m) ,

p<T



4 0. BACKGROUND MATERIAL AND NOTATION

and

0.7) 11 (1 - ;) -2 (10 ().

p<zT

The original Mertens’ estimates had error terms O(1/logz), and this weak form is sufficient in most of
our applications. The best-known form of the error terms above take the form exp{—c(log )3/°(log, =) ~1/°}
for some constant ¢ > 0.

Oftentimes the more crude bounds of Chebyshev suffice: for positive constants c, ¢’ we have

cx cx

<#{p<a} <

(z = 2).

log x log x

The Prime Number Theorem also implies that
pn ~nlogn (n — 00),

where p,, is the n-th smallest prime.

There are similar bounds for primes in a fixed arithmetic progression. Here we fix 1 < a < b with
(a,b) =1.

PRIME NUMBER THEOREM FOR ARITHMETIC PROGRESSIONS. We have

#{pgx:pza(modb)}wm

There are results which are uniform in b, but they are more complicated to state. We refer the reader
to [10] for specifics.

(z — o0)

MERTENS’ ESTIMATES FOR PRIMES IN ARITHMETIC PROGRESSIONS. For some constants ¢y (a, b)
and cz(a,b) > 0 we have

1 loglogz
0.8 —=——"—+c1(a,b) + Op(1/logx
08 S = e+ 0 o)
p=a (mod b)
and
1 _ 62(0‘7b)
p=a (?nod b)

5. Inclusion-Exclusion

We need a simple version of the inclusion-exclusion principle, with truncation.
INCLUSION-EXCLUSION. Let a be a non-negative integer. Then, for any k € N,

I(a =0) = i(_mr (;‘f) - zk:(—w (jf) 4 (—1)H! (a; 1).

r=0 r=0

PROOF. The first equality is trivial from the binomial theorem. For the second, we have

S ()= s ev(CR) ()]0 :

Often, we need to count a reciprocal weighted sum over integers with a given number of prime factors
from a given set.
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PROPOSITION 0.1. Let T be a finite set of positive real numbers, and k € N. Then

1 k _ 1 1 H(T)*

m(H(T>k<z)H<T>k anz> < Y ST

’ neTl n1,%.7nk€T 1 k ’
nyp<--<ng

Proor. Evidently,

1
H(T)k = _
CON S
ni,...,ng €T
The summands on the right corresponding to distinct, unordered k-tuples (nq,...,nx) equals

1
KoY —,
ni,...,np€T 1 k
ny<---<ng

while the summands corresponding to non-distinct k-tuples (nq,...,nx) have a total sum of at most

(g) > %H(T)’“_Q. 0

neT

6. Probability estimates: general
All random variables lie in R, most are non-negative.

MARKOV’S INEQUALITY. We have P(X > w) < L p=EX>0,w>0.
w

Two easy consequences are Chebyshev’s inequality for variances and Chernoff’s inequality.

CHEBYSHEV’S INEQUALITY. Ifw >0, p =EX and E|X — pu|? > 0, then

1
P(X — i > wVEX —4P) < —.

CHERNOFF’S INEQUALITY. We have

E bX
P(X > w) < inf ——.
b>0 e’%

and

E bX
P(X <w) < inf ——.
b0 ew

7. Probability estimates: Poisson random variables

The first Proposition lists basic properties of the Poisson distribution, which are readily verified from
the definition.

PROPOSITION 0.2. Suppose X 4 Pois(\). Then

(0.10) EX =)\,

(0.11) EcX =D (> 0),
X m

0.12) E (m) - % (m > 0).

If X; 4 Pois(\j), 1 < j <k, and X1,..., Xy are independent, then
(0.13) Xi 4+ X L Pois(Ay + - + An).

We also record very useful tail bounds on the Poisson distribution, due to Norton [56].
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PROPOSITION 0.3 (POISSON TAILS). Let X L Pois(\) where A > 0. Then
1

P(X <ol <min(1,————— e @@ (0<a<),
( ) ( (1- a)\/a/\) ( )
1
P(X > a)) < min | 1, e Q@A (g > 1),
( ) < (11/04)\/270@) ( )
where
(0.14) Q(z) =zlogr —x + 1.

PRroOF. First, using Chernoff’s inequality (with b = loga, 0 < a < 1) together with (0.11), we have

E ebX e(e"—1)A

bX ba —Q(x)A
P(X <aX) =P (" >e )geba/\: San = Q)X

When « is bounded away from 1 we can do better. Suppose o < 1 and let kg = |aA]. Then

)\k
—a A -~
P(X <a))=e > R
k<ko
If ko = 0 then Q(a) < Q(0) =1 and o) < 1, hence
I
(1 —-a)Va
Now suppose kg > 1. Consecutive summands have ratio > 1/«, and thus by (0.1) and the fact that \*/(x/e)”
is increasing for z < A, we have

e QA > e7A = P(X < a)).

)\ e*)\ Ako efA )\ko
P(X < < NAEENPS .
( @ ) 1—a k! -« (ko/e)kO\/Qﬂ'ko
e—A Ao e~ Qo)A 1
< - _ .
1—a (ar/e)* /2rky 1—a 27k
efQ(a))‘ 1
T l-a TaX

which concludes the proof of the first inequality.
A second application of Chernoff’s inequality (again with b =loga, o > 1) and (0.11) yields

E ebX e(e"=1)x

IP(X >a)\) =P (ebX > ebw\) < o _ o — o~ QA

Now assume « > 1 and write k1 = [aA]. We have

/\k
A E
k>k1

Consecutive summands have ratio < 1/a. By (0.1) and the fact that A* /(z:/e)* is decreasing for x > ),

1 pLz! 1 pLz! e~ Q(a)A 1 e~ Q(a)A 1
PX>2a\) < ——— — < . < . < . )
1-1/a k! 1-1/a (ki/e)sr2rky ~ 1—-1/a 27k  1—-1/a 2raX
This concludes the proof of the 2nd inequality. O

PROPOSITION 0.4 (Q BOUNDS). We have

T 0 _1\k
(0.15) Q(x) :/ logtdt (all x) = Zkikl—)l)(x_ DF (Jz—1] < 1),

1 k=2
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and

(E2

3
PROPOSITION 0.5 (BINOMIAL TAILS). Let X have binomial distribution according to n trials and

parameter p € [0,1]; that is, P(X = k) = (Z)pk(l —p)" k. If B < p then we have

B

(0.17) P(Xgﬁn)gexp{—n (Blogp—l—(l—ﬁ)logi:i)}.

(0.16) <Q(1+2z)<2? (2| <1).

PRrOOF. For a proof, see [3, Lemma 4.7.2]. The right side is also an upper bound for P(X > fpn) for
8 = p by symmetry. O



CHAPTER 1

The sequence of prime factors of an integer and cycles of a
permutation, I

Positive integers factor uniquely into a product of prime numbers, and permutations factor uniquely into
a product of cycles. Despite this similarity, the two objects, integers and permutations, look very different
on the surface. Deeper inspection, however, reveals that the distribution of the two factorizations have many
common features, and for much the same underlying reasons.

1. Prime factors and divisors

Given a random number n < x and a prime p, the probability that p|n is very close to 1/p, and moreover
these events are close to independent for different p (as long as p is “small”; in a sense that will be made
precise later). In particular, this heuristic suggests that the number of distinct prime factors w(n) should be
about 1
Z — =logyx +O(1)

pPsT p
on average, using Mertens’ sum estimate (0.5). In fact, an easy calculation gives

1 1
(L.1) LY ) = - S /o) = 3 1/p+ Oln(w) /2) = logy @ 4+ O(1).
n<z p<E P
What is the distribution of w(n) for n < x? One can model the event p|n, for a random n < x, by a Bernouilli
random variable X,,, which equals 1 with probability 1/p and 0 with probability 1 — 1/p. This in turn is
very close to a Poisson random variable Z,, with parameter 1/p when p is large. Thus, w(n) can be modeled
by the random variable > Z,, which is a Poisson variable with parameter >° _ 1/p =log,z + O(1).
The first result in this direction is a classic theorem of Landau from 1900.

Theorem (Landau, 1900). For every fixed k,

z_ (logyx)**

logz (k—1)!

This already suggests that w(n) has an approximate Poisson distribution, although Landau never wrote
this explicitly. It was Hardy and Ramanujan in 1917 who analyzed the behavior of #{n < z : w(n) = k}
uniformly in %, showing

Theorem (Hardy-Ramanujan, 1917). Uniformly for > 2 and k > 1,

r  (logyx + Cy)k1
"log x (k—1)! ’

#{n<x:wn) =k}~

#{n<z:wln)=k}<C

where C1, Cy are certain absolute constants.

Summing the upper bound for k& > (1 + €)logy z and k < (1 — €)log, x, with ¢ > 0 fixed, and using
standard bounds on the tail of the Poisson distribution (see (0.3) below), one obtains a sum of o(x). Conse-
quently, most n < x have close to log, x distinct prime factors. This result is sometimes referred to as the
birth of probabilistic number theory.

Motivated by the fact that the Poisson distribution Pois(A) tends to the Gaussian with mean and variance
A as ) tends to infinity, Erdés and Kac proved their celebrated “Central Limit Theorem” for w(n) in 1939:

8



2. Permutations, cycles and fixed sets 9

Theorem (Erdds-Kac, 1939 [28]). For any real z,

w(n) —logy x

1 1 ? 1,2
- L<ax: ——2-< - ®(z) := — —2dt — 00).
x#{n T N z} (2) m/iooe (z — o0)

Much further work was done starting in the 1940s, examining the distribution of the entire sequence of
prime factors of integers (equivalently, studying the distribution of arbitrary additive functions). Perhaps
the most notable was the work of Kubilius, who developed a probabilistic model of integers which provides
a kind of meta-tool for studying al kinds of statistical questions about the distribution of prime factors. A
key concept in the theory is independence, the idea that if p and ¢ are small primes, then the “events” p|n
and ¢|n are nearly independent, from a probabilistic viewpoint; this idea also played a prominent role in
the development of sieve methods. The theory leads to a “Poisson model” of prime factors; namely that the
number of prime factors in an interval (e®, eeb] has roughly Pois(b — a) distribution, with disjoint intervals
having independent distributions.

The distribution of divisors of integers has also received much attention, beginning in the 1930s. Much
of the study was motivated by two fundamental problems:

(a) (Besicovitch, 1934). Given a quantity y, what is the density of integers that have a divisor in
(y,2y]?

(b) (Erdss, 1948). Do almost all integers (that is, a set of density 1) have two divisors in some dyadic
interval (z,2z]?

Estimates for the density in Problem (a) were given by Erdés and Tenenbaum, with Ford giving the order
of magnitude of the order in 2008 [29]. The solution of Problem (b), in the positive, was given by Maier
and Tenenbaum in 1984 [52]. Problem (a) is closely related to the Erdés multiplication table problem: How
many distinct products are there ab with 1 <a< Nand 1<b< N ?

2. Permutations, cycles and fixed sets

The classical derangement problem was posed in 1708 by Pierre Raymond de Montmort. The problem
asks how many permutations in §,, have no fixed points, that is no 1-cycles. Five years later, he found
an exact formula, which is approximately %n! for large n. In the early 1800s, Cauchy introduced the cycle
notation and showed that permutations factor uniquely into a product of cycles. He also developed an exact
formula for the number of permutations with a given cycle type; that is, the number of cycles of each length.
If 0 € S, has C; cycles of length j for each j, with ; Cj = n, then the number of such permutations equals

C.
1 71
WT1(5) &

j<n

This formula suggests that, for random o € S,,, the quantities Cy(0),Ca(c), ... behave like independent
Poisson random variables, where C;(o) has distribution Pois(1/5). This is not precisely true, because of the
condition that > j jCj = n. Goncharov was the first to make such statements rigorous, and in 1944 proved
(among other things) the following:

Theorem (Goncharov, 1944 [39]). We have

—1y (/)™

e For any fixed j and m, i'#{o €S,:Cj(o)=m}} —e ;
n m

1 ' C(c) —logn } 1 /Z 1
e For any real z, — ceS,: ——>-< 2z, > P(2) 1= — e 2" dt n — 00).
Y n!#{ Vogn =) = o)

The (unsigned) Stirling number of the first kind, S1(n, m), counts the number of permutations o € S,
with exactly m total cycles; that is, C(c) = m. Goncharov used careful asymptotic analysis of Stirling
numbers to obtain the second part of the theorem above. The first part was deduced from an exact formula

(n — c0);



10 1. THE SEQUENCE OF PRIME FACTORS OF AN INTEGER AND CYCLES OF A PERMUTATION, I

which he proved for #{c € S,, : Cj(c) = m} (see Exercise 1.1 below). More recently, the Poisson model has
been established in great uniformity: Namely,

(1.2) (C1(0),Co(0),...,Cx(0) = (Z1,Za, ..., Zk)
(meaning the two vectors have distributions which are very close), where Z1,..., 7 are independent and
Z; 4 Pois(1/7), provided that k = o(n) as n — oo.

A fized set of a permutation o is a subset I C [n] which is itself permuted (i.e., left invariant) by o. A

fixed set corresponds to a divisor of o, that is, a product of some subset of the cycles in o (we include both
the empty set and the whole set [n] as fixed sets). For example, if o € Sg has cycle form

o= (1)(24)(356)
then, e.g., (1)(356) is a divisor with corresponding fixed set {1,3,5,6}. There play the same role for permu-
tations as divisors do for integers. The existence of fixed sets of a particular size has applications to various
questions in statistical group theory, such as generation of S,, by random permutations, the distribution
of transitive subgroups of S,, and the order of permutations. These in turn have further applications to
irreducibility of polynomials over finite fields (with applications to Galois theory) and over global fields.
Since .
> —=log(l+1/k)~ 1/k
ek <pLekt+l

when k£ is large, we can form an approximate dictionary between statements about random permutations
and the analogous statement about random integers.

Random permutation Random integer
cycle of length k prime factor in (e, e*+1]
divisor of size k divisor in (e, eF 1]

3. Cycles and prime factors from intervals: first nibbles

With n € N fixed, we consider a random permutation o € S,,, each permutation occurring with proba-
bility 1/n!. Probability and Expectation with respect to this probability space will be denoted Pycs, and
E ;es, - If the value of n is understood, then often these are abbreviated as P, and E,.

Recall that C; (o) is the number of cycles of size j in the permutation o.

The following lemma appears in Watterson [69, Theorem 7].

LEMMA 1.1 (CYCLE LENGTH LEMMA). Let mq,...,my be non-negative integers with

mi + 2ms + - - - + nm,, < n.

s 1 (47) - [T 22

j=1

Then

If mi 4+ 2mg + - - - +nm,, > n, then the left side is zero.

PROOF. The second assertion is obvious, since the product on the left side is positive if and only if
Cj(o) = m; for all j, and since) _; jC;(o) = n this implies that } jm; < n. Now assume that m; + 2ms +
-+ 4+ nmy < n. The product on the left side in the lemma equals the number of ways to choose from [n] a
disjoint collection of my 1-cycles, mq 2-cycles, ..., m, n-cycles. The number of ways of choosing from [n] a
disjoint collection of m; 1—element sets, my 2—element sets, ..., m, n—element sets is equal to

( n ) 1 B n!/t!
10122 nont)malomnl Ly GD)™m,l

j=1

mi1 ma Mp
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where t = n — (my + 2mgy + - -+ + nmy,). The elements of a k-element set may be arranged into a cycle in
(k — 1)! ways. Thus, the number of ways to arrange the elements of these sets into cycles is

ﬁj—l'mj.

Finally, the ¢ elements not used in any of these cycles may be permuted in ¢! ways. Multiplying these
quantities together completes the proof. O

We remark that the RHS in Lemma 1.1 equals

n

i s f1(7)

where Z; 4 Pois(1/j) and Zi,...,Z, are independent. This already suggests that the quantities C;(0)
behave like independent Poisson random variables.

A special case is the well-known formula of Cauchy for the number of permutations with a given cycle
type.

LEMMA 1.2 (CAUCHY’S FORMULA). If my 4 2mg + -+ nm, = n, then

n

P, {Ci(0) =m; (1<) < H s

ProOOF. Apply Lemma 1.1, noting that (Cjn(;’)) # 0 for all j if and only if C;(c) = m; for every j. This
implies that

, 1 (Cjlo)
m{cxcf)—mj(lgjsn)}—ﬁor[l(;nj ) 0
j:
COROLLARY 1.3 (DERANGEMENTS). We have the exact formula for derangements

~ (1)
P,(Cy(o) =0)=> e
§=0
PrOOF. Apply Inclusion-Exclusion with u = C}(¢), followed by the Lemma 1.1. We get

#{o €S, :Ci(o _0}_22 ( )>

0c€S, j=0

- nlz_%(—l)an(Cl;")> Sy 5 O

= I

Recall that for a set T' os positive integers,
0)=2>_Cy(0)
JeT
is the number of cycles in o with length in T
COROLLARY 1.4. For any nonempty set T C [n], E ,Cr(c) = H(T). In particular,
E,C(o) = H, =logn+~+ O(1/n).

PrOOF. By Lemma 1.1, E,C;(0) = 1/j for every j, and the result follows by linearity of expectation
and bounds on harmonic sums. O
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COROLLARY 1.5. For any nonempty set T C [n],
E,(Cr(o) — H(T))* < H(T)
with equality in the case maxT < n/2.
ProoF. We have
Cl(O')
Crlo) = 3 oG +2% (“47) + T cito)
i,j€T €T €T
i#]
In the double sum over i, j, the summands with i + j > n are zero. Applying Lemma 1.1, we get

E,Cr(e)* < > %+Z

i,jE€T ieT
i#£]

(32 n 1) = H(T)? + H(T),

with equality if maxT < n/2. Using Corollary 1.4, we conclude that
E,(Cr(oc) — H(T))*> =E,Cr(c)* — 2H(T)E ,Cr(c) + H(T)* < H(T). O

Taking T' = [n], so that H(T) = H,, = logn + O(1), and applying Chebyshev’s inequality we find that
E,|C(0) — H,|? 1
— > < — >1).
Po(|C(a) H,|> 5\/1ogn) <ol <@ (€21

That is, C (o) is very close to H,, for most o.

The situation with primes is more complicated (see the lower bound in Proposition 0.1), but we so have
a clean upper bound of the same type. In what follows, we denote P, and E, the probability and
expectation with respect to a random integer in [1,z]. Here 2 may be any real number.

LEMMA 1.6. LetTh,..., Ty be nonempty, disjoint subsets of the primes in [2, z], and let mq, ..., my = 0.
Then
b lw(n; T)) M H(T;)™
s+ J
e J(70) < 1T
j=1 J j=1 J

PROOF. We first write

Z(W(ZQ?))‘ Yo #Hn<eipaomemdnt= ) meJ

.. pk
N Pj,155Pj,m; €T} Pj,15ee+Pg,m; €T Tk
P31 < <Pjm; Pja < <Pim;
(1<i<k) (1<5<k)

Using |y/n] < |y]/n for real y and n € N, Proposition 0.1 then gives
k k k
w(n; T; 1 H(T;
0 G S ) D SR e | e =
i=1 J =10,y €Ty DI PIms ”
Pj 1< <Pjm;

A corollary is a theorem of Turan from 1934 [68|:
COROLLARY 1.7 (TURAN’S VARIANCE THEOREM). We have

E;(w(n) — log, m)z < log, .
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ProOOF. We directly compute
w(n)

E,(w(n) —logyz)* = E, (2( ) ) +w(n)(1 — 2log, x) + (1og2:c)2> .

Let T =T} be the set of all primes in [2, z], so that H(T') = log, © + O(1) by Mertens’ theorem (0.5). Using
Lemma 1.6 with £ = 1 and my = 2, together with (1.1), we obtain

E . (w(n) — log, ;v)z < H(T)? + (1 — 2logy 2)E , w(n) + (log, x)?
= O(log, x). O

We can interpret Corollary 1.7 probabilistically. If n < z is chosen at random, then Corollary 1.7 gives
an upper bound on the variance of w(n), telling us that w(n) is concentrated near log, x. In fact, it follows
immediately from Chebyshev’s inequality that uniformly for £ > 1,

1
P, (|w(n) —log, x| = &4/log, x) < e
An immediate corollary is the following famous result of Hardy and Ramanujan [46] from 1917. We note

that for v/ < n < z, logy x = logyn + O(1). That is, we can say that for most n, w(n) is close to log, n.

THEOREM 1.8 (HARDY-RAMANUJAN). The function w(n) has normal order loglogn, meaning
that for any € > 0 we have
(1 —-¢)loglogn < w(n) < (1+¢)loglogn

for almost all integers n.

4. Cycles and prime factors from sets: general upper bounds

THEOREM 1.9 (CYCLES IN SETS THEOREM). Let Ty,..., T, be arbitray disjoint, nonempty subsets
of [n] and ky,...,k, > 0. Then

T kj
pU(CTl(J):khm?CTT(U):kr)geH(H(TJ)e—H(Tj)>,(1+ k1 4ot kr )

=AW H(T)) H(T,)

ProOOF. Evidently
n#{oc €S, :Cr (o) =ki,...,Cr.(0) =k} = Z Z |-

oc€eS, alo
CT]. (0)=k; (1<j<r) «a a cycle

Write ¢ = aff and let h = |a|. Either h € T} for some unique j, or h ¢ Ty U --- U T,. Thus, for some ¢,
0 <t < r, we have

(CT1 (ﬁ)’ sy CT'r(ﬁ)) = (mt,la s 7mt,r)a
where
It is permissible to think of § € S,,_, and thus

T n

n#{o €S, Cr(0)=ky,....Cr.(0) =k} => > > h > 1
t=0 h=1 a€S,,|a|=h BES,_1
a a cycle Cr, (B)=my,; (1<i<r)
r n n!
= 1.
— >
t=0 h=1 (n —h)! BESn_n

Cr; (B)=m¢,; (1<i<r)
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Note that if k; = 0 for some ¢, then m;; = —1 and the corresponding summand above is ommitted. Now
subdivide the sum according the cycle type (b1, ..., b,) of the permutation 3, using Cauchy’s formula (Lemma
1.2) to count such permutations for each type. It follows that

n#{o €S, : Cr;(0) =k; (1§j<r)}=nlzz Z ﬁ

t=0 h=1 bi,dots,b, >0
by +2bo+---+nb,=n—h
EiETj bi=my,; (1<5<r)

. 1
gnlz Z W::Y,

t= by,esbp 20
Re70 5, bi=me s (15<r)

say. Let T =Ty U---UT, and Ty = [n] \ T, and separately consider the summation over ¢ € T and i € Tp.
By the multinomial theorem,

1 1
reny % Moo, 2 T b

b; 140
=0 b; 20 (ieT) b;>0 (i€Tp) ~+1€To
t;é EiET- bi:mt,J (1<J<T)

Sy [P gL

t=0 1 ! €T,
k?t7fOJ )

L H(T;)% "k
—n! J 1 J H(To) ]
n]1 k! 2 (T, )¢
Jj=1 Jj=1
The claimed bound now follows using harmonic sum bounds in the form

Ty) = H, — Y H(Tj;) <logn+1-> H(T}). 0

j=1
REMARK 1.10. Whenever r is bounded, and k; = O(H(T})) for each j, the right side is
<P(Zy=k,...,Z. = k).
where Z; 4 Pois(H (T;)) for each j, and Zi,...,Z, are independent. Thus, Theorem 1.9 gives an upper
bound for counts of cycle lengths in sets 71, ..., T, of the expected order (up to a constant factor) according

to the Poisson model. This is a useful tool for showing that the actual cycle counts cannot vary too much
from the expected means.

In the special case r = 1, Theorem 1.9 implies that for any 7' C [n] and k > 0
mn“+Hmv

(1.4) Bo (Cr(o) = k) < 10 < (k— 1) k!

Specializing to the case of cycle lengths in a single interval [m], we obtain the following very useful
corollary:

COROLLARY 1.11 (CYCLES IN INTERVALS). Uniformly for 1 <m <mn and 0 < A <1, we have
Poes, (Cpmy(0) < Alogm) < em @M,
Uniformly for 1 <m < n and 1 < A, we have
Poes, (Cpmj(0) = Alogm) < e XA, =0,
In particular, uniformly for 1 <m < n and 0 < ¢ < +/logm, we have

Pres, (ICpm(9) —logm| > w/logm) < e=#%".
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PRrROOF. Let T = Ty = [m], and recall that H(T) = H,, > logm. Applying Theorem 1.9 (see (1.4)),
together with Proposition 0.3 and the fact that Q(u) is decreasing on [0, 1], we get that

_ HEF _ HE _ _
Poes, (C[m] (O’) < Alog m) < el Hm Z k!, < el=Hm Z kizn < e HmRM) <em QMW
k< log m k<AH,,

The proof of the second bound is similar. First we note that the statement is trivial if m = 1. Suppose
that m > 2. Let \* = A — 2£L If \* < 1 then the probability in question in < 1 trivially, A = 1+ O(1/H,,)
H,
and
m~ QW) — g =OO/HL) 5, 1

so the desired bound holds. Now suppose that A* > 1. We have Alogm < A(H,,, — 1) — 1 = A*H,,, and thus
by Theorem 1.9, together with Proposition 0.3, we get that

) Y
Poes, (C[m] (o) =2 Alog m) el Hnm Z -
k>Alogm—1

k
< el—Hm § Hm
= k!

kZX*Hy,

< elmeQ()\*).
Now 1 < A* < A, and Q'(u) = logu implies that
. A+1
Q) = Q) ~ 2 log

m

and, since logm < H,, < logm + 1 we conclude that
Pyes, (C[m] (o) = )\logm) < e MR log A 6y =QA) \1HA

The final estimate follows by taking A = 1 +1/+/logm and using the bound (0.16) for Q(u). Here 0 < A <
2. O

In particular, taking m = n, we see that C(o) usually does not vary more that y/logn from its mean
H,.
The same proof yields a much more general result:

COROLLARY 1.12. Let T C [n]. Uniformly for 0 < &£ < \/H(T), we have

P, (ICr(0) = H(T)| > §/H(T)) < e3¢

This is not very useful when H(T) < 1, however. In this case, we expect that Cr (o) will rarely be much
more than 1. Theorem 1.9 implies a right-tail bound of

H(T)*!

Py (Cr(o) =k) < =1

whereas the Poisson model predicts that the right side should be smaller, namely H(T)*/k!; but see Home-
work Exercise 1.2 below.

THEOREM 1.13 (PRIME FACTORS IN SETS). Let Ty, T4, ..., T, be a partition of the primes in [2, z]
with Ty, ..., T, nonempty. Define
1 .
Hi=H({p—-1:peT;}) = 1 (1<j5<r).
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Let ky,...,k. >0 and such that if Ty = 0 then ki,..., k. are not all zero. Then

o (H k k
Po{w(nTy) =k; (1 <j<r)}<]] (lﬁj_,eH-f> (774— Fll ot H7">
1 J° T

o - (H(Tj)ﬁLQ)kjefH(Tj)
= : kq! ’

where n =0 if Ty is empty, n = 1 otherwise.

PRrROOF. Let
N=#{n<a:wmTy) =k (1<5 <)},
Define my j = k; —1(j =t > 1) and let
1
Li(z) = > - (0<t<y).

h<z
w(hiTy)=my,; (1<5<r)

We use the unique factorization of integers into primes, (the “Wirsing trick”), starting with

logz < logn = Zlogpa ('3 <n<x).

p|n
It follows that
(logz)N <« Z log z + Z Z log p®.
n<zl/3 n<x p%||n
w(n;Ty)=k; (1<5<r) w(n;Tj)=k; (1<j<r)

In the first sum, logz < ””1/3% < xlni, hence the sum is at most < x'/2Ly(x). In the double sum, let
n = p®h with p € T;. If ¢t > 1 then w(h,T}) = k; — 1 and w(h,T;) = k; otherwise. That is, we have
w(h;T;) =my ; for 1 < j < t. Also, p € T is only possible if n = 1. Hence
(logo)N < 2'/2Lo(a) + Y > D logp".
t=1—n h<z p*<z/h
w(hiTj)=my,; (1<5<r)

Using Chebyshev’s Estimate for primes or the Prime Number Theorem, the innermost sum over p® is O(z/h)
and thus the double sum over h,p® is O(L:(z)). Also, if k; = 0 then there is the sum corresponding to ¢t = j
is empty. This gives

1
(1.5) Po(w(miTy) =y (1< <)) < o <(n ta L)+ Y Lt(x)>.
log x
1<t<r:ks >0
Now we fix ¢ and bound the sum L;(z); if ¢ > 1 we may assume that k; > 1. Write the denominator
h = hy---hyho, where, for 1 < j < 7, h;j is composed only of primes from T} and w(h;;T;) = my,j, and
further that hg is composed of primes in 7. For 1 < j < r we have

1 1 1 1 Mg H{M
Sh (T arEt) =
by e\ P p mej

and, using Mertens’ product estimate (0.7),

h' p€To pETU---UT,
Thus,
T H"_ﬂt,j 1
J
Li(z) < (logx) H - H <1 - p)
j=1 I peTy U UT,



4. Cycles and prime factors from sets: general upper bounds 17

Using the elementary inequality 1+ y < e, we see that
11 (1 _ 1) < o (T~ H(T,)
pETIU---UT, p
and we obtain
r M
(1.6) Li(z) < (logz) 1_[1 (mjtj!e_H(Tj)>
= ,

Combining estimates (1.5) and (1.6), we conclude that

r T kj
k. H
-1/2 j J_ o —H(Ty)
N<<:c<n+z +;Hj>jlj[1<kj!e )

By hypothesis, either n =1 or k;/H; > 1/H; > 1/loglog x for some j, and hence the additive term z~
may be omitted. This proves the first claim.
Next

1/2

)

and we have

This proves the final inequality. |

Remark. A version of Theorem 1.13 is stated in [67, Theorem 2|, where only the case r = 1 is proved.
The full proof may also be found in [34].

COROLLARY 1.14 (HARDY-RAMANUJAN INEQUALITY, 1917). Uniformly for x > 3 and k € N
we have

B (loglogx + O(1))+~1
P {w(n) =k} < =1

PROOF. Let T counsist of all primes < z. Then n = 0 and H; = loglogz + O(1) by Mertens’ sum
estimate (0.5), and we obtain the desired bound. O

Taking as a single set the primes in an interval, we obtain the following very useful corollary.

COROLLARY 1.15 (PRIME FACTORS IN INTERVALS). Uniformly for 3<t<x and 0 < A< 1, we
have

P {w(n,t)
Let \g > 1. Uniformly for 3 <t <z and 1 <
Po{w(n, t)

Aoglogt} < (logt) =@M,

< Ao, we have

o A

>

loglogt} < (log t)*Q(/\)'
< Vloglogt, we have
P, {|w(n,1) ~ loglogt| > ¥\/loglog 1} < o™ 5%,

PRrROOF. The proof is identical to the proof of Corollary 1.11, using T' = T} as the set of primes in [2, ],
H(T) = loglogt + O(1) from Mertens’ bound (0.5), and Theorem 1.13. O

Z
In particular, uniformly for 3 <t < x and 0 <

<

Taking as a special case t = n, we recover a strong form of Theorem 1.8.
We can also analyze the distribution of integers composed only of primes factors from a given set.
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COROLLARY 1.16. Let T be a subset of the primes < x, and let N(T) denote the set of integers < x
composed only of primes from T. For all k > 1,
x  (H(T)+1)+!
log = (k—1)!
ProOOF. Apply Theorem 1.13 with 77 = T and T3 being the set of all primes < x that are not in T,
k1 =k and ko = 0. Then n =0, H; < H(T) + 1 and the result follows. O

#{neNT) :wh) =k} <

Remarks. Applying Theorem 1.13 with T3 the set of all primes < x that are not in T, and ky = 0, we
see that

IN(T)| < e HT g = oHD L
log x

since H(T) + H(T1) = logy x + O(1) by Mertens’ estimate (0.5). Oftentimes we have a corresponding lower
bound

1. T H(T) T
(17) IN(T)] > e

and this allows us to conclude that, conditionally on n € N(T), that w(n) has an approximate Poisson
distribution with parameter H(T) + O(1). That is, combining (1.7) with Corollary 1.16, we obtain
(H(T)+1)*!

(k—1)!
For example, let T be the set of primes < x that are 1 mod 4; in particular, such numbers are the sum of
two squares. Then (1.7) follows from a theorem of Landau, and we have H(T') = 1 log, =+ O(1) by Mertens’
theorem for arithmetic progressions (0.8). We then conclude that
(3logy o+ O(1)*!

(k—1)Ilogx
what is, conditional on n € N(T), w(n) has roughly a Poisson distribution with parameter i log, z.

If we condition on w(n) = k, the r = 2 case of Theorem 1.13 supplies tail bounds for w(n,T). If XY

P {w(n) =kln e N(T)} < e~ H(T)

Py {w(n) =kln e N(T)} <

are independent Poisson random variables with parameters A1, A2, respectively, then X +Y 4 Pois(A1 + A2)
and hence, for 0 < ¢ < k, we have

X=(AY =k—1)
P(X +Y = k)

e MR/ (k- 0)Y)
e~ A=Az ()\1 + )\2)k/k'

() G2s) G
! A1+ A A1+ A2 ’

Thus, conditional on w(n) = k we expect that w(n,T) will have roughly a binomial distribution with
parameter o = H(T')/H(S), where S is the set of all primes in [2, z].

BX = (X +Y = k) = ¢

THEOREM 1.17. Fiz A > 1 and suppose that 1 < k < Aloglogx. Let T be a nonempty subset of the
primes in [2,z] and define let « = H(T)/H(S). For any 0 < ¢ < Vak we have

Pm(|w(n,T) — ak| > /ol = a)k \ w(n) = k) <ae BV
the implied constant depending only on A.

We leave the proof as an exercise. It requires the lower bound

(logy )~
(k —1)ogx’

which follows, e.g., from the Sathe-Selberg theorem; see also Theorem 1.23 below.

Py(w(n) =k)>a
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5. The sequence of cycles and prime factors from intervals

In this section, we take a first look at the random sequence Cipy(0) (1 < m < n) for o € S,,, and random
function w(n,t) (1 <t < ) for integers n < x. As long as m and ¢ are not too small, it is relatively easy to
deduce from Corollaries 1.11 and 1.15 that Cj,,)(0) is uniformly close to logm for most o € S,, and w(n, t)
is uniformly close to log, t for most n < x.

THEOREM 1.18. Let 3 < & < . With probability 1 — O((loglog &)~1/3), we have

|w(n,t) —logy t| < 24/log, tlogs t (€<t<ua).

THEOREM 1.19. Let 2 < & < n. With probability 1 — O(1/(log £)'/3), we have

|Cim) —logm| < 24y/logmlogym (£ <m < n).

REMARK 1.20. When ¢ is bounded, w(n,t) has a discrete distribution and we cannot say anything
about almost all n; in fact it takes every possible value with positive probability; e.g. w(n,3) takes the values
0,1,2 with probabilities (as 2 — o0) %, 5 %, respectively. The same is true for Cj,,) when m is bounded;
see Exercise 1.1.

PrOOF. The proofs of Theorems 1.18 and 1.19 are nearly identical, the latter being simpler due to the
discrete nature of the sequence of values of m in question. Thus, we show full details only for Theorem 1.18.
Let

k1 = [logy €] + 1, ko = |logy x|,
and for k1 < k < ko, let &, = . Put ty,—1 =€ and tg,41 = . Foreach k, k1 — 1 < k < ko + 1, let F;, be
the event
(1.8) Fy, = {|w(n, tx) — logy ti| > 2v/(k — 1)log(k — 1) — 1}.
As logy t, = k4 O(1) for all ¢ (including the endpoints),

2v/(k — ) log(k — 1) — 1 = ¢ /logy tr, ¥ = 2y/logk + O(1/VE).

Hence, by the third part of the Prime Factors in Intervals Corollary (Cor. 1.15),

,lw ]-
]P)Fk; <Le 3 < W

Summing over k, we see that Fj, holds for some k with probability O(1/ k% / 3). Now suppose that F}, fails for
every k in the range k1 — 1 < k < ky + 1. Let £ < ¢t < z and suppose that ¢, <t < tyy1. Evidently,

w(n, tr) <w(n,t) <w(n,tpsr)-
By the failure of F} at every k,
w(n,t) =logyty + 1 —2/(k — 1)log(k — 1) > logy t — 2+/log, tlogs

w(n,t) <logytrt1 — 1+ 2v/klogk < log,t + 24/log, tlogs t. a

Theorems 1.18 and 1.19 also tell us about the normal behavior of p;(n), the j-th smallest (distinct)
prime factor of n, and D;(o), the length of the j-th smallest cycle of ¢ (note that D;j(c) = Djy1(0o) for
some j when o has cycles of the same length). Since a typical integer has about log, ¢ prime factors < ¢, we

and

expect p;(n) =~ e’ . Likewise, a typical permutation ¢ € S,, has about logm cycles of length < m, thus we
expect that D;(n) ~ e’.

THEOREM 1.21 (j-TH SMALLEST PRIME FACTOR). Let 1 < 0 < logyx. For all but O(x/0'/3)
integers n < x, we have

|logy pj(n) — j| <3v/jlogj (0 <j<w(n)).
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THEOREM 1.22 (j-TH SMALLEST CYCLE). Let 1 < 0 < logn. With probability 1 — O(0~/3), we
have

|log Dj(0) — j| <3+/jlogj (6 <j<C(0)).

PrOOF. The proof of Corollaries 1.21 and 1.22 are nearly identical, and so we provide details only for
Theorem 1.22. We may suppose that 6 > 6, where 6 is a sufficiently large, absolute constant, for otherwise
the conclusion of the Corollary is trivial if the implied constant is large enough. Let & = Le@/ 3)9J. By

Theorem 1.19, with probability 1 — O(1/6'/3), we have
(1.9) |Cpm(0) —logm| < 24/logmlogym (€ <m<n).

Also, by Exercise 1.2 (b), with probability 1 — O(1/¢) all the cycles of o of length > ¢ have distinct lengths.
Now suppose that o is a permutation satisfying (1.9), and such that the cycles of o with lengths > ¢ have
distinct lengths. We suppose that 6y is so large that the right side of the inequality in (1.9) is at most % logm
when m > £. In particular,

3
Clg(o) < 5log€& <0,
that is, Dy(o) > £. Thus, we may apply (1.9) with m = D;(o) for all § < j < C(o). As the cycle lengths
> ¢ are distinct, we have j = Cj,,)(0) > 3 log D;(0) and hence
|7 —logDj(0)] < 2\/Iong(a)log2 Dj(0) < 2v/2510g(2]) < 3v/jlogj

provided that 6y is large enough (and hence j is large enough). |

Slightly better bounds than those in Theorems 1.18 and 1.19 are attainable, based on ideas stemming
from the ‘Law of the Iterated Logarithm’ from probability theory. Essentially one can replace the factor
logs t (or logy m) with log, ¢ (or logg m), and this is best possible. This is deducible, e.g., from the Kubilius
model of integers and the analog for permutations; see Section 4 below.

6. Lower bounds on P, {w(n) =k}

THEOREM 1.23. Fiz A > 1. For some large constant xo(A), we have uniformly for x > xo(A) and
1<k < Alogy z that
(logy 2)*~*
P, =k) =<4 —2"——.
(w(n) ) =a (k—1)!logx

PROOF. The upper bound follows from the Hardy-Ramanujan inequality (Theorem 1.14), since
(logy © +O(1))" ! <4 (logy z)" ! (k < Alog, x).
For the lower bound, WLOG suppose that A is sufficiently large. Let Q = 1042+ 1, R = 2/1904 and T the
set of all primes in [@Q, R]. By Mertens’ theorem (0.5),
H:=H(T) =logyz+ 0a(1).
We assume that z¢ is large enough so that for z > x9(A4) we have

1
(1.10) H> %.
Let A be the set of integers of the form p;...py <z with Q < p; <p2 < ... < pr_1 < R < py and such
that py - - - pr_1 < /2. Clearly w(n) = k for each such n € N. Given p1,...,pg—1 with product < z'/2 by
the Prime Number Theorem the number of choices for py, is

1
- (w> n(R) > 2logT
P11 Pk—-1 P1Pk—1

Thus,
S1 — Ss

log x

P, (w(n) = k) >
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where

1 1
1= P Pr-1’ 52 = ProPr-1
Z 1 Dr1 Z 1 Dr1
Q<p1<...<pr-1<R k Q<p1<...<pr—1<R k
pl"'Pk—1>11/2

We bound 57 using the lower bound in Proposition 0.1. We note that
1 1 1 1
Srexles -
2 2 _ 2
=P =on Q-1 104
Using (1.10), we have k < 2AH and hence
Hk—l k2 Hk—l
> —|1——— | 208———.
51 (k—l)!( 2OH2A2) 08(k-1)!

To bound S,, we use the fact that integers composed of primes below R that are > x!/2 are very rare; we

will devote the next sections to this type of problem. Let o = 10; 7= }gg‘;‘. Using Proposition 0.1 again,
1 (H/)k—l 1
S, < Le AN
s Z x®/2(py--pra)tm (k—1)! Z pl=

QE<p1<-<pr—1<R
Using the inequality e” < 14 2z for 0 < z < 1 and Mertens’ estimate (0.6),
H' < Z 1+ 2alogp < H+2a(logR—logQ+0(1)) < H+2
ew<r P
if A is large enough. Using (1.10) again yields
(H/)Icfl < Hk71(1 + 2/H)2AH < e4AHk71
which implies that

HF1 HE1 (logy  — O 4(1))F1
S, — S 2 — (08— 4A—-50A > _ 2
L2 (k—l)!( ¢ ) 20k —1)! 20k —1)!
Again, using that x > z¢(A), we conclude that
(logy 2)* "
P, =k e
(w(n) ) >4 (k—1)!ogz
as required. O

Much stronger bounds are known for P,(w(n) = k) in a wide range of uniformity in k. The method are
complex-analytic and Chapter I1.6 in [66] is devoted to this subject.

7. Prime factors counted with multiplicity

When prime factors of an integer are counted with multiplicity, that is, counted by means of the function
Q(n), the normal behavior is the same as for the function w(n). That is, for integers n < x, Q(n) is tightly
concentrated near log, z. However, the behavior changes “out in the right tail” region, owing to the influence
of large powers of small primes.

Here, we provide a general use utility for analyzing Q(n) and other functions. It is often convenient to
use (n), rather than w(n), in applications because Q(n) is completely additive (Q(ab) = Q(a) + Q(b) for
every a,b). It is based on the method of parameters, used to capture tails of the distribution of a random
variable (cf. Chernoff’s inequality), sometimes referred to as “Rankin’s trick” in the literature.

LEMMA 1.24 (HALBERSTAM-RICHERT). Let f be a non-negative, real valued multiplicative function
and define

() Ax) = =37 f(p)logp (x> 1);

pPsT
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Z Z f logpk.
pok>2
P <x

Then, for all x > 1 we have

> f(n) < (A+ B(z) +1)

nxr

< (A+ B(x) +

PRrOOF. Fixz >

1. THE SEQUENCE OF PRIME FACTORS OF AN INTEGER AND CYCLES OF A PERMUTATION, I

\_/

m T A mmA)

n<e

1)eB®) & exp ( Z %)

p<T

1, let A =maxy,<, A(y), B = B(z) and also define

=> f(n)

n<x

-2

nr

We begin in a similar way to the proof of The Prime Factors in Sets Theorem (Thm. 1.13). Since logu < u,

x)logx = Zf(n

n<

<zL(z)+ Y (logp*) f(p¥)

ph<e

< zL(z) +

p’”é
k>

)log(z/n) + ) f(

(1ogpk)f(p’“)]% > fT ;

(n=p"h)

n) Z log p*

p*ln

> ()

h<x/pk

p)logp > f(h

h<z/pk h<z/p

Recalling (b), the first double sum over p* and h is bounded by Bz L(x). Invoking (a),

> f)logp Y f(h) = f(h)

p<T h<z/p h<z

We obtain

M(z)logx <

> f(p)logp <

p<z/h h<z

A(z/h)z > @ < AzL(z).

(1+ B+ A)zL(x),

which completes the proof of the first asserted inequality. For the second, we invoke (b) again, using (0.3),

> -

Pt(n)<z

COROLLARY 1.25. Let T be a subset of the primes in [2,z], and let 1 <

Z y D) <, we

1 <y < yo we have

nx

fo) | ) )
p p?

11 (

psT

<o p(zf pr +>
p<T

<exp<B+Zf;p)>.

p<z

O

yo < minT. Uniformly for

(y—1)H(T)_

PROOF. The function f(n) = y?™7T) is multiplicative, with f(p¥) = 1 for p ¢ T and f(p*) = y* if

p € T. Thus,

%Zf(p)

pPLU

Y
logp < = logp <
gp\u§ gp KLy

psu
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by the Prime Number Theorem. Thus, A(u) < yo <y, 1. Also,

<sz k)logp Zzlogp Zzylogp

p k>2 peT k>2 peT k>2
<1+ Y (logp) Zk( >
peT

_ (y/p) + (y/p)* — (y/p)®
fl—i—Z(logp) 0 — /07

peT

N

p>min T

1
—_— 1
<<y0 (mln T) —y <<'!J0

since y < yo < min7T. Hence, the hypotheses of Lemma 1.24 hold, with bounded A(z), B(x), the bounds
depending on yo. We conclude that

>yt <y01 exp<zf ) loggcx (Z +Z>

n<a p<z ;DGT p€T
p<T p<®
ADSE DS
logx
peT p<?c
p<T
x
< gz exp ((y —1)H(T) +logy = + O(l)),
since y > 1, and where Mertens’ bound (0.5) was used in the last step. ]

COROLLARY 1.26. Let 1 < \g < 2. Uniformly for 1 <A< g and 3 <t <z,
P, {Q(n,t) > Mog, t} <, (logt)™ ™.
PROOF. Let T be the set of primes in [2,¢]. By Mertens’ bound (0.5), H(T) = log,t + O(1). By
Corollary 1.25,

#{n < x:Qn,t) > Alogyt} < Z A(nt)=Alogy ¢

n<zr
LCag A MOB2 e A—DHT) ) " (log 1) ~OW,
O

REMARK 1.27. When A > 2, the behavior of the quantity in Corollary 1.26 is different than that of
the quantity in Corollary 1.15. This is due to the behavior of powers of small prime factors, most important
being powers of 2, and in fact

zlogt

(1.11) #{n <2 : Qn,t) > Mog, t} & a(log#) 0=V — S,

8. Application: Erdés’ multiplication table problem

In 1955, Erdés [25] posed the following problem: Estimate the number, A(N), of distinct products of
the form ab with a < N, b < N. Erdds proved that A(N) = o(IN?), and later in 1960 [26] refined the
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estimates to prove that A(N) = N?(log N)~¢+°() where

1 + loglog 2
Y IR
og 2

log 2 = 0.08607. ...
THEOREM 1.28. We have A(N) < N%(log N)~¢

PRroOF. Let ky = kl’fg?év. By Corollary 1.26 (with ¢ = N), the number of distinct products with

Q(ab) > ko is bounded above by
#{m < N?: Q(m) > kot < N%(log N)~Q(1/182) — N2(log N)~¢

There are O(N) products witha=1orb=1. If a > 1, b > 1 and Q(ab) < ko, then w(a) = h, w(b) = j with
h>1,7>1and h+ j =k < ky. The number of pairs a,b with a fixed h, j is, by Theorem 1.23,
N2 (10g N)h+j—2
(log N)*(h = D!(j = )Y
Summing first over all j, A with h 4+ j = k using the binomial theorem, and then over k < kg we obtain an
upper bound for the total number of pairs a,b with Q(ab) < kg of

<

N? 2log, N)k—2
< Z (2logy V) < N2(log2 N)fQ(l/log4) _ N2(logN)’5

2 — 2!
log" N &= (k—2)!
upon invoking Proposition 0.3. |
Remarks. The choice of kg is motivated by A = {5 being the unique solution of 2Q(\/2) = Q(A).

9. Number of divisors of integers

The number, 7(n), of positive divisors of n, is closely related to the distribution of w(n). From the
formula

r(n)= [[(@+1)
p*n
and the elementary inequality 2 < a + 1 < 29, it follows that
2w(n) < 7(n) < 282(n)

By a classical theorem of Dirichlet, E ,7(n) ~ logz as  — oo, so the average (mean) of 7(n) for n < x is
about log x.

What is 7(n) for a “typical” n < 2?7 By Theorem 1.15 and Corollary 1.26, if £ = {(z) — co as ¢ — oo
then for almost all n < z we have

logy x — £4y/10gs z < w(n) < Q(n) < logy x + &4/log, x,

and therefore for such n it follows that

7(n) = (log )82 exp{O(£+/logy )} = (log 2)!°82+°() (2 — o0).
Hence, the mode is much smaller than the mean.

Further analysis of the sum Zn<m 7(n): As we have just seen, this sum must be dominated by
unusual integers, those with an abnormally large number of prime factors. But how large? Heuristically,
most integers have few repeated prime factors (see Exercise 1.5), so that 7(n) ~ 2¢("). The number of n <

(logy 2)"
k!(log x) *

Z ZQk (logy z)F = z:(Zlong)”C
Kl(logz) logx - k! '

n<x

with w(n) = k has order about z

so we get
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the sum over k has a peak around k = 2log,z, so we expect that the sum is dominated by integers
with w(n) ~ 2log, . Moreover, the distribution is roughly Poisson with parameter 2log, x, which is well-
approximated by a Gaussian (Proposition 5.1). This motivates the next result.

THEOREM 1.29. Let 1 <9 < y/logyx. Then

Z 7(n) < (xlog z)e’ﬁw.
nx
|w(n)—2logy x| >1)4/log, x
— P
PROOF. Let A = Joss €[0,1]. Let 1 <t < 2. Then
Z T(n) < Z T(n)tw(n)—(Z—&-A)logz:c
n<w n<T

w(n)=(2+) log, @
— ¢—(2+A) logy Z T(n)t“(”).

n<

The summand is multiplicative, and satisfies the conditions of Lemma 1.24. Hence

Z T(n)t¢™ <« % exp (Z %) < z(logz)*~1

n<x p<®

and therefore
Z T(?’L) < Qf(log x)2t71*(2+)\) logt.

n<x
w(n)2(2+A) log, =
The optimum value of ¢ to minimize the right side is t =1+ %, and then the exponent of log x is

A 1
1-Q(1+3)<1— =)\
Q(+2) 12A

using (0.16).
Similarly, taking t =1 — %, we obtain with a second application of Lemma 1.24 the estimate

Z T(n) < 757(27/\) logsy Z T(n)tw(n)

n<x n<x
w(n)<2-A) logy @

< x(IOg x)—(2—)\) log t+2t—1
< alloga)'~220-Y/2) < a(loga)' Y.

Finally, (log m))‘2 = ¢¥” and the proof is complete. O

10. The range of Euler’s function

Let ¢(n) be Euler’s “totient” function, i.e., the number of integers m € [n] that are relatively prime to
n. Let V be the image of ¢, i.e. V ={1,2,4,6,8,10,12,16,---}, and let V(x) be the number of elements of
V that are < z, e.g. V(15) = 7. Since ¢(p) = p — 1 for all primes p, we have V(z) > n(x + 1) > z/logx by
the Prime Number Theorem. Here we show an upper bound which is very close to this.

THEOREM 1.30 (ERDOGS, 1935 [23]). We have V(z) = xz(logz)~'ToM),
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PROOF. Fix an integer m > 10, let M = pips - - - py, be the product of the first m primes. Let
:{1\.]\ :(17M):1a (]_15M)>10gm}
For each j € [M] with (j,M)=1let P; ={p<x:p=j (mod M)} and
U 7.
JETm
We first show that | J,,|/¢(M) — 1 as m — oo. Let 2|¢|M. Then

HU<j<M:(GM)=1(G-1,M) == ][ (-2

plM/E
H p—
—2.
p\M p\f b
p>2 p>2

Since p —2 > /p for p > 5, the inner product is < /3/¢. The first product is < 1/logm by Mertens.
Hence, summing over ¢ < logm we have

B) =] = #{1 <5 < M GM) = LG =1 M) <logm) < P2) 57 2 00

{<logm

Hence,
(1.12) | T | ~ (M) (m — o0).

Fix € > 0. By an elementary estimate, for some large constant C, if ¢(n) < x then n < y := Czlog, z. Let
em = |TIml|/d(M). By Mertens theorem in arithmetic progressions (0.8),

H(P) = ¢y logs x + O (1).

Let 6 = 2/log, m and suppose m is large enough so that 0 < § < 1/2. Also, § — 0 as m — co. By Theorem
1.13, followed by (0.3) and Stirling’s formula,

1— )l Om(1))*
#{n <y:wn;P) < dlogyx} <<W Z e )ng!x+ =

xlogy x
(log x)l—cm—é log(e/d) *

k<dlogy x

<

If m is large enough, the exponent of logz is > 1 —«¢.

Now let W be the number of values of Euler’s function which have the form ¢(n), where w(n; P) > L :=
[0log, 2]. Suppose that K > L and {k; : j € Jn} is a vector of non-negative integers with sum K. If
w(n; Pj) = kj for all j € T, then ¢(n) is divisible by [[;., (7 —1 , M)¥i. Thus,

<2 X ;
M)

K>L {k ]GJ } JEJW‘L(

9—

<Y X G

51 (kygegny (ogm)
S k=K
- Z (K + 1)\.7m\
(logm)X

K>L
a(logy x)! I _ x(log, )l
(logz)ologam — log? x " logx’

This completes the proof. O
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11. Exercises

EXERCISE 1.1. (a) Derive the following general inclusion-exclusion formula, valid for any non-negative

integer u: _
ta=m =Y (1) (2).

‘ J
Jj=m
(b) Let 1 < j < nand 0 < m < n/j. Using part (a), derive an exact formula for the number of
permutations o € S,, with C;(0) = m.
(¢) With j,m fixed, evaluate
nh_)rrgo Poes, (Cj(o) =m).

EXERCISE 1.2. (a) Show that if 7" is a nonempty susbet of [n], and k > 0, then
H(T)*

ko
(this is sometimes stronger than Theorem 1.9, especially if H(T') is small).

(b) Show that the probability that a permutation o € S,, has two cycles of the same length > ¢, is
O(1/£).

EXERCISE 1.3. Show that E2°(°) = n + 1. Contrast this with the behavior of 2¢(?) for most o € S,,.

Py (Cr(o) 2 k) <

EXERCISE 1.4. Let 1 < k < n. Show that if T is a nonempty subset of [n] with maxT < n/k, then
E,Cr(o)* =E Z*F,
where Z < Pois(H(T)).
EXERCISE 1.5. (a) Show that if T is a nonempty susbet of the primes in [2,z], and k > 0, then
H(T)*
kK
(this is sometimes stronger than Theorem 1.13, especially if H(T) is small).

(b) Show that the number of n < x that have two prime factors in some dyadic interval of the form
(2,22] with z > y, is O(z/logy).

P {w(n,T) 2 k} <

1 1
C(o) logn

1 1
(b) Prove that E, | —=1(n >2) | ~ as & — oo.
w(n) log,

EXERCISE 1.6. (a) Prove that E ,¢s,

as n — oQ.

EXERCISE 1.7. Provide full details for the proof of Corollary 1.12.

EXERCISE 1.8. Starting with Lemma 1.24, prove Corollary 1.15 using the method used to prove
Corollary 1.26.

EXERCISE 1.9. Prove Theorem 1.17 using Lemma 0.5 and Theorem 1.23.
EXERCISE 1.10. Provide full details of the proof of Theorem 1.19.
EXERCISE 1.11. Provide full details of the proof of Theorem 1.21.



CHAPTER 2

Distribution of the largest cycle and largest prime factor

1. Upper bounds
Theorem 1.9 implies that

v(n,m) == Poes, (Cimn(0) = 0) < e tHm Le2m/n 1<m<n.
When m is small, however, the number of cycles is at least n/m and this is extremely rare by Theorem
1.11. We can argue heuristically as follows: Ci(0),...,C, (o) behaves like a set of independent Poisson

variables Zi,...,Z,, with Z; 4 Pois(1/j). Thus, the event C(y, »(0) = 0 can be modeled by the event
Z1+2Z54---+mZ,, =n. Using the ideas behind Chernoff’s inequality, and Proposition 0.2, for any w > 1
we have

]Pcr(Zl + 222 N mZm _ n) < ngZ1+2Z2+~»-+mmen

. w—1 w?—-1 wm—1
=w exp 1 + 5 + - - .

Optimizing the choice of w will show that the RHS is decaying very rapidly as a function of u = n/m.
We utilize this idea to show the following.

THEOREM 2.1 (NO LARGE CYCLES). Uniformly for 1 < m < n we have

—ulogutu—1
)

v(n,m) <e u=n/m.

PROOF. Let w = u!/™. Following the heuristic above, we first write
ll(n, m) < ]EUES wcl(a)+202(a)+---+mCm(a')7n.

For each j € [m], write w/ = 1 4+ (w’/ — 1). By the binomial theorem and Lemma 1.1,

omeete fl (S ()

k;=0
—n m Cl(O’) C (0’)
=w Z (w— 1)k1 (w 1)kmEgesn < K Zm
K1y km 20
. m o (1/4)%
<w > w-nF@m -] o
K1y ko 20 =1 T
" wflerQfl+ w™ —1
=w "ex
P17 2 m
The mean value theorem implies that w?/ = w//™ < 1+ (u—1)j/m for 1 < j < m and hence
w? —1 wm =1 =~ (u—1)j/m
2.1 —1 e —— = K A =1,
(2.1) w + 5 4+ -~ J; 7 u
We conclude that
V(n,m) < u—n/meu—l — e—ulogu—i—u—l. 0

28
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Remarks. The upper bound in Theorem 2.1 is reasonably sharp throughout the range on n,m. For
example, if m = 1 then

A(l,n) _ l e efulogquuf(l/?) log u+0O(1)

by Stirling’s formula.

Let ¥(z,y) = #{n < z : PT(n) < y}. These are known as y-smooth, or y-friable numbers. Applying
Theorem 1.13 with T3 being the set of all primes in (y, z], and k1 = 0, we have H(T}) = log, 2 —log, y+O(1)
by Mertens’ estimate (0.5), and hence

logy
logz’

U(r,y) <z

When logy is much smaller than log z, one can do substantially better using the ideas behind the proof of
Theorem 2.1.

THEOREM 2.2. Uniformly for x > 10 and logx < y < © we have

_logz
~logy’

\I/({E, y) < xefulogquO(u)’

Remarks. There is a change of behavior around y = log z, due to the fact that for smaller y, if |
then some of the exponents of primes dividing n must be large.
We note some special cases which we will find useful for applications:

p<yP = T

1 1 1
(2.2) U(z,logz) < exp { (log 2) log; @ +0 < 08T > } =2°D (2 = o0),
logy logy
(2.3) U(z, (logz)°) < gl ete® (x — 00)

for any fixed ¢ > 1, and

X

c(logs x)/ logy x
(2.4) U (x, x08s 27 L log )o@ (x — 00).
PROOF OF THEOREM 2.2. Define
ae1— logu.
logy
By our hypothesis that logz <y < z,
(2.5) lcug 08T loesT g pima ulesu,
logy logy
Define
1 1 1
(2.6) S = Z _H(+++ ) H(l—l— al)éexp{z 0‘1}'
P*(n)<y Py PLY p p<y?

In the case 0 < « < 2/3, we use the simple bound

U(z,y) < Z (%)a < 28 = pe~vlosr g
n<x

PT(n)<y
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We have y < v® < log®z and v < lloggi When p < 2/ we have p* — 1 > alogp, and when p > 2V we

have p® — 1 > $p®. Thus, using (2.5) again and ignoring that p is prime,

1/

o(1) 2 12 dt Y dt
log S < —_— — — —
& Z alogn+zn“ <a /2 logt+/1 to

2g<ng2l/ n>2

11—«

<<21/a+ Yy
—

< (logz)°M + u < u.

This completes the proof in the case 0 < a < 2/3.
Next, assume that o > 2/3. For all w > 0, logw < w and thus for n < , log(z/n) = o~ log(z/n)* <
a~t(x/n)*. Hence,

(logz)¥(x,y) = Z log(z/n) + logn

n<
P*(n)<y

<SS+ Y > logp,

n<z pkin
PT(n)<y

(2.7)

In the double-sum on the right side of (2.7), let n = p*m, and separate into cases depending on k = 1 or
k > 1. The k = 1 terms contribute

€T «
< Z Z logp < Z min(y, z/m) < Z Yyt (—) = uz®S.
m<z  p<min(y,z/m) msT Pt (m)<y "
Pt (m)<y Pt (m)<y

The terms with k& > 2 contribute

< Z log p Z 1< Z logp Z (Z>a<<xa5.

k
Py m<a/p® p<y Pt (m)<y p
2<kS (B Pt (m)<y 2<hS 1BE
Therefore, by (2.5),
u xe—ulogu
2.8 Uz, y) < 48 =
(2.8) (z,y) log Togy

It remains to bound S. Since a > 2/3, (p® — 1)~ = p~® + O(1/p*/3). For any 0 < = < 1, the mean value
theorem implies that u* < 1+ (u — 1)z, hence

1Ll 1<1+( 1)1°gp).
p* p P logy

Thus, by Mertens bounds (0.5) and (0.6),

log S < Z ia
p<y

p
DY oS
P logyp<y P

<logyy 4+ O(u+1).

Thus, S < (logy)e®™. Combining this with (2.8), we get the claimed bound in the case a > 2/3. O
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When y < logx, simpler bounds are possible, since PT(n) < y implies that n = []__. p®. Therefore,

we have the equality

PLY

U(z,y) = #{(ap)psy Y aplogp <logz:0 < ay(p < y)},
Py

and good bounds can be arrived at by combinatorial counting; see, e.g. Section II1.5.2 in [66].

2. Application: large gaps between primes
Let p,, denote the n'® prime, and let

X):= —
G(X) = max (pni1 —pn)
denote the the maximum gap between consecutive primes less than X.

In 1931, Westzynthius [70] proved that infinitely often the gap between consecutive prime numbers can
be an arbitrarily large multiple of the average gap, which is ~ log X by the PNT. After improvements by
Ricei in 1934 and Erdés in 1935, in 1938 Rankin [59] proved that

log X logy X log, X

(logz X)?
This was not improved until August 2014, in two independent papers of Ford-Green-Konyagin-Tao and
Maynard. Later, Ford, Green, Konyagin, Maynard, and Tao [35] established the current world record

(2.9) G(X) >

THEOREM 2.3 (FORD-GREEN-KONYAGIN-MAYNARD-TAO [35, Theorem 1]). We have
log X logy X log, X
logs X

GX) >

for sufficiently large X .
Here we prove Rankin’s bound (2.9) using a very simple argument.

Idea #1. Let = be the largest integer such that P(x) < X/3, where P(z) is the product of primes below
2. By the PNT, 2 ~ log X. Let J(x) be the largest gap between numbers that are coprime to P(z); the set
of such numbers is periodic modulo P(z), so J(z) exists. Such a gap occurs between P(x) and 3P(x), that
is, below X. Each number in the gap has a prime factor < z < P(z), thus these numbers are composite.
Therefore, G(X) > J(x).

Idea #2. Suppose that the integers coprime to P(x) have a gap [u, u + y| of length y. For each prime
p < z, let a, be the residue class —u mod p. Then the set of residue classes a,, for p < x, cover all integers
in{1,2,...,y—1}; forall 1 < j <y—1, there is a p <  with p|(u + j), hence j = a, (mod p). Conversely,
if we can find residue classes a,, one for each prime p < z, that cover [1,y — 1], then G(X) > J(z) > y.

Rankin’s argument, based on earlier work of Westzynthius and Erd&s. Suppose that z < y <
zlog x, let

)

Z:y 5logg x s

Pr={p:p<2logzorz<p<uz/2},
Py={p:2logz < p< z},
Ps={p:x/2 <p<uz}

First, we set a, = 0 mod p for all p € P;. These a, cover all integers in [1,y — 1] that have a prime
factor from P;. Let Sy be the set of uncovered integers n € [1,y — 1]. Such n satisfy either P*(n) < z, or
they have a prime factor > x/2. In the latter case, as n has no prime factor < 2logz and n < y < zlogz,
51987 Then ulogu > (5 — o(1))log, #. By Theorem 2.2 and the

we conclude that n is prime. Let u = Tog. o

PNT

9

Y Y Y
logz  logz ~ logz’

S0l < W(y, 2) +7(y) <
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Secondly, denote by g1, ..., gy the primes in P;. Let S; be the set of numbers in [1,y — 1] left uncovered
by a, for p € P1 and also left uncovered by ag,, ..., a,;. For each j, if we are given S;_1 we can always find
a choice of ay; (greedy choice) such that |S;| < (1 —1/g;)|S;-1|. In the end, we have

k
I I 2
S <Isol [0 - a) =1sol  [[ (- 1/p) < ol o ullogar)

2
j=1 2log z<p<z log z (10g3 x) log”

using Mertens’ product estimate (0.7). Therefore, if ¢ > 0 is small enough, and we take

1 1
210) wllog ) logy
(logy )
then |Sy| < Totogz < m(¢) — m(x/2), again using the PNT. Finally, the elements of Si can be mapped to

distinct primes in P3. Thus, if £ € S, maps to p, take a, = ¢ mod p to cover /.
In conclusion, if y is given by (2.10), then G(X) > J(z) > y. As z ~ log X,

(logy X)(logy X)

and this proves (2.9).

3. Asymptotic formulas when u is small

The idea behind the asymptotic formula is to first develop a recurrence formula. For 1 < £ < m, there
are (%) (¢ — 1)! ways to form an £—cycle from [n]. Hence

V(an)z% 3 %Z 7| n.lnlZﬁ(;)(@—1)!(n—£)!l/(n—€,m)
’ Te=1

oESy T‘U
(211) Cm,n(0)=0 71 acycle
n—1
1
=- Z v(k,m).
" k=n—m

Heuristic. Suppose that v(n,m) ~ f(u), where v = n/m and f is continuous. By (2.11),

n—1

1 1 /M 1/
s S sumx s [ famd=y [ fwa.
n k—;m nJn—m U Jy—1
Assume we have equality instead of . Differentiation gives uf’(u) = —f(u — 1). This is known as a

differential-delay equation. If we add the natural initial conditions f(u) =1 for 0 < u < 1, then there is a
unique continuous solution. This motivates the definition of the Dickman function p(u).

DEFINITION 2.4. The Dickman function p : [0,00) — R is the unique continuous solution of
(2.12) p(u)=1 (0<u<l); up'(u) = —p(u—1) (u>1).

LEMMA 2.5. We have
(a) up(u) = [, p(v) dv foru>1;
(b) p(u) >0 for all u > 0;
(c) p(u) is decreasing for u > 0;

(d) Foru>1, —’;/((5)) < 1+ logu.

PRrROOF. (a) follows by integrating (2.12) from u = 1 to u = v with v > 1. To prove (b), assume that
7 =min{u : p(u) = 0} exists. Since p(u) =1 —logu for 1 <u <2, 7> 2. By (a),

0=rp(r) = [ Tlp@) >0,
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FIGURE 1. Dickman’s function from 0 < u < 15.

a contradiction. That p(u) is decreasing is clear from (b) and (2.12). This proves (c). From (2.12) and (a),

_— A _plu-1)

pu) [,y p(v)dv’
Let By, = max; <<k 2(—p'(v)/p(v)). We have

1/v 1
= =1.629....
1 Tv22 1 — logv  2(1 —log?2)
If k>4 and k/2 < uw < (k+1)/2 then the denominator on the right side of (2.13) is at least

u—1/2 u—1/2 —1)(1 = —iBy
A_l p(v) dv > p(u o 1)/ e—Bk(v—u+1) dv = P(u )(Bk e 2 )

By =

u—1

Using that e~ 258+ < e=2B4 < 1/2, we infer that

By 1
Beni s T —15, S B (1+20725).

The function z(1 4+ 2¢~%/2) is increasing for > 0, hence if C is large and By < Clogk then Bj,; <
(Clogk)(1+2/k/?) < Clog(k +1). Therefore, By, < logk and (d) follows. O

In Figure 3, we plot the Dickman function on a log-scale, and it is evident that p decreases rapidly. In
fact, p(u) = e~ #logu—ulog;2u)+0(u). ge0 [66], Ch. I11.5.4 for further asymptotics and proofs.

THEOREM 2.6. For alln > m > 1 we have

(2.14) p(n)§VMmﬂ<p<n+1>.

m m+1
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Consequently, for \/nlogn < m < n we have
1 1
(2.15) v(n,m) = p(u) (1 +0 <u0g(u+))> , u=n/m.
m

Remarks. Inequality (2.15) recovers Theorem 4 of [55], with a much shorter proof, and provides an
asymptotic formula for v(n,m) as long as n = o(m?/logm). When n > m?/logm, v(n,m) # p(n/m), the
asymptotic having a different shape; see [58], Theorem 2.4 or [55] for details. Thus the final conclusion is
best-possible.

PROOF. Suppose m < n < 2m. As there is at most one cycle of length > m, Lemma 1.1 implies

(2.16) v(n,m)=1- > ECi(0)=1-Hy,+ Hp,.
k=m+1
Since .
"1 - dt n n
H,-H, = - < Z—log—=1—p(—=
k=m+1 k=m+1
and

n k+1
>y
k=m+1 k

d gt n+1 n+1

= — =log =1—-p )

t S © m+ 1 m+ 1
the bounds (2.14) hold when m < n < 2m.

Now fix m > 1, let N > 2m + 1 and assume that (2.14) holds when m < n < N — 1. Using (2.11)
followed by Lemma 2.5 (a—c)

)
N-1 N-1 N-1 k41

1 1 1
v(N,m) = N A(k,m) > i Z p(k/m) > Z / p(t/m)dt
k=N—m k=N-m k:M
1 N 1 N/m
= — p(v/m)dv = p(v)dv = p(N/m
N N—-m (/ ) N/m N/m—1 () ( / )
and
N—-1 N—-1 k
1 k+1 1 t+1
V(N,m)gﬁ P(+1><N / P( +1> dt
hoNom NTF hoN o =1 AT
+1 [
m m-41

=~ s p(v) dv
m+1
N+1 +1

m+1 [m+1 m+1

ol O SO

m+1 m+1
N+1
_N+1 (N+1\ m+1 w1 (v)d
- o N " p(v) dv.

The final integral on the right side is > +1p (L}) and thus v(n,m) < p (Z—E) The claimed bounds

(2.14) now follow by induction on n.

Now we have
n n—|—1 n—m n

m m+1 m(m+1) ~ m?2

Thus, by Lemma 2.5 (d),

o) <, (ﬁ) (O(n/m?) log(20)) < p( ) O(u log(u+1)/m)
m+1 m m
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When y/nlogn < m < n, ulog(u+1)/m < 1 and (2.15) follows. O
Comparing Theorems 2.1 and 2.6, we immediately conclude that
(2.17) plu) < e vlosutu,

The “100 prisoners problem”

Imagine a prison holding 100 prisoners. They are offered to play a game, the reward being freedom for
all if they win; but they all must win in order for any to go free. The prisoners are numbered 1 to 100.
Inside a room are 100 boxes, and the numbers 1 through 100 are placed in these boxes in random order.
One by one, the prisoners are led into the room and allowed to open 50 boxes. If a prisoner finds his own
number in one of the boxes, he wins. The prisoners are allowed to discuss strategy before the game begins,
but then are separated and allowed no communication whatsoever (e.g., one prisoner cannot mark the boxes
indicating which number is inside). Is there a strategy that allows all of them to win with large probability?

Naively, if each prisoner chooses 50 boxes at random, then each has a 1/2 chance of winning, but there
is only a 1/2'% chance that they all win, and go free. There is a much better strategy, based on observing
that the number inside the boxes form a permutation of [100] (we can think of the boxes as lying in a row,
1st, 2nd, ...). The strategy for each prisoner number k is thus: first open the k-th box. If the number is k,
he wins. Otherwise, if box k contains the number m, next open box m. Continue in this manner until either
he finds his own number (win) or has opened 50 boxes without finding his own number (lose). Under what
conditions does prisoner k win with this strategy? He is essentially “following the cycle containing k7, and if
the cycle length is < 50 he will win. Thus, if there are no cycles of length 50 or more, then everyone wins!
The likelihood of this is A(100, 50), and by (2.16) this equals

1— Hypo + Hs0 = 0.31

Thus, the prisoners have a 31% chance of all going free.

Next we develop a recursive formula for ¢(z, y) analogous to (2.11) and based on an idea of Hildebrand.
LEMMA 2.7. Forx >y > 2 we have

U(z,y) = 10; S (log p)w (zy> 10 (10;) .

Py

PROOF. We start with

U(z,y)logx = Z log(z/n) + Z Zlogp

n<x n< k|n
PT(n)<y PT(n)<y

The first sum is < anx(z/n)l/z < z. In the second sum, let n = mp*, so that P*(m) <y and m < x/p*.
The terms with £ = 1 have sum

Slogp) Y 1= (logp)w < )

Py m<x/p Py
PT(m)<y

Likewise, the terms with k£ > 1 contribute

Z\Ij< k’y> Zik U

PY péy
k>2 k>2
THEOREM 2.8. For z >y > 3 we have ¥(z,y) = zp(u) + O(z/logy), where u = %giz

The proof of Theorem 2.8 is Exercise 2.1 below.
Theorem 2.8 provides an asymptotic formula for ¥(x,y) as long as 1/logy = o(p(u)). By Lemma 2.5

log2 T

(), this happens only for u < . In fact, the asymptotic ¥(z,y) ~ xp(u) is true in a large range of z, y;
see [47] or [66, Ch. IIL5] for spemﬁc statements.
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4. Exercises

EXERCISE 2.1. For z >y > 2 let u = {282,
gy

(a) Show that ¥(x,y) = zp(u) + O(z/logz) for y < = < y°.
(b) Define A(z,y) by ¥(z,y) = z(p(u) + Az, y)). Wlth y fixed, let Ay := max, <, <, or |A(z,y)]. Use
Lemma 2.7 to prove
logy + O(1)

1
Ap < ———— Ak — .
< ey e+ ()
(c) use (a) and (b) to prove Theorem 2.8.

EXERCISE 2.2. Let

G=1- / % du = 0.624329988 . ..
1

G is known as the “Golomb-Dickman constant”, although it was first written down by de Bruijn.
(a) Let C* (o) denote the length of the largest cycle in o. Show that E,,C*(0) ~ Gn as n — .
(b) Show that E , log PT(n) ~ Glogz as © — occ.

EXERCISE 2.3. Define a function pz(u) by pa(u) =1 for 0 < u < 1 and
u—1
p(w)
= d 2 1 .
pal) =pw+ [ Law s
(a) For a permutation o € S, let ka(o) denote the length of the 2nd largest cycle (it may equal the

length of the largest cycle), and let ko2(o) = 0 if o has only one cycle. Show that, uniformly for 1 <m < n
and u = n/m, that

Py (ka(o) < m) =p2<u>+0(

(b) Let g2(n) denote the 2nd largest prime factor of an integer n (it may equal the largest prime factor,
logz
logy?’

1+ logu
— )

if PT(n)?|n), and define go(n) = 0 if n is prime. Show that, uniformly for 2 < y < x and u =

Palan() <) = palu) + 0 (25" ).

(c) Show that pa(u) ~ ¢/u as u — oo, where ¢ = fooc p(w) dw.



CHAPTER 3

Integers without small prime factors and
permutations without small cycles

1. Permutations without small cycles
For 1 <m < n, let
Unm =Poes, (Cj(n) =0 (1<j<m)).
In particular, U, o = 1. Based on our heuristic model, U, ,, should be (for m of moderate size) about
the probability that Z; = --- = Z,,, = 0, where Z; £ Pois(1/j) and Z3,...,Z,, are independent. This
probability equals e #m ~ % This cannot be expected to hold for large m, for example U, ,, = 1/n if

m > n/2 (permutations lacking cycles of length < n/2 must be n-cycles). A special case of Corollary 1.11
(with A = 0) implies that

1
(3.1) Upm < —
m

uniformly for 1 < m < n. Our aim in this section is to prove strong asymptotics for U, ,, throughout the
range 1 <m < n.
As a first attempt, we’ll use inclusion-exclusion, obtaining for any £ > 1 the formula

(3.2) Unm = E o 1(Clpy(0) = 0) = é(—mEg (C[’”?}(")> +0 ((Cg jr(lo')» .

To evaluate the right side of (3.2) we derive a generalization of Lemma 1.1.

LEMMA 3.1. Let I C[n] and let k >0

with equality if and only if k (maxT) < n

PRrOOF. For non-negative integers x1,...,xs, k we have

(x1+-é-+xt): Z H( )

i1+ tig=k j=1
Thus, since Cr(0) = >, o; Cr(0),
Ci(o)
(%)= T =II(°
Yirerk rel
We apply Lemma 1.1 to the expectation on the right side, followed by the multinomial theorem, obtaining

Ci(o) 1/r H(I)*
m(fk)sz [T %0 = 10

kr=k r€l

TEI

37
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with equality if and only if > ; 7k, < n for all choices of the k.. This latter condition clearly holds if
k(maxI) < n. On the other hand, if k(max ) > n then there are terms with ) _, 7k, > n, e.g. taking
kmax1 = k, k. = 0 for other r. O

THEOREM 3.2. Let 1 <m < n and set w=n/m. Then

Upm = e~ Hm 4 o( <e(1°g;” + ”) ) .

PrROOF. The bound is trivial if u < e(logm + 1), thus we may assume that u > e(logm + 1). Let
¢ = |u] =|n/m]. For 0 <r < ¢, rmaxI; < n, and thus applying Lemma 3.1 to (3.2), we obtain

Upm=E, i(w(q"i(")) L0 ((Cm(lg)»

r=0
‘
H" H€+1
o ()
s r! (£+1)!
Since /41 > e(logm+1) > eH,,, the sum equals e~ #» + O(HLF! /(£41)!). Finally, since H,, < logm+1
and (£ +1)! > ((£+1)/e)* > (u/e)" we obtain the claimed bound. O

The inclusion-exclusion identity (3.2) corresponds to the original Brun sieve technique. The bound in
Theorem 3.2 is nontrivial only for uw > logm, that is, when m < n/logn. When u is large, however, the
error term is very tiny compared to the main term e=H#m < 1/m.

When u is bounded, the behavior of U, ,, is more complex. We will derive a recurrence for U, ,,, in (3.6)
below, and use it to obtain an asymptotic for U, ,,, when u is small. We first must introduce the Buchstab
function w(u), defined recursively for v > 1 by

u—1
(3.3) w(u) = " (1<u<?2), uw(u) =1 —|—/1 w()dv (u>2).

An easy induction argument shows that w(u) is continuous, differentiable except at the point u = 2, and
satisfies 1/2 < w(u) < 1 for all v > 1. Differentiating the integral equation in (3.3) yields

wu—1) —w(u) 1

(3.4) W)= —"+—">-=—- /" W' (v) dv (u>2).

u u -1
LEMMA 3.3. We have w'(u) < 1/|u]!. Consequently, for some C € [1/2,1] we have
w(u) =C+0(1/|u]!).

PROOF. By 1/2 < w(u) < 1 for all w, (3.4) gives |w'(u)| < 1/(2u) for v > 2. By induction on k > 2 we

have
1

= k).
=1 @—kty (=W
For any u, let k = |u] < w. Then |w’(u)| < 1/k!. The second claim follows from the first and

jw'(u)] <

w(u)—w(v):/uw'(w)dw <<ﬁ (2<v<u). O

Much more is known about w(u), in fact we have w(u) =e~7+ O(1/|u]!), and w(u) = e~ changes sign
infinitely many times (Maier). We will derive such an asymptotic in a indirect way using the next Theorem.

THEOREM 3.4. Suppose that m,n are integers with 1 <m <n—1. Then

(3.5)
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=4 (140 (L)), w=fm

The second part provides an asymptotic Uy, ,, ~ w(u)/m as long as m — oo as n — 00.

and

ProOF. We follow the method of Granville [40, Theorem 2.2], beginning with an analog of the recursion
(2.11). If o € S, has no cycles of length < m, then either o is an n-cycle, or all cycles in o have length in
[m+1,n —m — 1]. Following the proof of (2.11), we start with

1 1

0ES, alo
Cim)(0)=0 o a cycle
la|]<n—m—1

With ¢ = || fixed, there are (7)(¢ — 1)! ways to choose . Writing o = a3, there are (n — £)!U(n — ¢, m)

ways to choose 3. Letting k = n — £, we thus we obtain
1 1
(3.6) Unm =—+ > Uk.m-
m4+1<k<n—m—1

Ifm+1<n<2m+1, then U, ,, = 1/n and thus 1< Un,m < —L__ Now suppose that N > 2m + 2

2m—+1 m—+1-
and that (3.5) holds for m+1 < n < N — 1. By (3.6),
1 N-2m—-1 N
NUym <1+ 3 S=14 ml <
m+1<k<N—m—1 m+ mt m+
and . N
NUx > 1 — .
Nm 2 1+ > om+1 2m+1

m+1<hkSN—m—1
Thus, (3.5) follows by induction on n.
The second inequality is true when 1 < w = n/m < 2 since then U, ,,, = 1/n = w(u)/m. We now
proceed by induction on N = |u] with m fixed. Let

A(n,m) = mU, », —w(n/m), Ay = L - |A(n, m)|

In particular, Ay = 0. Now suppose that N > 2 and that mN <n < m(N + 1). By (3.6),
n—m—1 n—m-—1

m 1 k 1
(3.7 w(n/m)+ A(n,m) = . + - Z w (m) + - Z A(k,m).
k=m+1 k=m+1
Ifm+1<k<n—m-—1, then n — k < mN, and thus the second sum on the right side is bounded in
absolute value by (n — 2m — 1)Ay. Writing « = n/m and using Euler’s summation formula together with

Lemma 3.3, the first sum equals

() 5 o(3)

k=m+1 k=m+1
=—w(u—1) +/ w(t/m)dt +/ t=1t] W' (t/m) dt
u—1
=0(1) + m/1 w(v) dv.

By (3.3), the final integral equals uw(u) — 1, and hence

A(n,m)| < (1 - N2+1> Ay +0 (i)
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1

0.9

0.8

0.7

0.6

0.5

and thus

2 1
< — .
AN+1\<1 N+1)AN+O<m >

Tterating this gives
1
Ay <€ — (N P> 2)
m
and the second claim in the theorem follows. O

Combining Theorems 3.2 and 3.4, we derive a strong asymptotic for w(u) and a strong uniform asymptotic
for U, . In figure 1 is a graph of w(u) for 1 < u < 4. The rapid convergence to e is evident.

THEOREM 3.5. We have w(u) = e~ + O(e~*1ogu+Ow)),

PRrOOF. In light of Lemma 3.3 it suffices to evaluate C' = lim,,_, o, w(u). Let m be large, n = m?,u = m.

By Theorems 3.2 and 3.4, we have

20 (1 0(1)) o 10 (s (22225)")

ad it follows that C' =e™7. (]
THEOREM 3.6. For any 1 <m < n —1 we have
Upm = e (1 4+0™®))  (u=n/m).
Proor. When u > 5logm, Theorems 3.2 and 3.5 gives
Upym = e m (1 + O(e™"/4)).
When u < 5logm, Theorems 3.4 and 3.5 imply

U = 2 (1 +0 <1>> — (14 0(e/%)). 0

m
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2. Integers without small prime factors

Let ®(x, z) denote the number of positive integers n < x that have no prime factor < z. Again, a simple
heuristic suggests that for small z we should have ®(z,z) ~ z[[,.(1 —1/p), and this is what we will in fact
demonstrate below. A special case of Corollary 1.15 (with A = 0) implies that

(3.8) B(x,2) = #{n < z:wn,z) =0} < z(logz)~ 2O = é =z H (1 — ;) ,

p<z

uniformly for 2 < z < z. Here w(n, z) is the number of distinct prime factors of n that are < z.
Following what we did with permutations, we first prove a bound for ®(x,z) which is very strong for
small z and then by another method work out a bound which is good for large z.

THEOREM 3.7. Uniformly for v > 2, 2 < z < 2'/(451°822) e have

1 _ log x
_ - u/2 — .
D(x,2) = acp|<lz (1 p) + O(ze ) wu logz’

PROOF. We may assume that x is sufficiently large. Following the proof of Lemma 3.2, we apply “Brun’s
pure sieve”. Let £ > 1, and apply inclusion-exclusion to obtain

1(w(n, z) = 0) = ZZ:(—W (“(T: Z)) +0 ((“’E(Z’ ?)) .

r=0
We sum over z and use
S - 2 - 2 (o)
< r P11 Pr p1-Pr
n<x p1<-<pr<z p1<-<pr<z
The totality of the O(1) terms is

‘
<<Z#{d<zrzw(d):r}<zz.
r=0

Let T be the set of primes < z, and let H = H(T). By Mertens’ sum estimate (0.5), H(T') = log, z + O(1).

By Theorem 1.6,
w(n, 2) H*!
E <z .
+1 L+ 1)

n<e

We get

¢
r,2)=2x -1 1 L4 H
O(z, 2) go( DY +0( + (£+1)!>'

p1<--<pr<z P Pr

Extending the sum on r to all non-negative integers, we have using (0.4)

(o)
2000 > = ) =1 )
r=0 p1<--<pr<z ! T Pt(d)<z p<z
Now assume that ¢ > 2H. Using (0.1), we have
> 1 > HT 1
>y <y o
r=~(+1 p1<--<pr<2 Pr==pr r=¢+1 r (£ + 1)

We conclude that

O(x,2) == [] (1 - ;) 0 (% + (ffll)!) :

Pz
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If 2 < z < eVlo8? equivalently v/logz < u < }gig

2 < al/® < xem/2, and
H€+1 5eH u/5
< 7’[1,/2.
@+ 1) < u > <
If eVicss L » L g1/ (45108: %) equivalently 4.5 log, z < u < V/logx, we take £ = |u— 1]. Then
{>2u—2>45logox —2 > 4.5H +2

for large x. Here AR x/z < ze”™ and

HL eH \"“! e \ul /2
< e,
(€+1)!\<u—1> <<(45) e

When z is large, the asymptotics of ®(z, z) are related to the Buchstab function w(u) defined in (

THEOREM 3.8. Uniformly for 2 < z < x we have

- 1
aw(u) Z+O( x2 ) - log
log z log” z log =z

O(x,2) =

This provides an asymptotic formula ®(z,z) ~ w(u) ;5 as long as z — oo and & = o(z) as ¥ — oco.

Our proof is based on a recurrence formula similar to (3.6).

LEMMA 3.9. (i) When 2 < z < o < 22 we have

@(x,z):“W)Z'+O(”;>.

log 4 ]og T

(ii) When z > 2 and x > z? we have

(log2)®(z,2) =z + Y (logp)®(x/p, )+ o<1ozz).

z<p<z/z

PrROOF. When 2z < z < 22, the Prime Number Theorem gives

x z X mw(u) 2 x
D(z,2) =1 —7(z) = - -
(,2) =14 m(z) = 7(2) logz logz o (logzx) log z e (10g2m> ’

proving (i). Here we used that w(u) =1/u for 1 < u < 2.
Now suppose 2 < z < '/2. We start with the fundamental theorem of arithmetic in the form

logz = logE + logn = logE + Zlogp.
n n

pkIn
Thus,
T
(logz)®(z, 2) = Z log — + Z Z logp.
n<x n n<x pkln
P~ (n)>z P~ (n)>z
Sl S2

In Sy, break up the summands into intervals xze ™/ < n < xe'™/ for mtegers j = 1. Using (3.8)

(we' I
< Y ja(eel 2 < S logz <o
jz1 j>1

We have
Sy =Y (logp)®(z/p, 2).

pF<a
p>z

= |u/5] so that £ > 2H if z is large enough. Then

]

3.3).
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Using (3.8) again, the terms with k& > 2 contribute

x x log p x
< Z(logp) k < Z 5 < .
o p*log z logzp>zp —-p zlog 2z
k>2
p>z

The terms with £ =1 give, by the Prime Number Theorem,

> (logp)®(a/p,z)+ Y logp= > <10gp>@<m/pﬂ>+x+0<1ozz)'

z<p<z/z z/z<p<z z<p<z/z
This completes the proof of (ii). O
Now we argue that Lemma 3.9 (ii) is analogous to the recurrence (3.6). Let
D(e™,e™
Vn,m = ¥
e

Assuming that ®(x, z)/x is slowly varying in « and in z, we get from Lemma 3.9 (ii)

n—m log p n—m
nVn,m ~ § Vn—k,m E ~ E ‘/n—k’,m
k=m+1 ek_1<p<ek k=m+1

using Mertens’ estimate (0.6).

PRrROOF OF THEOREM 3.8. Let 2y be a sufficiently large constant. The statement is trivial if z < zp and
also it follows from (3.8) when z > 2'/2, thus we may assume that 2o < z < 2'/2.

We iterate the recurrence in Lemma 3.9 (ii) in a manner similar to the way we analyzed (3.6), however
there are more delicate error terms to analyze. Define A(z, z) by

log =z

O(z,2) =w(u) — 2 + A(x, 2),

where u = }gg ~. With z fixed, define
Ay = max |A(x,z)] (N=2,3,...).

z<x <N
By Lemma 3.9 (i), we have
Ay € —.
2 log z

Now suppose that N > 3 and zV~! < 2 < 2. Divide Lemma 3.9 (ii) by uz, obtaining
log z 1 1 1 logp (logz

P =—+0 — P .

z (z,7) u+ (ulogz) +ulogz Z D x/p (x/p.2)

z<p<z/z

Since z/x < 1/y/x < ukl)gz by our assumptions on z and u, we get

o0 e to () ot 5 () 2 ea(2))

z<p<z/z

In (3.9), the summands —zp/x contribute, by the Prime Number Theorem,

2/ Z logp <

ulog z
z<p<z/z

ulog 2’

Since z/p < z/z < 2N~1, the summands A(z/p,z) contribute an amount which in absolute value does not

exceed .
AN_y

ulog z

1 AR
3 D8P SN (165 5 — 210 2 + O(1)) < (1 — 1/N)A%_,

z<p<z/z p IOg(E
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if z is large enough, where we used Mertens’ estimate (0.6). Using (0.6), partial summation and the rapid
decay of w’(u) (Theorem 3.3), we obtain

3 lo]g)pw (log(x/P)) /:/z 1, (l‘)g(x/t)) dt++/:/zO(e‘/@)w' (bg(x/t)> L on)

<re)z log 2 t log 2 log 2z tlog z

= (log z) /1u_ w(v)dv + O(1).

Inserting all of these estimates into (3.9), we find that
1 1
1 _ *
(1) a0 ()

1 1 u—1
|A(z, 2)| < —w(u)—kf—l—f/l w(v) dv

u u

1\ ., 1
- (1-%) 80 ()

using the recurrence (3.3) and that N — 1 < v < N. Taking a maximum over all 2V~ < 2 < 2V we get

Ay < max (AN_p 11— N) N-11+O (Nlogz) >

Iterating this gives

1
A =23
N < logz ( 99y )
From the definition of A%} we conclude that
A > 2).
@ <oz @32
This completes the proof. O

An unusual application of these theorems is the evaluation of the constant in the Mertens’ product
formula (0.7). It is rather straightforward to obtain a version of (0.7) where e™” is replaced by some
unspecified constant, and evaluation of the constant is not that easy.

COROLLARY 3.10. Assume a weak form of Mertens’ product formula

(3.10) 11 <1 - ;) = 10; (z > 2).

Pz

Then

1 e
1—— )~ .
pl:[Z ( p) o 2 (z = )

PRrOOF. This proof was suggested by Granville. It is easy to check that in the proof of Theorems 3.7
and 3.8, we did not use (0.7) anywhere in the strong form. Fix z and let x = 2101°82% Then u = igiﬁ =
10log, z > 5log, « if z is large enough. Using (3.10) and Theorem 3.7, we have

O(x,2) =z ] (1 - ;) (1 + O(e™v/? 1ogz)) =z]] (1 - ;) (1+0(1/1og" 2)) .

Pz p<z
On the other hand, using Theorem 3.8, followed by Theorem 3.5,

= (1vo (1)) =i (10 (i22))

O(x,z) = Tog 2

The claim follows. O
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THEOREM 3.11. Uniformly for 2 < z < x we have
(z,2) mH(l) (lJrO(e*u/‘r’)).
p<z

PrOOF. When u > 4.8log, z, equivalently, z < x'/481982% we use Theorem 3.7 and get

=] (1=} ) (tr 0@ e) =+ ] (1=} ) (1+0).

p<z

When 1 < u < 2, the claim follows from (3.8). Now suppose that 2 < u < 4.8log, . By Theorem 3.8,
followed by Mertens’ estimate (0.7), we have

aw(u) 1 1 1
3.11 (0] =——11 — = ze” 1— - 1+0 .
( ) (z, 2) Tog 2 ( +O(logz>> re w(u)pl:[Z< p) ( + <logz)>
Now
L _ v o U s
logz logx  eu/438
and the claim follows from Theorem 3.5. O

3. Exercises

EXERCISE 3.1. Show that ®(z,2) < z/log z uniformly for z > 2z > 4. Be careful with the case of
small z.

EXERCISE 3.2. Show that ¥(z,y) < ze™™ uniformly for all z > y > 3, where u = izg‘z

EXERCISE 3.3 ([45],EXERCISE 03). (Integers with a large smooth part). For an integer n and y > 2
let n, be the product of all prime powers dividing n with the prime < y. Define, for y < z < = the function

O(z,y,2) =#{n <z :ny >z}

(a) Show that O(z,y, z) < z b(x/a,y) + V(z,y).
z<a<z/y
Pt(a)<y

(b) Show that, for any 2 < y < z <  we have

1
O(z,y,2) < xexp{ — Q?C(‘);gzy}'

EXERCISE 3.4. (a) Show that for 1 < m < n,

1= +Z Un—k,mv(k,m),

k=0
where v(k,m) =1if m > k.
(b) Combine (a) with Theorems 2.6 and 3.4 to deduce that

plu) + /O“ p(v)w(u—v)dv=1 (u>=1).

Remark: This provides a ‘combinatorial proof’ of a purely analytic statement.



CHAPTER 4

Poisson approximation of small cycle lengths and small prime
divisors

1. Small cycles of permutations

Let 1 < k < n and consider the problem of modeling

Ck = (Cl(d), ey Ck(O'))
by the random vector
d o . )
Zy=(21,...,Zy), Zj=Pois(1/j).
We especially desire a good approximation when k is large, as opposed to bounded (ref. Theorem 1.9). We

express our results in terms of the Total Variational Distance dry (X,Y’) between two random variables X
and Y taking values in a discrete space (1, defined by

(4.1) dry(X,Y):=sup P(X € U) - P(Y € U).
S0)
The supremum occurs when U = {w € Q: P(X = w) > ]P(Y = w)}, hence
(4.2) dry(X,Y) =) max ( w) —P(Y =w)).
weN

Replacing U by Q\ U, we see that dpry (X,Y) = dry (Y, X).
In comparing Cj, and Zj, the space of values is = NE.

LEMMA 4.1. We have
drv(Cr, 2i) = Z H 7 h 'max e — U i),
heN} j= 17
where n’ =n'(h) =n — Z?:l Jh;.
PROOF. From (4.2) we have
drv(Cr, Z) = Y max (O,P(Zk —h) - P(C = h)).
heNk
Clearly,
/)
iz = T 012
j=1

Now fix h, write g = hy + 2hg + - -+ + khy, and consider P(Cy, = h). If g > n, then P(C;, = h) = 0. Now
suppose that g < n. Write o = 0105, where o7 is the product of the cycles of length at most k and permutes
a subset I of [n] of size g, and o9 is the product of the cycles of length greater than k and permutes [n] \ I
of size n’ = n — g. By Cauchy’s formula (Theorem 1.2), applied to o1, it follows that

P(Cy =h) = nkH 1/] )

46
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and the lemma follows. O
THEOREM 4.2 (POISSON DISTRIBUTION OF SMALL CYCLES). Let 1 < k < n. Then
drv (Cy, Z1) < e/ k)

PrOOF. Consider a generic vector h = (hy,--- ,hy) € N§ and let n’ = n — (hy + 2ha + -+ + khg). If
n' > k then By Theorem 3.6,

Upi e = e (1 I o(e*”'/@’“))) .
If n’ < k we’ll use the trivial bound max(0, e+ — Un i) < e~ and thus for all h we have
max (O,e_H’“ — Unf7k) < e Hi—n'/(5k)

Therefore, and thus

5 TT A (0,07 — ) e timnon 3 T LA

| |
het; j=1 hy! heNk j=1 h;!
k e/ (5k)
= exp { - H, — 5% + ¢ -
=Y
< e*"/(Sk)’
using (2.1) in the last step with v = ¢/® and w = ¢'/®%), The theorem now follows from Lemma 4.1. [

Remarks. By a more sophisticated sieve method than that used to prove Theorem (2.1), see [33], it is
possible to prove that
drv (Cr, 2i) < e f(/F),
where f(x) ~ xlogx as x — oo. This is the true order (the asymptotics of the logarithm of the left side), and
a result of Arratia and Tavaré [2]. Sharper bounds are known, and are expressed in terms of the Dickman
and Buhstab functions (see [58]).

We almost immediately obtain the following corollary, by grouping together integers into sets.
COROLLARY 4.3. Let k < n. Then, for any subset T C [k] and A C Ny, we have
P(Cr(0) € A) =P(Zr € A) + O(e "/ *R)),
where Zp < Pois(H(T)).

As long as k = o(n) as n — oo, the error term is o(1) and this establishes, in a very strong form, the
validity of the Poisson model for Cy.

2. The Kubilius model of small prime factors of integers

We will make formal a probabilistic interpretation of various results about the distribution of integers
which have been stated in earlier sections. Consider a randomly chosen integers n € [1,z]. Such an integer
n has a canonical prime factorization as

n= H pUr.

pPsZT
We regard each of the exponents v, as random variables (they depend on p and also on x). We compute

exactl
e (3] 3ol

the error term being relatively small when p”* is small. Moreover, the variables vp are quasi-independent;
that is, the correlations are small, again provided that the primes are small. The variables v, corresponding
to large p are very dependent on each other, for example the event (v, > 0,v, > 0) is impossible if pg > =.
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The model of Kubilius is a sequence of idealized random variables which remove the error terms above,
and is thus easier to compute with. For each prime p, define the random variable X, that has domain Ny
and such that

1 1 1 1

P(X :k:—:(l—) k=0,1,2,...).
PR T R T p (

Furthermore, the variables X, are all independent. If y is small compared with x, we expect that the random

vector

has distribution close to that of the random vector

V,=(vp:p<y).
Again, V, depends on z as well.
Recall the definition (4.1) of the total variation distance and the basic identity (4.2).

LEMMA 4.4. We have

drv(X,, V)= > max( —pchCI)(:l,y)) @—H<1—1>.

PH(m)<y <Y b
PRrROOF. (cf. Tenenbaum [64]). Fix u = (u, : p < y) and write m = [[ . p“». Then
1 1
“ TP =) = ]~ <1_):<y
Py Py b b m
and ) .
x
P,(Vy=u)=—#{{eN:ml <z,P({ =—o(—,y). O

The lemma follows from (4.2).

THEOREM 4.5 (KUBILIUS MODEL APPROXIMATION). Let 2 <y < z. Then

log
dry (X, V,) < exp{ — 5logy}'

PROOF. Let 6 = 1/(5logy), so that 0 < § < 1/3. Let m satisfy P™(m) < y. If m < x/y? then Theorem

3.11 implies that
@ (Z,y) = ¢, (14 0(e 0/ m).
m m

For m > z/y* we'll just use the trivial bound

1
max (0, C—y - — (ﬁ,y) ) < @
m |z m m
Thus, for all m we have

max (0.9~ Lo (L)) < Sy y~stog(a/m) _ _ Sy
"mo |z \m’ m xdm1-9
By Lemma 4.4,
dTV(XyaV < Gy~ Z m~1+0
Pt (m)<y
1
_ —5H ( p225+.”>
Py

{;f}
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Since p® = 14 O(dlog p), Mertens’ estimates (0.5) and (0.6) imply that the final sum on p is log, y + O(1).
The theorem follows. ]

We next use the Kubilius model to show that prime factors have an approximate Poisson distribution.
There are two complications. First, as with permutations, large prime factors (those > z¢ for some fixed
¢ > 0) cannot be Poisson distributed because they are highly dependent on each other, and the number of
such factors is limited (trivially bounded by 1/¢). Secondly, and unlike the case of permutations, the small
prime factors also cannot be Poisson distributed (that is, as © — o0). Take the case w(n,2), which equals
0 or 1, each with probability tending to % as © — oo. Likewise, for fixed ¢, w(n,t) takes only finitely many
values and thus cannot approach a Poisson limit as x — oo. Hence, in the result stated below, the Poisson
approximation reveals itself only when “intermediate prime factors” of n are dominant, that is, those in an

interval (y, z] where y — oo and igg; — 0 as © — oo. For a set T of primes, denote
Ur=> 1(X,>1), Wr=> X,
peT peT

which, in the Kubilius model, are model for w(n;T) and Q(n;T'), respectively. Since E1(X, > 1) =1/p and
EX,=1/(p—1) we have

(4.3) EUr = H(T), EWp=H(T):=) —-.
peT p !

Define also

H'(T) =Y %

peT p

THEOREM 4.6. Let T be a finite subset of the primes, and suppose either Y = Up or Y = Wp. Let
H =LY, using the formulas (4.3). Let Z 4 Pois(H). Then

T oy (B=HY) 0 <k < 1.9H
P(Y =k)—P(Z=k) < H(T) et <+1+(H))

H"(T)e"9H (1.9)~* k> 19H.
PROOF. Write H” = H"(T). When k = 0, P(Z = 0) = e~ # and

1 "
P(Y =0)=P(VpeT:X,=0)=]] (1 — ) = HHOWY) — o=H(1 L O(H")),
p
peT

and the desired inequality follows.
For k > 1, we work with moment generating functions. For any complex s, (0.11) implies

(4.4) Es? = els~VH,

If Y = Up, then H = H(T), and uniformly for complex s with |s| < 2 we have
Es'r = [[Es" 20 =[] (1 + 2= 1)

(4.5) p€ET peT p

— (s DHFOUSIPHY) _ =D (14 O(|s — 12H"(T)))

If Y = Wy then H = H'(T) and uniformly for |s| < 1.9 we have

Es"r = [[Es™ = H( S_1> -1l (H :1+(p£51;(zlv)is)>

(46) peT peT p=s peT
= (T DHFOUsTIFHY) — o(==DH (1 4 O(|s — 12H"(T))).
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Then, for any 0 < r < 1.9, (4.4), (4.5) and (4.6) imply

1 EsY —Es?
|s|=r
Lot . ,
— TTC e—27mk9 [E (re%rze)Y ) (Teme)z} do
0
H” 1/2 ) '
< T/ |7,627r19 o 1|26(7‘C05(27T9)—1)H d6.
™ Jo

Now, for 0 < 0 < %,
rcos(2m0) — 1 =r — 1 — 2rsin*(70) < r — 1 — 8>
and
’reQ’Tw - 1’2 = (r —1—2rsin®(7))? + sin?(270) < (r — 1)% + 62,
so we obtain

(r—1)H
P(Y =k)—P(Z =k) < H"S

1/2 2 2 8r02H
- /0 (jr — 1]% + 02)e—50*H gg

< H”e(r—l)H |’I"—1|2 N 1
o \VTTH A rHpR)

When 1 < k < 1.9H, we take r = k/H in (4.7) and obtain, using Stirling’s formula,
Hkeh—H <|k/H—1|2 1 )

(4.7)

PY=k) —-P(Z=k) < H"

kk k1/2 k3/2
e HHF ([k—H|? 1
H" — .
< il (‘ 7| Tk
This completes the proof when k < 1.9H.
When k > 1.9H we take r = 1.9 and the result follows in this case as well from (4.7). g
THEOREM 4.7. Let T be a finite subset of the primes. Then
H//(T)
dry (Ur, Pois(H (T e
and ")
H'(T
dry (Wr, Pois(H' (T —_
TV( T, OIS( ( ))) < 1 +H(T)7

PrROOF. LetY € {Ur,Wr}. UY =Ur,let H=H(T)andif Y = Wr,let H = H'(T). Let Z £ Pois(H).
Again, write H” = H"(T). From (4.2),

dryv (Y, Z) < i [P(Z =k)—P(Y =k)|.
k=0

Consider two cases. First, if H < 2, we have by Theorem 4.6,
dry (Y, Z) < H" + Y H'(1.9)7F < H".
k>1.9H

If H > 2, Theorem 4.6 likewise implies that

0.9H
S P =k -B(Z=k)|<H Y el—gk < H'e 03H
k>1.9H k>1.9H (1.9)
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and also
o)
HE| 1 k(k—1)+k—2kH + H?
_ _ _ " _—H -
Y IPY =k)—P(Z=k)| < H"e Zk! g L
k<1.9H k=0
oo oo Hk 2 oo —
—H'e™ -
wr S r A
— H"! H
—9 = -
> M]
k=1 k=0
H _ 1 H
_ H”eH[eH LeH 4 eﬁ _9eH +6H}
H//
This proves the bound when H > 2, upon noting that H'(T') < H(T). O

We can use Theorem 4.6 to deal with prime factors in an arbitrary collection of subsets, by a simple com-

binatorial device. The following is a consequence of Exercise 4.1. Here Zr, 4 Pois(H(T;)), and Zpy, ..., Z,,
are independent.

COROLLARY 4.8. Let T1,...,T,, be disjoint sets of primes. Then
m H// T.
dry (Ury,- .. Ur,), (Z1y, - Z1,) < ) _T)

Combining this Corollary with the Kubilius model (Thm. 4.5), we conclude that the “intermediate” (not
too small and not too large) prime factors of an integer are “Poisson distributed”.

THEOREM 4.9. Let2 <y <z, and let Ty, ..., T,, be disjoint sets of primes < y. Then
m H//
dry ((w(n;Tl),...,w(n;Tm)),(ZTl,..., m <Zmax I H )) —|—O(e 5103&/),

PRrROOF. Let w = (w(n;Th),...,w(n;Ty)), U= (Upn,...,Ur,) and Z = (Zr,,...,Zr, ) By the triangle
inequality for dry, which follows easily from the definition (4.1), we have

dry (w, Z) <dry (w U) + dTv(U Z)
< dTv(Vy, Xy) + dTv(U, Z).
The theorem now follows by combining Theorem 4.5 with Corollary 4.8. ]

3. Exercises

EXERCISE 4.1. (a) Prove that if X1, ..., X,, are independent discrete random variables, and Y7,...,Y,,
are independent discrete random variables (with Y; having the same domain as X;), then

m

drv (X1, Xm), (Y1, ., Vi ZdTV Y5

(b) Let X; < Pois(A;) for 1 < j < m, where 0 < A; <1 for each j. Also suppose that Y; is a Bernouilli
random variable, with ]P’(Y =0)=1-X\;, P(Y; =1) = \; for each j. Show that
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EXERCISE 4.2. For each j € N, let Z; be Poisson with parameter 1/j, and Z3, Zs, ... independent.
(a) Show that P(Z; < 1Vj) =e™".
(b) Let A,, be the probability that a random o € S,, has distinct cycle sizes. Prove that lim A, =e™7.
n—oo
(This is a result of Lehmer from 1972).

EXERCISE 4.3. Let 2 <y <z, and let 11, ..., T, be disjoint sets of primes < y. Then

dTV ((Q(TL, Tl), ey Q(H,Tm)), (ZT17 ey ZTm)) < Z ma}f(ll/l(gj()ﬂ)) + O (67 51f§gmy) .



CHAPTER 5

Central Limit Theorems

1. Gaussian approximation of Poisson variables

It is well-known that, as A — oo that Pois(\) approaches a Gaussian distribution. This is a special case
of the Central Limit Theorem. Below we record a quantitative version with explicit error term, and provide
an elementary proof.

PROPOSITION 5.1 (PoissoN CLT). Uniformly for real A > 1, X 4 Pois(\), and real z, we have
P(X <A+2VX) =0()+0 (A1/2),
where

1 z 1.2
(D(Z) = \/727/ ef§t dt

is the distribution function of the standard Gaussian distribution.

PrOOF. We may assume that A is sufficiently large. Let h* = 34/Alog(1 + A). First observe that by the
Poisson Tails Proposition 0.3 and the crude bounds for @Q(z) (0.16), we have

2

P(|X — A| > h*) < 2e3los(+d) — ___ =
(I | ) < 2e ESNE

Likewise,

1 1
1 R . —
(5.1) / e 2 < ESNE

[t]>34/log(1+X)
Consequently, we may assume that |z| < h*, and deduce
P(X<A+2VA)=e? Mol
(xrsavd) = 3 Hro(5)
A—h*<k<A+2VA

For |k — A\| < h*, Stirling’s formula implies that

oo (3 (o (42

h

u]+1 u

7}\& 1+O( 5 )eA< e\ )M- 1+0 (= ) ot
k! 27\

e
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It follows that .
A
7)\ _
e E i M+ FE,

A—h* <k<A+2vVA

1 k—2)2
M= DR
271\
A—h*<k<A+2VA

1 <1+|k: Al k—)\|3> koA
72 )\2 e 2X .
A%
<

For some integer a > 1 we have (a — l)ﬁ

where

and

|k — A] < av/X. Summing over all a gives

By Euler summation,

1 A2V, e AV Y
M= —— / et dt—/ {t}<)e( 1.
2o | Sa—n~ A—h* A
The integral involving {t} is O(1). The first equals, by (5.1),
z z
\5/ e 2 du = \F)\/ e 2% du + oON~/?),
log(1+A —0o0
and hence
1 # 1,2 1 1
I du+0<)<1>z+0<).
\Y 27T [oo \/X ( ) \/X
The proof is complete. O

2. Central Limit Theorems for cycles

Combining Theorem 4.3 with the Central Limit Theorem for Poisson variables (Theorem 5.1 below)
establishes a Central Limit Theorem for the count of cycles whose lengths lie in an arbitrary set I C [n].

THEOREM 5.2. Let I C [n]. Uniformly for all I and any real w,

Pres, (Cilo) < H(D) +wy/HD) = b(w) + 0 <1g(2H(I>>> |

H{)

PRrROOF. Let H = H(I). We may assume that H > 100, otherwise the claim is trivial. If |w| > /3log H
then the result follows from Corollary 1.12, since the left side is thus O(1/H) = ®(w) + O(1/H) if w <

—v/3logH and is 1 — O(1/H) = ®(w) + O(1/H) if w > \/3log H. Suppose now that |w| < v/3log H, let
n
A=H H = |50 =1 .
+wVvVH, m {5logH—" J N [m]
Because

1
> - < H((m,n]NN) <loglog H +O(1)

m<k<n
kel

we have H(J) = H + O(loglog H). Thus,

A= H) + /' VED), w =w+0 (k’gl\/‘?‘r) .
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Let Y be a Poisson random variable with parameter H(J). Thus, by Theorem 4.3 and Proposition 5.1,
Py(Cr(o) < A) < Po(C (U <
+

)
IP’( A)
40 (HW) 2 4o/

+o( )

o (M)

A—5logH = H(J) +w'\/H(J), v’ =w+0 <l‘z§§)

7n/5m)

A)
O(e
(
1

E\

We also have

and it follows that
P,(Ci(o) < A) 2 P, (C_](U) < A—5logH and Cp 4(0) < 510gH)
=P, (Cy(0) <A—5logH),

since min(I \ J) = m > n/(5log H) implies that Cp\ ;(0) < 5log H always. Hence, by Theorem 4.3 and
Lemma 5.1,

P,(Ci(o) < A) = ®(w”) +O(1/VH)

=d(w)+0 (k\)}gﬁH) :

The theorem follows by combining the upper and lower bounds for P(Cy (o) < A). O

The special case I = [n] was established by Goncharov [39], without a specific rate of convergence.
Goncharov analyzed carefully the asymptotics of the Stirling number of the first kind, s(n,m), the absolute
value of which counts the number of permutations o € S, with C(c) = m. Since H,, =logn + O(1) and ®
has bounded derivative, we quickly arrive at the following.

THEOREM 5.3. Let n > 100 and w be real. Then

logym
Pyes, (C’( logn+w\/logn) w)+ O (\/@) )

PrOOF. Letting logn + wy/logn = H, + w'+/H,,, we have

w—w <

1
Jogn’

Hence,

P, (C(o) <logn+wy/logn) = @ +o<%§?)¢@»+0<3§2). 0

The big-O term in Theorem 5.2 cannot be made smaller than 1//H(I) since Cr(o) is integer valued,

and thus the left side is constant in intervals of w of length 1/1/H (I), while ®'(w) > 1 if w is bounded. We
remark that when H(I) is bounded, C;(o) is expected to have Poisson distribution with small parameter,
and this cannot be approximated by a Gaussian.

We also derive that the j-th smallest cycle of o, denoted D;(o) (with ties allowed), also obeys the
Gaussian law, refining Theorem 1.22.
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THEOREM 5.4. Uniformly for j in the range
1< j<logn—+/(logn)loglogn

and for any real w,

P,cs. (long(U) <j+ w\ﬁ) = B(w) + 0 (10g(2j)) :

Vi
PrOOF. We may assume that j > 10 and that n is sufficiently large, the statement being trivial otherwise.

We may also assume that |w| < +/logj, since the statement for w outside this range follows from the
monotonicity of P(log D;(0) < j + wv/j), as a function of w, the statement for the two points w = £+/log j

and the fact that ®(—/logj) < 1/5%/? and ®(y/Togj) =1 — O(1/5/?).
Let k = Lej"’w‘/jJ, so by hypothesis,

logk <74 +/jlogj <j+ +/(logn)loglogn < logn.

Then Dj(o) < k is equivalent to C (o) = j. As Hy =logk + O(1) and VHy, = v/j + O(|w| + 1), we have

241
j—1=Hyp —u\/Hg, where uzw—l—O(M).

Vi

By Theorem 5.2,

Po(Dj(0) < k) = Po(Cpy(0) = j)
=1 —PU(C[k](U) <Jj— 1)

—1-®(—u)+ 0 1‘35[%’“)
— B(u)+ O (1‘)%%"))
Also,
w? 0g(2j
B(u) = d(w) + O < 2 1) — d(w)+ 0 <1 g\%_”)
and the proof is complete. O

3. Central Limit theorems for prime factors

THEOREM 5.5 (PRIME FACTORS CLT). Suppose that T is a subset of the primes in [2,z]. For any
real w,

log(QH(T))) .

P, (w(n; T) < H(T) + ws/H(T)> = d(w)+ 0 ( iy

PRrROOF. Let H = H(T). Assume H > 100, else the conclusion is trivial. As in the proof of Theorem
5.2, the conclusion in the case |w| > v/3log H follows from Theorem 1.13 and Proposition 0.3.
Suppose now that |w| < +/3log H, let

A=H+wVH, y = g/ (Glog H) J=TnNI[2y].
Because )
H(T\J)< Y ;gloglogH—I—O(l)
y<psz

we have H(J) = H + O(loglog H). Thus,

A= H) + /' VED), w =w+0 (k’gl‘)gH) .

VH
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Let Y be a Poisson random variable with parameter H(J). Thus, by Theorem 4.9 and Proposition 5.1,
Py(w(n; T) < A) < Py(w(n; J) < A)
=P(Y <A)+O(1/H)

owr0(3)

=d(w)+0 (bgl\/?[) :

We also have

log H
A—5logH = H(J) +w"/H(J), w”:w+0<0g )

VH

and it follows that
Py (w(n;T) < A) > Py (w(n; J) < A—5log H and w(n; T\ J) < 5log H)
=P, (w(n;J) < A—5logH),
since min(7T"\ J) > y implies that w(n; T\ J) < 5log H always. Hence, by Theorem 4.9 and Lemma 5.1,
B,(w(n:T) < ) > ®(w”) + O(1/VE)
log H
Jit)

The theorem follows by combining the upper and lower bounds for P(w(n;T) < A).

_<I)(w)+0<

O

We remark that an error term H(T)’l/2 is best possible; in fact, the erro term may be replaced by
an asymptotic expansion in powers of H (T)*l/ 2; this is a consequence of a general theory of CLT-type
expansions for sums of random variables; see [38].

As with cycles of permutations, we may extend this to handle the distribution of all prime factors of
integers, or any function w(n,T’) where the large prime factors contribute ‘negligibly’. The following is a
quantitative version of the famous theorem of Erdgs and Kac [28].

THEOREM 5.6 (CLT FOR ALL PRIME FACTORS). For any real w,
logs
P, (w(n) < logy x + wy/logsy J;) =®(w)+ 0 ((log2;)1/2) .
PROOF. Let P be the set of all primes < z, H = H(P), and
logy & + wy/logy & = H + w'VH.
Since H = log, x + O(1), we have w — w’ < (logy #)~*/2. Thus, by Theorem 5.5,
log H 1

P, (w(n) < logy x + w+/logy m) =®o(w')+ 0 ( Oi > =®(w)+ 0 ((og?)x) . O

logy z)1/2

An error term of O((logy )~ '/?) in Theorem 5.6 is best possible (cf. work of Rényi-Turan, Delange and
Kubilius in the late 1950s/carly 1960s).

We also derive that the j-th smallest distinct prime factor of n, denoted p;(n), also obeys the Gaussian
law, refining Theorem 1.21.

THEOREM 5.7. Uniformly for j in the range
1< 7 <logyx —/(logy z)logs o

and for any real w, we have

P (106 p(0) < -+ u/5) = 2w) +0 (

10532]’)) .



58 5. CENTRAL LIMIT THEOREMS

A version of this, without a rate of convergence, was proved by Galambos [37].

4. Exercises

EXERCISE 5.1. Prove the following variant of Theorem 5.5: Suppose that T is a subset of the primes
in [2, z]. For any real w,

P, (Q(n;T) < H(T) + w\/ﬁ) — ®(w)+ O (WH(T))> .

H(T)
EXERCISE 5.2. Prove Theorem 5.7.

EXERCISE 5.3. (a) Let T7,T» be disjoint sets of primes < z. Show that, uniformly for all real wq, ws,
P, (w(n; T1) < H(Ty) + wiVH(TL), w(n; Ty) < H(T1) + ws H(Tl)) = B(wy) P (ws)+

; <1og<2H<T1>> N log(2H<T2)>> |
VAT | JHT)

(b) Let T} denote the set of primes < z that are 1 mod 4, and let T» denote the set of primes < x that
are 3 mod 4. Show that

I
Pe (w(”?TI) < logy @ + w1/} logy ,0(n: Th) < & logy o+ wny /L log, x) = ®(w)®(w2)+O <\/olgﬂ> .
0gy T

EXERCISE 5.4. (Galambos, 1976 [37]). Fix ¢ > 0 and z € R. Show that if j = j(z) - oo as & — o0
and j(z) < (1 — ¢)log, x, then
]P’g;(log2 pjt+1(n) —logy pj(n) < z) —1—e"

EXERCISE 5.5. Fix ¢ > 0 and z € R. Show that if j = j(n) — 0o as n — oo and j(n) < (1 —€) logn,
then

z

(x — 00).

Poes, (logDji1(0) —log Dj(0) < 2) = 1—e™? (n — 0).
This matches the spacing distribution of points in a Poisson process.



CHAPTER 6

The concentration of divisors of integers and permutations

1. Concentration of divisors

Erdds conjectured [24] in 1948 that almost all integers have two divisors d and d’ with d < d’ < 2d.
This may seem counterintuitive, given that we have already shown (cf. Theorem 1.21) that a typical integer
has about 27 divisors less than e, and hence the k-th smallest divisor of a typical integer, for k large, is
about exp{k1/1°g2}. Hence, one may be led to believe that dy41/di — oo for a typical n, as long as k — oo
(and 7(n) — k — oo by symmetry). This, however, is faulty reasoning, as (i) as we see in Theorem 5.7,
there is a very large “normal” range of deviation for each prime p;(n), on a loglog-scale; however having two
close prime factors is genuinely rare (see Exercise 1.5). Also, (ii) divisors form from combinations of prime
factors in complicated ways, which lack the “independence” of prime divisors. Erdds proved [24] that the set
{n € N: 3d,d'|n with d < d’ < 2d} has asymptotic density, say 6. Note that § > 1/6 because 2 < 3 < 2-2.
The question whether 6 = 1 would remain open for another 36 years.

Working heuristic: Assume that the set {log(d'/d) : dd'|n,(d,d") = 1} C [—logn,logn] is well-
distributed for a typical integer n. Since #{(d,d’) : dd'|n, (d,d') = 1} > 3*(") we expect that
o

/ : " = / < =~ w(n)i
s (&) = 1, log(a /)| < o} 2 30

The right hand side above is at least 1 for o > (logn)3~“(™ ~ (logn)' 71983 = o(1).
Maier and Tenenbaum proved that this heuristic is in fact close to the truth.

THEOREM 6.1 (MAIER, TENENBAUM, 1984 [52]|). Fiz e > 0. Then almost all integers n have
two diwvisors d and d' such that
d<d <d(1+ (logn)'~loadte),

It is possible to show more, that for almost all n there are intervals (y, ey] containing many divisors of
n. We define the Erdés-Hooley A-function

A(n) := m?x#{dm,logd € (t,t+ 1]},

that is to say the maximum number of divisors n has in any interval of logarithmic length 1. Its normal
order (almost sure behavior) has proven quite mysterious. Work on the distibution of A(n) began with Erdds
[18], Erdés and Nicolas [20, 21| and Hooley [48] in the 1970s. Further work on the normal and average
behavior of A(n) can be found in works of Tenenbaum [62, 63|, Hall and Tenenbaum [42, 43, 44|, Maier
and Tenenbaum [52, 53, 54], and most recently Ford, Green and Koukoulopoulos [36]. See also [45, Ch.
5,6,7]. Tenenbaum’s survey paper [65, p. 652-658] includes a history of the function A(n) and description
of many applications in number theory.

The best bounds for A(n) for “normal” n currently known were obtained in papers of Maier and Tenen-
baum [54] (upper bound) and Ford, Green and Koukoulopoulos [36] (lower bound). For almost all n we
have

(6.1) (logy )"~ < A(n) < (logy n)'s >+,

where 7 = 0.35332277270132346711 ... is a specific constant.
In this section, we prove a weaker lower bound, recovering the bound proved by Maier and Tenenbaum
[52].

59
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THEOREM 6.2. Fize > 0. For almost all n we have A(n) = (loglogn)™~¢, where

= 0.2875404895. ..

The same argument will provide a measure of the concentration of divisors of random permutations.

THEOREM 6.3. For a permutation o on S,, denote by
Alo) = max #t{rlo: |r] = 1.
Then, for all but o(n!) of the permutations o € S, we have
A(0) > (logn)m =,

Here the terms o(1) refer to functions that — 0 as n — oo.

2. A random model of prime factors and cycle lengths

As we have seen by Theorem 4.2, the number of cycles of size i in a random permutation is well-
approximated by a Pois(1/:) variable. Also, by Theorem 4.9, w(n;T') is well approximated by Pois(H (T'))
for a set T of primes which are < 2°(") and not "too thin”. In particular, if i is much larger than K and T
is the set of primes in (e//% e(+1)/K] then by Mertens’ Theorem (0.5), H(T) ~ 1/i and hence w(n;T) is
well-approximate by Pois(1/7). In turn, when i is large, by Exercise 4.1 (b), Pois(1/4) is well-approximated
by a Bernouilli random variable Y with P(Y = 1) = 1/i. This motivates the following random model.

DEFINITION 6.4. We define A to be the random set of positive integers such that P(i € A) = 1/i for
each i, and the events ¢ € A are independent for different values of <. That is, if ¥7,Y5,... are independent
Bernouilli random variables with P(Y; = 1) = 1/i for each ¢, then A = {i: Y; = 1}.

The property that an integer has k close divisors can be modeled by the event that A has k equal subset
sums.

DEFINITION 6.5. Let k£ > 2 be an integer. Let §j be the supremum of all exponents ¢ < 1 for which

the following is true with probability — 1 as D — oo: there are distinct sets Ay, -+, A, C AN[D¢, D] with
Saz=Ya
a€A, ac€Ayg

It is not a priori obvious that (5, exists. We will establish this later in Theorem 6.9. In particular, we
have 0 < B < 1/10 for all k.

Define
log k
6.2 Co= —2 .
(62 log(1/31)
THEOREM 6.6 ([36]). Fiz k > 2 and ¢ > 0. For almost every positive integer n, we have

A(n) > (loglogn)s =,

THEOREM 6.7 ([36]). Fiz k > 2 and € > 0. Then, for all but 0,—,0(n!) of the permutations o € Sy,
we have
A(o) > (logn)S+—¢.

We also prove a more general version of Theorem 6.1. Define oy be the supremum of all real numbers
a such that for almost every n € N, n has k divisors d; < -+ < dj with d < d1(1 + (logn)™). In 1964,
Erdés [17] conjectured that as = log3 — 1, and this was confirmed by Erdds and Hall [19] (upper bound)
and Maier and Tenenbaum [52] (lower bound). Maier and Tenenbaum [54] showed that

log 2
k+1

A X
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and (this is not stated explicitly in [54])
(log3 — 1)m3m~—1
(3log3 — 1)m~1
See also [65, p. 655-656]'. In particular, it is not known if a3 > a4, although Tenenbaum [65] conjectures
that the sequence (ay)g>2 is strictly decreasing. Ford, Green and Koukoulopoulos connected aj to the
constant 85 from the random model.

It is easy to see that for any k > 2, o < ag < 1. Indeed, oy < ap is obvious. Let 6 = (logz)~ !¢ for
arbitrary fixed ¢ > 0. If n has two divisors d,d’ with d < d’ < d(1 + 0), then WLOG there exist two such
divisors with (d,d’) = 1, hence dd'|n. Thus, the number of n < x divisible by two such divisors is at most

Z Z %éx Z §<<5xloga::0(x)

1/6<d</x d<d’' <d(1+6) 1/6<d<y/x

(6.3) a > (2™ < k< 2™, meN).

as x — oo. This proves as < 1.
THEOREM 6.8 ([36]). For allk > 2, o = Bi/(1 — Br).

The authors in [36] conjecture the corresponding upper bound «ay < 8x/(1 — Br). The methods of [36]
allow one to compute (i for any k using a finite procedure. In particular, we have

log3 —1
B3 = Ll = 0.02616218797316965133 . ..
log 3 + £
and v
Pa = og—l = 0.01295186091360511918.. . .
log3 + 1 it
where
€= log2 — log(e — 1) 7 log 2 — log(e — 1)
= log(3/2) ) ~ 1+log2—log(e —1) —log(1 +21-¢)"

In [36] it is also proved that

sup (r = n = 0.3533227727 . ..
k>2

which, combined with Theorem 6.6, gives the lower bound in (6.1). The authors of [36] conjecture that
lim sup,_, ., ¢k = 1. Most of the paper [36] is devoted to relating fj to a certain combinatorial optimization
problem, which grows very complex as k increases.

In these notes we will concentrate on the easiest case k = 2 and prove

THEOREM 6.9. We have 5 =1 — = 0.0897607 ... and, for any k > 2

log3
et
Bk 2 62 o8 .
Trivially, 8 < B2 for all k. Thus, we see that §j exists for all k£ > 2 and 0 < B < B2 < 1/11 for all k.
Combining Theorem 6.9 with Theorems 6.6 and 6.7 gives Theorems 6.2 and 6.3. Also, combining
Theorems 6.8 and 6.9 gives Theorem 6.1.
It remains to prove Theorems 6.6, 6.7, 6.8, and 6.9.

Further Remarks. The average order of A(n) is also rather mysterious, the best known bounds being
1 .
log1 <= < cy/log logfv7
ogloga < — nigﬂ A(n) <e

for some ¢ > 0. The lower bound is due to Hall and Tenenbaum (see [45, Theorem 60]) and the upper bound
is from an unpublished manuscript of Koukoulopoulos which slightly refines a bound of Tenenbaum [62] (see
also [45, Theorem 70]).

IThe factor 3m~1 is missing in the stated lower bounds for ay in [65].
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3. Proof of Theorems 6.6, 6.7, and 6.8

In this section we assume Theorem 6.9 and deduce Theorems 6.6, 6.7, and 6.8. In particular, 0 < 5 <
1/10 for all k.

We begin with a simple combinatorial argument, first used in a related context in the work of Maier-
Tenenbaum [52], which shows how to use equal subsums in multiple intervals (u® u] to create many more
common subsums in 4. For any finite subset S of positive integers, denote by ¥.5 the sum of the elements
of S.

LEMMA 6.10. Let k > 1 be an integer and fix € > 0. Let C, D be parameters with logu < (log v)o(l)
and u — 00 as v — oo. Then, with probability — 1 as v — oo, there are distinct Ay, ..., Ay C AN (u,v]
with LAy = -+ = S Ay and M > (logv)S+—¢.

Proor. Fix § € (0, i), depending on ¢, set « := B, — 0 and assume that v is sufficiently large in terms
of £,6. Set

{log logv — loglog 'U,J
m:=

—loga
i1

and consider the intervals J; := (v® ,vai], 1 =0,1,...,m—1. Due to the choice of m, these all lie in (u,v].

For each i € {0,1,...,m—1}, let E; be the event that there are distinct A; 1,...,A; x C J; with equal sums.
Then, by the definition of Sy, if v is large enough then P(F;) > 1 — 4, uniformly in i. These events E; are all
independent. The Law of Large Numbers then implies that, with probability at least 1—4, at least (1—24)m
of them occur. Suppose we are in this event, suppose that E; occurs for i € I, where |I| > (1 — 2§)m. Then
there are numbers s;, i € I, and sets A; 1,...,A; ; C J; all with sum s;.

It is now clear that for each j = {j; : i € I} € [k]!, the set

By = A
el

lies in (u,v] and has sum Y, _, s;. Moreover, these sets are distinct. Let M = kI, then

iel

logv

(1-26)(log k) /(— log @)
M > k(1725)m > k71 )
logu
Recall the definition (6.2) of (x. By our assumption on u, and if § is small enough, the right side is
> (logv)S*~¢, as required. O
LEMMA 6.11. Let x be a large parameter, suppose that
(6.4) 1< K < (log 37)1/2,

and let I = (u,v] NN, where

(6.5) u = [100K (logy 2)*|, v = {KIngJ -1

5logs x
Fori e I, let T; be the set of primes in (ei/K, e(”l)/K], and define the random set
B={ic (uy,v]:w(n;T;) > 1}.
Uniformly for any collection & of subsets of I, we have
P(ANIe #)=P,(Be )+ 0(1/log, ).
PRrROOF. Foru < i< v, let w; = L(w(n; T;) = 1), P; < Pois(H (T;)) (these being independent for different
i) and let Z; = 1(P; > 1). Each T; is contained in [logx,y|, where y = x'/51°83%  Hence, by Theorem 4.9

and (6.5),
1

logy

1

d Z .
Tv(w, Z) < log, @

+Y H'(T) <

iel
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By the strong form of Mertens’ estimate (0.5),

7+ 1 7 (i K)/? 1 1
Hence, if Y; is a Bernouilli variable with P(Y; = 1) = 1/4, then by Exercise 4.1 (b),

drv(Z.Y) <Y drv(Z:,Y:) <<Z =

10 x
el iel 82

By the triangle inequality,

dTv(w,Y) < dTv(w, Z) =+ dTv(Z,Y) <

log,

and the claim follows. O

PROOF OF THEOREM 6.6. Fix ¢ > 0, let x be large, let K = (log, )? and define u,v by (6.5). Define
B and sets T; as in Lemma 6.11. Throughout the proof, o(1) means a function — 0 as * — oco. By
Lemma 6.10, with probability 1 — o(1), there are distinct sets Ay, ..., Ay of AN (u,v] with equal sums and
M > (log, x)°~¢. We also have that with probability 1 — o(1), |A N (u,v]| < 2logv. Indeed, by Markov’s
inequality,
P(JA N (u,v]] > 2logv) = P(2AANWI 5 92logv)y
< ,Uflog4E 2|Aﬁ(u,v]|

~log4 H (1—+ )

Jj=u+1
= (v/u)vilog4 =o(l) (v— o).

Let F be the event that A N (u,v] has at most 2log v elements and has M distinct subsets with equal sums.
By the above discussion, P(F) = 1 + o(1). By Lemma 6.11, the corresponding event F’ for the random set
B also holds with probability 1 — o(1); that is, F’ is the event that |B N (u,v]| < 2logv and that there are
distinct subsets By, ..., By of B with equal sums. If we are in the event F” and n is divisible by [],cg ps,
where p, € T}, for each b € B, then let d; = HbeB pp for each i < M. For 1 < i< j < M we have

|Bi| + | B;]
log d; — log d;| = ‘ S logp— > logpb’ < TJFE] NEDS b‘

beB; beB; beB; beB;
_BI+IB| _ logy _ 1
N K S K logy @
Thus, there are M divisors d; of n whose logarithms all lie in a single interval of length O(1/log, ) < 1. It
follows that P, (A(n) > M) =1 — o(1), as required for Theorem 6.6. |

PROOF OF THEOREM 6.7. Fix € > 0. Let u = logn and v = n/logn. For each j, let Z; Sl Pois(1/7),
with Z1,Z,, ... 1ndependent For a random permutation o € S, let C = {j : Cj(o) > 1}, and define the

random set A = {j: Z; > 1}. By Theorem 4.2, Exercise 4.1 (b), and the triangle inequality, we have
dry (AN (u,v], CnN (u,v]) < dryv (AN (u, U],A N (u,v]) + dTV(./X N (u,v], C N (u,v])
=o(1)
as n — oo. By Lemma 6.10, with probability — 1 as n — oo, A N (u,v] has M distinct subsets Ay,..., Ay
with equal sums, where M > (logv)S*~¢. Hence, C has distinct subsets S,..., Sy with equal sums with

probability — 1 as n — oco. Each subset S; corresponds to a distinct divisor of o, the size of the divisor
being the sum of elements of S;. As € > 0 is arbitrary, the result follows. |
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PROOF OF THEOREM 6.8. Fix 0 < ¢ < 25— 5o that ¢ < 1/10. Let 2 be large and set K = (logz)°.

1-Bk?
Define u,v by (6.5), let D = v and define ¢’ by D¢ = u. By assumption,
, c
~ -
g (x — o)

and therefore there is a § > 0 so that ¢’ < B — § for sufficiently large z. Let n be a random integer chosen
uniformly in [1,z]. With probability — 1 as 2 — oo, w(n) < 2log, = (e.g., Theorem 1.8). By the definition
of Br and Lemma 6.11, with probability 1 — o(1), the set B defined in that Lemma has k distinct subsets
By, ..., By with equal sums. For each b € B, let p, be a prime factor of n lying in T}. Let d; = HbeBi Db,
for 1 < i < k. We have

B;| + |B; 4log, x
’Zlogpb— Zlogpb‘<| z|K| i < 82

veB, veB, (log )
Thus,
. logy ) log, =
max(d;) < min(d;) exp {O ((long)c> } = min(d,) <1 +0 <(log2m)0>) .
Since c is arbitrary subject to ¢ < 8 /(1 — Bk), we conclude that ay > B;/(1 — Br). O

It remains to prove Theorem 6.9, which we accomplish in the next section.

4. Proof of Theorem 6.9

Our proof use the method introduced by Maier and Tenenbaum in [52], adapted to the random set A.
This can be thought of as a ‘global-to-local’ principle, where the local behavior of divisor ratios is deduced
from a result about the global distribution of ratios. A similar principle will be utilized in the study of
integers with a divisor in a given interval.

It is easy to see the claimed lower bound on 3 given that fo exists, following the idea in Lemma 6.10.
Indeed, fix very small ¢ > 0 and m € N, and set « = S —e. Let D be large and set I, = (Dal,Do‘hl]
for 1 < i < m. By the definition of f,, with probability — 1 as D — oo there are distinct sets A; ; € I;,
1<i<m,1<j<2such that

ZAi)]_ = ZAZ‘72 (1 < ) < m)
It follows that the 2™ sets By = Ji~, Ai j,, where j = (j1,...,Jm) € {1,2}™, all have equal sums. It follows
that Bom > ™. As ¢ is arbitrary, fom > 55", The claim now follows from the obvious fact that (8;)52, is a
decreasing sequence (k 4+ 1 equal subset sums implies k& equal subset sums).

It thus remains to establish the value of f5. First, we show that |A N I| ~ H(I) with high probability.

LEMMA 6.12. Let I be a finite set of positive integers, and 1 < 0 < \/m Then
]P’(||A NI - H(I)| > 9\/1%) < 20730,
PRrROOF. Let H = H(I). By hypothesis, H > 1. For any A > 0 we have
EXNAM =TT (1 - M) <P DH,
Jjel J
Take A =14 60/vH. Then

P(IANI| > H + 0VH) < EAAMI-H-0VE
< A;H_G\/Ee(Alil)H e eiQ()‘l) g 67%02

S

using (0.4) at the last step. Similarly, if Ay = 1 — 8/v/H then

P(IANT| < H—0vVH) < EAPVITIHVIT  02Q02) o507, O
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LEMMA 6.13. Given 1 < C <D, ¢ >1 and 0 < e <1, the probability that both

#(AN (1)) ~ log(w/C)| < clog(v/C)) (O <v < D),
‘#(A A (u, D]) — log(D/u)‘ <elog(D/u)  (C <u< De¥)

is > 1 — O (e~ /3wy,
PROOF. The probability in question is at least 1 minus the probability that
(6.6) ‘#Aﬁ(ek,el]—(l—k)’ >e(l—k)—4

for some k,l € N with either £ = [logC| and k+ ¢ —1 < I <logD+1orl = |logD|+ 1 and logC —
1 <k <1l—1%+2 This comes from the monotonicity of #(A N (C,v]) as a function of v, and the
monotonicity of #(A N (u, D]) as a function of u (cf., the proof of Theorem 1.18). By Lemma 6.12 with
0 =e(l— k)2 +O((1 — k)~1/2), the probability that (6.6) holds is O(e~ 3" (*=0). Summing on k, [ gives the
lemma. O

To establish the lower bound on (., we first analyze the global distribution of divisor ratios. For
1 < C < D define the random set

AC, D) = {2A1 CSAs: A, CAN(C, D], As C AN (C,D], A1 N As = 0, Ay # 0, Ag # @},
where YA is the sum of the elements of A.

LEMMA 6.14. Fix € satisfying

1
0 -
<< 200

Suppose that 1 < C < D and
C < D' s e,
For any 10 < £ < log D, with probability 1 — O.(1/log &) we have
#XNC,D) > DJ¢ and S(AN[LD]) <ED.
PROOF. We may assume that & > €%, else the lemma is trivial. Firstly, EX(A N[1, D]) = D, hence by

Markov’s inequality,

(6.7) P(S(AN[1,D])) > D) <

| o=

We will use a second moment argument. Let V' denote the number of quadruples (A7, Ag, A3, A4) with each
A; a nonempty subset of A’, Ay N Ay = A3N Ay =0 and

(6.8) YA — YAy =XA3 — XA,
Our main task is to show that with probability 1 — O.(1/log¢) we have
3214 log D
. <E€- Al > )
(6.9) V<¢£ 5D and |A] Tog 3

Assuming (6.9), let
gm = #{(A1, A2) 1 0 # AL C A0 # Ay C A, AN Ay = 0,24, — XAy = m}.
In this notation, V =" ¢2 and A(C, D) = {m : g,,, > 0}. By Cauchy’s inequality,

(314 — 2+ 1y2 - (ng)2 <HANC, D) gn = #NC, D)V,

The lemma now follows from (6.9), since (3141 — 214'1+1)2 > %32“4/‘ for large enough D.
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To prove (6.9), we first separate off those solutions of (6.8) with A; = Az and As = A4. Thus,
Vv <34 v
where V* counts solutions with A; # As or Ay # Ay. Let ¢ = %. Let E be the event that
|AN(B,D)| > (1—¢)log(D/B) (C<B<De™?).
This implies that
(6.10) |[AN(B,D)| > (1—-¢)log(D/B) — (C<B<LKD).

By Lemma 6.13, P(E) < e~ (1/3)s%y <. 1/log&. Assume now that we are in event E. In particular, since
log(D/C) > (1023 +¢)log D, we have

34| > 3(1-e)log(D/C)~¢ 5 p

if D is large enough, giving the second part of (6.9). Hence,
32|A’|

V*.
5+

£
(6.11) V< T

Our next task is to show that

V*1(E 1/2
1) ros (VUD) L2

Assuming (6.12), Markov’s inequality gives

¢ 32|A'|

> - < —1/2
IP’(V/4 - andE)\ <2

_r
(&/4) D1
which implies that (6.9) holds with probability 1 — O(1/log&), as required.

It remains to prove (6.12). Assuming F, consider solutions of (6.8) with A; # A3 or Ay # A4. Elements
in A; N Az and in Ay N A4 cancel each other. Let n* be the largest uncancelled element, and write

A=QU{n*}uR/, maxQ <n" <minQ".

In particular, all elements of @’ cancel out in (6.8), that is,

(6.13) YA N(QU{n'}) —X4:N(QU{n"}) =XA3Nn(QU{n*}) — XA, N (QU{n*}).
Also, by (6.10), if M = max @ then
(6.14) Q| =|AN(M,D]|—12> (1—¢)log(D/M) — 1 —1=: k(M).

Given @, the intersections A; N @ for 1 < i < 4, and one of the O(1) possibilities for which sets A; contain
n* (there are 6 possibilities, namely n* may lie in a single set A4;, or in A; and A4 or in Ay and Aj), the
element n* is uniquely determined by (6.13). We will compute T as follows:

Fix M € (C,D] and Q C (C, M] with M € @Q; compute P(A N (C, M] = Q;

Fix the sets A, N Q, i =1,2,3,4;

Fix one of the possibilities for n*; compute P(A N (M,n*] = {n*};

Fix Q" C (n*, D] for which (6.14) holds; compute P(A N (n*, D] = Q';

there are then 39’ ways to form the sets A; N Q’, 1 < i < 4, namely each element of @’ lies in
A1 N Az, orin As N Ay or neither (it cannot be in both since A;, As are disjoint).

e By (6.14), we have

31Q'| 1 1
3247~ maralQii@] S 32rR(aa]”
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Following this process, we have

1 P(AN(C,M]=Q) . .
T< ) 21 k(M) > 321Q] > Y P(AN(M,n*] = {n"})x
C<M<D QC(C,M] A1NQ,....ANQ n~
MeQ

x > PAN@,D=@Q).

Q'C(n",D]
Q" |2k(M)
The inner sum over @’ is clearly < 1. For each n*
1 1
P(AN (M = {n* — < —
(AN ={n}) < - < =
Also, with @ fixed there are 329! ways to choose 4; N Q,..., A4 N Q. Thus,
T < Z k(M > PAN(C,M]=Q).
C<M<D QC(C,M]
MeQ

The inner sum on @ equals P(M € A) =1/M. Recalling (6.14), we see that

1 ¥
T <. 3% Z - = 3¢ p—(1-¢)log3 Z M(-e)log3—2 o 5
C<M<D M2(D/M)(=e)tos C<M<D D
as required for (6.12). This completes the proof of the lemma. O

PROOF THAT B3 > 1 — @. We use a device from [52] to build up a solution of ¥A; = X A,, starting
with Lemma 6.14. Fix € € (0, 555), let N be large and let { = £(N) = logy N, let Dy = N'=¢ and
1
D; = Dy(3¢)? for j = 1. Let C' = D(l) ©55 " and put A\; = A(C,D;) for j > 0. Let &; be the event that
0 ¢ Aj, and let £ be the event that & holds and also that |\;| > D;/¢ and ¥(A N (C, D;]) < £D;. By
Lemma 6.14,

0<PE —PE < 1/logé.
Let H; be the event that there are integers n,n’ € A with £D; <n <n’ < 3(D; and n—n’ € \;, and define
Fj=E&; AN*Mj. Since F; implies that 0 € A;j;1 we have
P&it1 <PE —PF;.
With A N (C, D;] fixed such that £ holds we have

E E P(Am(ng73£Dj]:{nan+m})
meXN; £D;<n<26D;
m>0

1 1
= E E - 1- =
n(n +m) 11 ( h)
meX; £D;<n<26D; ED;<h<3£D;
m>0 h#n,h#n+m

1
> X mam

meX; €D;<n<26D;

m>0
s il 1
£D; — &

It follows that
PF; =PEP(F; | E)) > (T°PE;.
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Hence, for some constants ¢ > 0 and ¢’ > 0, which depend only on &,

d ¢

PEi1 < PE —ct2PE = (1 —¢/EPE; + — —.
g]'i'l 5] Cé- 5] ( C/ﬁ) g]+10g€ 52

Iterating this, starting with P&y < 1, gives

PE; < (1 —c/€2) glegfz (1—c/).

Taking J = Lf?’J, we conclude that PE; <« 1/log€. Since D; < N, it follows that with probability
— 0(1/log¢&), there are distinct sets Ay, A3 € AN (C,N] with ZA; = 3A5. As e > 0 is arbitrary, this
proves that
1

. |
log 3

Ba=1—

PROOF OF THE UPPER BOUND f5 < 1 10g3 Fix € > 0 small, let N be large and put ¢ = N1~ mEate.
It suffices to show that with probability — 0 as N — oo, A N (C, N] has two disjoint, nomempty subsets
with equal sums. Let E be the event that
(6.15) |AN(C,B]| < log(B/C) + glogN (C < B<N).
If N is large enough, this occurs if we have

|[AN(C,B]| < (1+¢/4)log(B/C) (ClogN < B N).

By Lemma 6.13 with ¢ = loglog N, PE = o(1) as N — oo. The probability that there exist distinct
nonempty sets Ay, Ay € AN(C, N] with A4; = S A, is at most P(E) +E S-1(E), where S is the number of
pairs A, Ag of distinct subsets of A N (C, N] with equal sums. For counting S, WLOG let M = max 4; >
max Az, A} = A1 \ {M} and M’ = max(A4] U Ay). Given A} and Az, M is unique determined (if it exists;
it must also satisfy M > M’). Also, with M’ fixed, (6.15) implies that

|AN(C, M')| < log(M'/C) + %logN —: k(M").

Then
ES-1(E)<2 Y > PAn@ECM]=4) Y P(MeAn(M, NJ).
C<M'SN A'Cc(Cc,M'] A}, A CA
M'eA’ AlNA=0
|A/|<k(M’)

The innermost probability is ﬁ < M,, while the number of pairs (4], A3) equals 3141 < 3R(M') | Thys,

gk(M’)
ES-L(E)<2 Y BV > PAN(CM]=A4)
C<M'SN A'C(C,M']
M'eA’
k(M)
>
2
C<M'<N (M)
3(5/2) log N Nlog 3—2
< Clog3 Z (M )
C<M'EN
<. 3(5/2)logNNfslog3 < N*&/Q. 0

5. Exercises

log k
EXERCISE 6.1. Let 2 < ¢ < k. Show that 35, > BJ“’“].



CHAPTER 7

Integers with a divisor in a given interval

1. Exact formulas

For 0 < y < z, let 7(n;y, 2) be the number of divisors d of n which satisfy y < d < z. Define H(z,y, z)
to be the number of positive integers n < x with 7(n;y, z) > 0, and H,.(z,y, z), the number of n < z with
7(n;y, z) = r. By inclusion-exclusion,

_ _1\k—1 €
H(zy,2) = S (-1) O il
E>1 y<di<--<dp<z

but this is not useful for estimating H (z,y, z) unless z —y is small. With y and z fixed, however, this formula
implies that the set of positive integers having at least one divisor in (y, z] has an asymptotic density, i.e.

. H(z,y,2) b1 1
= 1 _ Y = —1 .
ey, 2) = lim " > (=1 ) lem[dy, - -, dy]
k>1 y<di<---<dp<z

In these notes we primarily focus on the case y < /4. Since d|n if and only if (n/d)|n, if n ~ 2 then we
expect that
H(z,y,2z) ~ H(z,z/2z,2/y).
This has been proved in [29], although the details are rather messy due to the fact that many n are
significantly smaller than z, and we actually require short interval versions, that is, estimating H(z,y, z) —
H(2',y, z) from below.
2. Easy bounds when 2 is small or large

When z — y is small compared with y, it is very rare to have more than one divisor in (y, z].

THEOREM 7.1. For2 <y+1<2%* with 2 = (1+ 1)y € [y + 1,2y]. Then
1
H(zy,z) =z Y —+O0(my+nwlog(2y)).
y<d<z
Consequently, if y — 00, z —y — 00, z = o(x) and n = o(1/log(2y)) as © — oo, then
H(',I:7 y7 Z) ~ nx'

Remarks. If y < \/z and z — y = o(y/log y), then the second conclusion follows. Using more sophisti-
cated methods, Tenenbaum [61] showed that H(z,vy,2) ~ nz in the range z — y < y/(logy)'°84~1*< for any
fixed € > 0, and the constant log4 — 1 cannot be replaced by a smaller number. See also [45, p. 38-39].

PROOF. We start with a simple truncated form of inclusion-exclusion, which implies that

2 EJ_ 2 hdlfdﬂJ SH@y2) < ) EJ

y<d<z y<dy<da2<z y<d<z

The first sum over d equals
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In the sum over dy,dsy, let m = (dy,ds), t; = d;/m for i = 1,2. We also have m < dy —d; < z —y = ny.
Therefore,

2 hdliEdz]J < % 2 it

t
y<di1<d2<z m<ny  y/m<ti1<t2<z/m 172

1 z m 2
< ¥ a(og+o(5))

m<ny

1

2 —

<oy L
m<ny

< 1’ log(2y).

The first assertion follows.
To achieve the second conclusion, we use

1 z
Y. 5 =log=+0(1/y) =n+O0(n* +1/y).
y<d<z Yy

Under the hypotheses, n — 0 and log min(2y, 2x/y) — oo, and we deduce that H(x,y, z) ~ nz. O

THEOREM 7.2. (a) Fiz ¢ > 0. For some yo(c), if y = yo(c) and y'7¢ < 2 < x then H(x,y, z) >, x.
(b) For all 2 < y < z < x, we have

H(z,y,z) :x<1+0 (logy> )
log =z

Proor. For (a), we will show more, that there are >, x integers n < z with exactly one prime divisor
in (y, z]. Let T denote the set of primes in (y, z]. We may assume without loss of generality that ¢ < 1 and
that z = y'*¢. We have, by Mertens’ estimate (0.5),

H(T) =log(1+¢)+ O(1/logy) € [3log(1+¢),1]

if yo(c) is large enough. By Exercise 1.5,

Py(w(n,T) > 1) > E, [w(n,T) _ (MH,T))}

2
Lz -
LHD

if yo(c) is large enough.
The upper bound in (b) is trivial. For the lower bound, we also consider integers with at least one prime
factor in (y, z]. By Theorem 1.13,

logy

P {7(n,y,2) = 0} <P {w(n,T) =0} < e 1) « log 2

and (b) follows. O
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Remarks. In general, the error term O(}g%) cannot be improved. For example, note that 7(n,y, z) =0

if n = mh with m < y and P~ (h) > z. If z < /2 then by Exercise 3.1,

x T logy

< : v :O 2 (I) (7’ ) = .

#{n<z:7(n,y,2) } Z —r > Z mlog 2 xlogz
mgyl/z m<y1 2

3. The critical case z =2y
Besicovitch [6] showed in 1934 that
(7.1) liminf e(y, 2y) =0,
Y—00
and used this to construct an infinite set < of positive integers such that its set of multiples (&) = {am :
a € @/,m > 1} does not possess asymptotic density. Erdds in 1935 [22] showed lim £(y,2y) = 0 and in
Y—00

1960 [26] gave the further refinement

e(y,2y) = (logy) =¥ (y —= o),
where
&= 17% = 0.086071....
log 2
In 1984, Tenenbaum [61] refined the bounds to
x T
(log )€ exp{cy/logy ylogs y} < H(z,y,2y) < (log y)¢ (logy y)1/2’

valid for 100 < y < +/z, where ¢ > 0 is a constant. Hall and Tenenbaum’s book Divisors [45, Ch. 2| gives a
simpler proof of Tenenbaum’s theorem.

THEOREM 7.3 (FORD [29]). Uniformly for 4 <y < x/? we have
x

(logy)¢ (logy y)3/2

Remarks. Theorem 1 of [29] establishes the order of H(z,y,z) for all z,y, z, improving upon cruder
estimates of Tenenbaum [61].

Our proof of the lower bound implicit in Theorem 7.3 gives a somewhat stronger conclusion, where we
restrict to integers in an interval which are squarefree and free of small prime factors. We will leave the
details as an exercise, Exercise 7.1 below.

H(z,y,2y) =<

THEOREM 7.4. Fiz ¢ <1<¢, and w > 1. We have, for 4 <y < x1/2,
#{dr<n<z:pi(n)=1,7(n,y,cy) = 1} >0 H(x,y,2).

Remarks. In Theorem 7.4, we consider ¢, ¢/, w all fixed. In [32], the order of magnitude of #{n < z :
P~(n) > w,7(n,y,2y) > 1} was determined for all z,y,w. The results change behavior depending on the
relative size of y, w.

4. Some applications of Theorem 7.3

1. Distinct products in a multiplication table, a problem of Erdés from 1955 ([25], [26]). Let A(x) be
the number of positive integers n < & which can be written as n = mymso with each m; < \/x. Earlier, see
Theorem 1.28, we showed that A(z) < x/(logz)¢.

THEOREM 7.5. We have
xr

(log )¢ (log log x)3/2"

A(z) <
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PROOF. Evidently A(z) is at least the number of n < x/4 with a divisor in (1/z,3/]. Also, if
n = mime with m; < \/z,ms < y/x then for some integer & > 0, 27%"1\/z < m; < 27%/z, and hence

n < 27%z. Thus,
T T T T T T
H|-,—,— ] <A(x) < H | —, s~ | -
(4’ 12 > () ;0 <2k 9+ 2k>
The theorem now follows quickly from Theorem 7.3. For the right side, use Theorem 7.3 when k < 10log, =
and the trivial upper bound z/2* when k > 10log, z. O

2. Distribution of Farey gaps (Cobeli, Ford, Zaharescu [9]).

THEOREM 7.6. Let (%, é, e %, %) denote the sequence of Farey fractions of order @, and let N(Q)
denote the number of distinct gaps between successive terms of the sequence. Then

QQ
MO = fog @ loglog Q)72

PROOF. The distinct gaps are precisely those products g¢’ with 1 < ¢, ¢’ < Q, (¢,¢') =1 and g+¢' > Q.
Thus, max(q,q') > Q/2, so N(Q) < H(Q? Q/2,Q) and the upper bound follows from Theorem 7.3. For the
lower bound, consider squarefree 0.3Q% < n < 0.36Q? with a divisor in (0.5Q,0.6Q]. The complementary
divisor then lies in (0.5Q,0.72Q]. Hence

N(Q) > %#{0.3@2 <n <0.36Q%: %(n) = 1,7(n,0.5Q,0.6Q) > 1}

and the lower bound follows from Theorem 7.4. O

3. Density of unions of residue classes. Given moduli my, ..., mg, let dg(my,...,mg) be the minimum,
over all possible residue classes a; mod my, ..., a; mod my, of the density of integers which lie in at least
one of the classes. By a theorem of Rogers (see [41, p. 242-244]), the minimum is achieved by taking
ay; = -+ = a, = 0 and thus dg(mq,...,my) is the density of integers possessing a divisor among the numbers
mi,...,mg. When myq,...,my consist of the integers in an interval (y, 2], then dg(mq,...,my) = e(y, 2).

4. Partial Mobius divisor sums, which was first studied by Erdés and Hall [27]. Define
M(n,y) = pld).
d
d‘gy

THEOREM 7.7 (K. FORD, UNPUBLISHED). Let 10 < y < /z. The number of integers n < z with

M(n,y) #0 is
T
(log y)® (logy y)*/2

This requires versions of H (z,y,2y) which count integers free of prime factors < w, uniformly in w, as
well as a version counting integers with exactly one divisor in (y,2y|]. The former is dealt with in [32] and
the latter in [29].

Here we argue more crudely and show that

~
=~

x
(7.2) #{n<x: M(n,y) #0} < Tlog g)72 (y < z'/?).
Let w = exp{(logy)¢/?}. By Theorem 3.8,
_ x
#{n<z: P (n) >wl=2(x,w) < (ogy)f72°

Now consider n < z with p = P~ (n) < w. If p*|n with p® > w? then for some d € N with d > w, d?|n. The
number of such n is at most
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Now consider n < x where p = P~ (n) < w, p*|n, p* < w?,

squarefree d|m, pd < y and hence

n = p*m. If 7(n,y,py) = 0 then for any

E pu(d) + p(pd) = 0.
dlm
d<y

The number of such n is at most

S (zam)e £ E a(pen)

psw

\

p*<w? o <w?

xlogp x
< Z “(logy)? " (log )72
a>1

by Mertens’ estimate (0.6). This proves (7.2).

5. A heuristic for H(z,y,2y)

Write n = n’n”, where n’ is composed only of primes < 2y and n” is composed only of primes > 2y. For
simplicity, assume n’ is squarefree and n’ < y'°°. Assume for the moment that the set D(n’) = {logd : d|n'}
is uniformly distributed in [0,1logn/]. If n’ has k prime factors, then the expected value of 7(n', y, 2y) should

be about 2101505/2 = 1ogy This is > 1 precisely when k > ko + O(1), where ko := {%J. Using the fact

that, e.g. Theorem 1.13 for the upper bound, the number of n < x with n’ having k prime factors is of order

r (loglogy)*

logy k! ’
we obtain a heuristic estimate for H(z,y,2y) of order
x (loglogy)®  z(loglogy)*e x
log y k%;o(l) Ko~ kollgy  (logy)(loglogy)'/?’

This is slightly too big, and the reason stems from the uniformity assumption about D(n’). In fact, for
most n’ with about ko prime factors, the set D(n’) is far from uniform, possessing many clusters of divisors
and large gaps between clusters. This substantially decreases the likelihood that 7(n',y,2y) > 1. If we write
n' = p1---pr, where p; < pa < ... < pj, then we expect loglogp; ~ % = jlog2 + O(1) for each j.
The Central Limit Theorem for prime factors < 2y (e.g. Theorem 5.7) tell us that with high probability
there is a j for which loglogp; < jlog2 — cy/loglogy, where c is a small positive constant. Thus, the 27

divisors of p; - - p; will be clustered in an interval of logarithmic length about < logp; < 2/e™“V log29  On
a logarithmic scale, the divisors of n/ will then lie in 27 translates of this cluster, the total length of the

clusters being < 2Fe~¢V1°82¥ A measure of the degree of clustering of the divisors of an integer a is given
by

(7.3) Z(a) = U[— log 2 + log d, log d) L(a) = meas Z(a).
dla

The probability that 7(n’,y,2y) > 1 should then be about L(n’)/logy. Making this precise leads to the
upper and lower bounds for H(z,y,2y) given below in Proposition 7.8. The upper bound for L(a) given
in Lemma 7.9 (iii) below quantifies how small L(a) must be when there is a j with loglog p,; considerably
smaller than jlog 2.

What we really need to count is n for which n’ has about ko prime factors and L(n') > logn'. This
roughly corresponds to asking for loglogp; > jlog2 — O(1) for all j. The analogous problem from statistics
theory is to ask for the likelihood than given ky random numbers in [0, 1], there are < koxz + O(1) of them



74 7. INTEGERS WITH A DIVISOR IN A GIVEN INTERVAL

which are < x, uniformly in 0 < z < 1. Later, we will see that this probability is about 1/kg =< 1/loglogy
and this leads to the correct order of H(x,y,2y) given in Theorem 7.3.

6. A global-to-local principle

In this section, we estimate H(x,y,2y) in terms of an average over L(a), as defined in (7.3). As L(a)
captures the global distribution of divisors of a, we call this a ’global-to-local’ principle. Introduce the
notation

P(x)={neN:p*(n)=1,P"(n) <z}

PROPOSITION 7.8. If yq is sufficiently large and yo < y < v/z, then

T L(a
H(%?Jalﬂ) = 2 Z L
log Yy a€P(y) a

We first show some basic inequalities for L(a) and then relate sums of the type on the RHS in Proposition
7.8.

LEMMA 7.9. We have

(i) L(a) < min(7(a)log2,log(2a));

(i) If (a,b) =1, then L(ab) < 7(b)L(a);
(iii) If pr < -+ < pg, then

PROOF. Part (i) is immediate, since .Z(a) is the union of 7(a) intervals of length log 2, all contained in
[—log2,loga). Part (ii) follows from

Z(ab) = U{u +logd:ue Z(a)}.
djb

Combining parts (i) and (ii) with a =p; ---p; and b = p,41 - - - py yields (iii). O
LEMMA 7.10. Let wy > wy = 2. Then

> () y

a€ P (wa) a€ P (wi)

PROOF. Given a € £ (ws), write a uniquely as a = ajas where P*(a1) < w; < P~ (ag). By Lemma 7.9
(i), L(a) < 7(a2)L(a). Thus,

L(a La1 T(a2 2a2
3 i): 3 El) Dy (az)p”(az)

az
a€ P (wa) a1 €P(wy) plaz=w1 <pLwsz

By Mertens’ product estimate (0.7), the sum on ay equals

11 (l+;)< I1 (11/p)2<<<12§33)2. O

wy <pLws wy <pLws2

For the upper bound we also need the following technical lemma, which is a special case of a result of
Kouloulopoulos [50, Lemma 2.2].

LEMMA 7.11. We have

L(a 1 L(a
S e < 2 e
ac 2 (2y) 4108 a)Tysr/a a€ P (2y)
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PROOF. Let &, = {a € 2(y"/*) : a > y'/?}. Then clearly
L(a) L(a) 1 L(a)
2 o P T ) < 2 alog P oy 2 T
ac 7 (2y) 1108 Yy ac o, 4108 a€P(2y)
For a € 2, let p = P*(a) and a = pb, so b > y*/*. By Lemma 7.9 (ii), L(a) < 2L(b) and thus
L(a) 1 L(b)
— Y <9 - -\
Z alog® P*(a) Z Z b

2
ac p<yt/4 plog™p beZ(p)
1/4

b>y

<2y 1 43 3 L(b)ll)og?’b'

2 3
payi/s PIOBTP 1087y S50

Next,

3
Z %: Z @ Z (log p1)(log p2)(log ps)

be Z(p) be Z(p) p1]b,p2]b,ps|b
<8 % (logm[)(logpz)(]logpz) 3 Lit),
P1,D2,P3<p P1,P2,P3 te P (p)

where we have written b = [p1, p2, ps]t and used Lemma 7.9 (ii) again. Considering separately the three cases
(p1 = p2 = p3, two of the p; equal, all p; distinct), we find that

3 (log p1)(log p2)(log p3)

< (logp 3
[P1,p2,p3] ( )

P1,P2,P3<P
by Mertens’ estimate. Extending the range of ¢ to t € £(2y), we get

L(a) 1 (logp)® L(t)
2 ol (P a) ) 2 o

2 3
ac P p<y1/4p10g p (1Ogy) te 2(2y)

A final application of Mertens’ estimate concludes the proof. O

We are now ready to embark on the proof of Proposition 7.8.
We begin with the lower bound, which is easier. Consider integers n = apip2b < x with p; and ps prime,

1
a<y’’ <pr<p< 1y4/5 < P~ (b),

and with log(y/p1p2) € Z(a). The last condition implies that there is a divisor d|a with

d

- < L < d’

2 " pipe
which is equivalent to y < dp1ps < 2y. Thus, for such n, 7(n,y,2y) > 7(ap1p2,y,2y) = 1. In particular,
y*® < yla < pips < 2y, so that z/apips > x/(2y%/°) > %y4/5. Thus, by Exercise 3.1, for each triple
a, p1, P2, the number of possible b is

< z 1, /5> T
—, 7Y >
apip2 4 ap1p2 logy
Now Z(a) is the disjoint union of intervals of length > log 2, all contained in [—log 2, £ logy]. For each such
interval [u, v] we have by Mertens’ estimae (0.5)
1 1 1 v—u
— 2 — — > .
Z p1p2 Z Z D2 logy

. b1
ulog(y/pip2)<v 8yl/5<pyLy?/5 ye~?/p1<p2<ye~%/p1

y1/5<101 <P2<iy4/5
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Thus, with a fixed, we have

> 1 >>M.

1
log(y/pipa)c2(a) PP 1OBY
Hence,

H(z,y,2y) > x2 Z Lia).

log” y asgl/s
Next, we replace the sum over a more convenient set, starting with
L(a) L(a) L(a) loga
— > — > 1-— .
Z a Z a = Z a log(y1/5)

ayl/s a<y'/® ac P (y/1%)
a€ P (y'/13)

Next

)

Z L(a)aloga _ Z @ Zlogp

ac P (y'/1%) ac P (yt/1%) pla

lo L(pb
-y %2y %

. D s
p<yt/15 be P (y'/ %)
ptb

2logp L(b)
<
S
p<yt/1e beP(y'/1?)

= L(b)
— 21 1/10
(2log(y'/'") +0(1)) > 5

be P(y'/15)

using the relation L(pb) < 2L(b) from Lemma 7.9 (ii) and Mertens’ estimate (0.6). Thus,

L(a L(a 2log(y'/*%) + O(1 L(a
T TR

agyl/s ac P (y'/1%) ac P (y'/1%)

1/15

Applying Lemma 7.10 with w; =y and wg = y concludes the proof of the lower bound in Proposition

7.8.

We now prove the upper bound in Proposition 7.8. We will first show that
L(a)
alog®(y?/3/a + P*(a))’

(7.4) H(z,y,2y) <z Y
a€ P (2y)

We may assume that y is sufficiently large (say y > yo), as (7.4) is trivial for small y. First, we relate
H(z,y,2y) to H*(z,y, z), the number of squarefree integers n < x with 7(n,y,2) > 1. Let § be a fixed, small
constant. Write n = n’n”| where n’ is squarefree, n” is squarefull and (n/,n”) = 1. The number of n < z

with n”/ > g9 is
ST Z 5/27
774//>y

since the number of squarefull integers below w is O(y/w). If n” < y°, then for some f|n”, n' has a divisor
in (y/f,2y/f], hence

(7.5) Hay2m)< S S H (ni ¥, ;f)+0(y§’/2>.

’I’L”<y‘3 fln//
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For any n” and f, y/f > y'~°. Next, we show that

. . L(a - 143
(7.6)  H*(x1,11,211) — H (%xl,yl,le) <L 1 - 3/4( ) (yl S <y < x1+ ).
ac P (2y,) @108 (yl Ja+ P+(a)>
Consider squarefree n € (%xl,xl] with a divisor in (y1,2y1]. Put 21 = 2y, yo = 4%1, 29 = % Then

n =myms with y; <m; <z (i =1,2). For some j € {1,2} we have p = P*(m;) < P (ms_;). Write
n = abp, Pt(a) <p< P (b).

Then b > p and this is crucial to our argument. Since 7(ap,y;, ;) > 1 and

1 1_5 1 1/2;5 3
/2506 /4
Y = Z 12 > Z 1 Z Y1

if § is small enough, we have
3/4
p>y;/azy fa

Thus, p > Q(a) := max(P*(a), yf/4/a). We also have p < min(z1, 22) < 2y;. As noted earlier, b > p and so
ap < x1/p. Hence, by (3.8), given a and p, the number of possible b is

T X1 T
g ¢ ,p) < < )
(ap aplogp ~ aplogQ(a)
Since @ has a divisor in (y;/p, z;/p|, we have log(y;/p) € Z(a) or log(2y;/p) € Z(a) (the latter case is

needed if j = 2 since zo = 4ys). Since Z(a) is the disjoint union of intervals of length > log2 with total
measure L(a), by repeated use of Mertens’ sum estimate (0.5), we obtain
1 L(a
Y. o< om (Q()a) (c=1,2),
tog(ey; mez@ P 8
p>P*(a)

and (7.6) follows upon summing over all possible a and over j =1, 2.

Write 2o = x/n”, y1 = y/f. Each n € (v2/y{, xs] lies in an interval (27" "'zy, 27 x| for some integer
0<r< 511;’%. We note that 3, > y* % since f < n” < y° and also

=2 "xy > $2Z/1_6 >ay 2 > > y%_%,
1 1
which implies y; < ;" < xf”. Applying (7.6) with z; = 27"z9 and summing over r we find that

x L(a
H*(2,51,251) < —= + 22 5 3/4( ) .
W o alog? (1" fa+ P+(a))

The first term /9y may be ignored because L(1) = log2 and thus the term a = 1 is > 1/log2 y1. Thus,
by (7.5),

x 1 L(a)
Hwy2y) < sp+e ), 5> ) : '
VS facoyn @08 (/1) at+ PHa)

3/2 is negligible and may be omitted. We have (y/f)>/* > (y'=2)3/* > 4/ for any pair

T(n') 3 4
Z 7 :H<1+p2+p3+”'> < 1.

n’’ D

Again, the term z/y
(n”, f) and

This completes the proof of (7.4).
Combining (7.4) with Lemma 7.11, we find that

H(x,y,2y) < 12 Z Lia).

IOg Yy a€ P (2y)
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Finally, applying Lemma 7.10 with w; = y and ws = 2y completes the proof of the upper bound in
Proposition 7.8.
7. Completion of the lower bound in Theorem 7.3
LEMMA 7.12. For any finite set o/ of positive integers,

2
a Zae TEza)
> E > o) %

acd acd a

where

W(a) = {(d,d) : d|a,d'|a,|log d/d'| < log 2}|.
PROOF. Since
7(a)log2 = /T(a,e“,Qe“)du = /]l(u € Z(a))7(a,e",2e") du

and [ 1(u € Z(a))du = L(a), by the Cauchy-Schwarz inequality,
2 2
T(a‘) 2 1 U U
(Z a> (log2)* = (Z E/T(a,e ,2e )du)
acd aca
L(a) 1 2 u u
<<Z o )((g{a/T (a,e",2e )du)

acd
Now
/Tz(a,e“, 2e") du = /#{d|a, d'la,e" < d,d < 2e"}du
= Y max(0,log2 — [log(d'/d)|) < (log2)W (a)
dla,d’|a
and the proof is complete. O

We apply Lemma 7.12 with sets &/ of integers whose prime factors are localized. To simplify later
analysis, partition the primes into sets Dy, Dy, ..., where each D; consists of the primes in an interval
(Aj—1,Aj], with X\ =~ )\?_1. More precisely, let \g = 1.9 and define inductively A; for j > 1 as the largest
prime so that

(7.7) >
Aj—1<P<A;

For example, A\; =2, Dy = {2}, Ao =7 and Dy = {3,5,7}. The left side of (7.7) is = log2+ O(1/};), hence
by Mertens’ estimate (0.5),

< log 2.

D=

(7.8) loglog A; —loglog Aj_1 =1log2+ O(1/log A\j_1).
We claim that this implies
(7.9) log \; = 29T (5 >0).

To see (7.9), let w; =loglog A;. Since each D; contains at least one prime, w; — co as j — oo and hence,
for some jo, if j > jo then the big-O term in (7.8) is < 0.1 and w; —w;_1 > log2—0.1 > 1/2. It then follows
that the big-O term is < e™"s < e77/2, and thus (7.8) implies

(w; — jlog2) — (wj_1 — (j — 1) log2) < e~9/%.

By Cauchy’s criterion, lim;_, . (w; — jlog2) exists and (7.9) follows.
For a vector b = (b1,...,by) of non-negative integers, let </ (b) be the set of square-free integers a
composed of exactly b; prime factors from D; for each j, and having no other prime factors.
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LEMMA 7.13. Assume b = (by,...,bs). Then
J

Z W(a) < (2log 2)"1+ 0y 22_j+b1+--~+b1.

l... |
ace (b) a bl. b]. =

PrROOF. Let B =01+ -+ by and for j > 0 let B; = Zigjbj' Let a = p;---pp, where
(710) ij_lJrl”"’ij eDj (1<‘7<J)
and the primes in each interval D; are unordered. Since W (p; - - - pp) is the number of pairs Y, Z C {1, ..., B}
with
(7.11) > logpi — Y logp;| < log2,
i€y icZ
we have

W(a 1 1
(7.12) Z ()gbll...bl Z Z Dy DR

a : : p1---DB
acd (b) Y,ZC{1,...,B} (71.[)116),(??1)

By (7.7), we have

Zi < log 2.

DPi pi

When Y = Z, the inner sum on the right side of (7.12) is < (log 2)?, and there are 28 such pairs Y, Z. When
Y #Z,let I =max[(YUZ)— (Y NZ)]. With all the p; fixed except for pr, (7.11) implies that U < py < 4U
for some number U. Let E(I) be defined by Bg;)—1 < I < Bg(r), i.e. pr € Dg(py. By Mertens” bound (0.5)
and (7.9),

1 1 —E(I)
Z < <2 .
vty P max(logUlog A1)

pr€DEr)
Thus, by (7.7) the inner sum in (7.12) is < 277 (log2)®. For each I, there are 28-1+141-1 = 2B+I-1
corresponding pairs Y, Z. Hence, by (7.12),

Z Wéa) < 5721(.)g2 l ZQI EI)] 210g2 ( ZQ ; Z 21>'

a€d (b) j=1 B;_1<I<B,
The sum on I on the right side is < 2Bi+1 = 214bit+b;  When j = 1, 27701+ +b > 2=1 and thus we
may remove the additive term 1 on the right side above. The claimed bound follows. O

Now suppose that y is sufficiently large, M is a sufficiently large, fixed positive integer, b; = 0 for i < M,
and b; < My for each j (this last constraint is very mild, as we expect that each D; contains only 1 prime
on average). Let k = by, +--- + by. By (7.9),

IECEES| EH PV DE T S

acs (b) j=M 9" \pieD; P! paep, Py, ED;
(7.13) p2;ﬁp1 Pb; E{p1,-- b -1}
J b
> 28 T 1(logz— b ) ', (2log2)"
! N1 2bp! - byl

Let
J— Voglogy_zMJ, J=M+k—1.
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Let £ be the set of vectors (by,...,by) with b; =0 for i < M and by + -+ 4+ by = k. Let B* be the set of
b € # with b; < Mj for each j > M If b € #* and a € &/ (b), then by (7.9),
P*(a) <Ay <exp (27790) <y

if M is large enough. Put

J J
(7.14) f(b) = Z oM —1—htbrr+-+bn _ Z 9(bar—1)++-+(bn—1)
h=M h=M
Since
(7.15) by =)+ +(by—1)=k—(J-M+1) =0,

we have f(b) > 1 and hence, by Lemma 7.13,

a O, O, k
> Wia) o (21 g2 (ZQ I 2l=Mpp )) 7;;}.?2) 1 f(b).

acab) ¢ bart - =

By Proposition 7.8, Lemma 7.12, plus (7.13), we have for large y

210g2
7.16 H(z,y,2y
(7.16) ( )> log?y bezﬁ* bar!- bJ'f( )

Roughly speaking,
f(b) = g(b) := max 2(bm =1 +-+(b;—1)
J

Observe that the product of factorials is unchanged under permutation of by, ...,b;. Given real numbers
21, , 2, with zero sum, there is a cyclic permutation z’ of the vector z = (21, ..., ;) all of whose partial
sums are > 0: let ¢ be the index minimizing z; + --- + 2; and take 2’ = (z;41,...,2%,21,.-.,2i). In

combinatorics, this fact is know as the cycle lemma. Thus, there is a a cyclic permutation b’ of b with
g(b’) = 1. Thus, we expect that 1/f(b") will be > 1/k on average over b’ and that 1/f(b) > 1/k on
average over b € 4. This is essentially what we prove next; see (7.18) below.

LEMMA 7.14. For positive real numbers x1,...,z, with product X, let x,4; = x; for i > 1. Then
- -1
g Tha .
=0 \h=1 ! ! max (1, X)’ min(1, X)

Proor. Put yo =1 and y; = 1 ---x; for j > 1. The sum in question is

r—1 -1 r—1
Yn+j o Yj
S(one) St

j=0 \h=1 =0 Y1+ +

Since y, = X,
Yivj o Y = X(yo + -+ y) F Yy + o Y
& [min(L, X)(go + -+ gor) max(L, X)(yo & - + gp_1)]. 0
We have

(7.17) 3 = =S Y. Si(),

e OM! bJ bart+ by f(b) ~ M<j<k/M
where

So=>_ =D
I 1
berM be bar! byl f(b) ot bar!- be()

bj>Mj
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Let z; = 2-1+i=1 for 1 <i < k, and z; = x;_ for i > k. By (7.14) and (7.15), x1--- 2 = 1 and
f) =z +z120+ - + X122 - - - TR

By Lemma 7.14 and the multinomial theorem,

1k 1 k kk_l
(7.18) So = Z bas! - th k (Zwlﬂ‘“'fﬂhﬂ') = T

beA 7=0

To bound S (j), apply Lemma 7.14 with z; = 2%+~! for 1 <i < J — j. By (7.15) and b; > jM we have

Xi=x - xj_;= 91 —=1)+-+(bs—1)
— 9= (bar—1)——(b; 1)

j—M+1—Mj
< 27 + J

<1.
From the definition of J and our assumption j < k/M, we have J — j > k/2. Write
b’ = (bMa"'vbjflaijrlv" ~vbJ)a

whose sum of components is k — b;. We will sum over cyclic permutations of (b;11,...,bs) using Lemma
7.14. Ignoring the terms with A < j in (7.14), we have

J
f(b)} Z 2M—1—h+bM+“'+bh
h=j+1
J
_ Z 2M—1—j+bM+"'+bj+(bj+1—1)+"'+(bJ—1)
h=j+1

M—1—j4bprt-tb;
:2 J+ba+ +J(x1+x1x2+...xl...xJ_j).

Since the variables b; are unrestricted for 7 # j, and have sum k — b;, we get

J—j—1 fJ—j
1 1
50¢ © A e 7 3 (L)
bj>Mj byt b’ Hi#biu ol J J i=0 \h=1
1 1
< — - - .
ZM i 2 H# AT (T )X
2k
T Z 205, |ZH
b;>Mj b’ i#j

k—1

_ 2 3 L (T)kb
J_jbj>Mj 2bjbj! (k‘—bj)'
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using the multinomial theorem in the last step. We conclude that

L2 (k—1)Fb
S0t T
2(k — 1)kt k(k—1)---(k—b; +1)

k- k! bl(k — 1)t 1

bj>Mj
2(k — 1)k—1 1
k! 2. b;!

K12
< ——.
k(M)

N

Hence, if M > 2 then

] k,k—l
(7.19) Y. SO < g

M<j<k/M

By (7.17), (7.18), and (7.19),

kkfl
Z bas! - bJ'f b) ~ > 2k!
be#* ’
The lower bound in Theorem 7.3 for large y now follows from (7.16) and Stirling’s formula:
z(2log2)FkF  x(2elog?2)* T
(log?y)k - k!~ (log?y)k3/2 ~ (logy)* (logy y)3/2°

H(z,y,2y) >

8. Bounding H(zx,y, z) above in terms of uniform order statistics

We cut up the sum in Proposition 7.8 according to w(a). Let

Ti= Y, @

a€ P (y)
w(a)=k

Recalling Proposition 7.8, our goal is to show that

2 &

Ogy
Ty <<

Note the trivial bound L(a) < min(r(a) log 2,log(2a)) ~ min(2*,1ogy) if w(a) = k, from Lemma 7.9.
There is a transition at the point where 2 = log y, that is, at

ko = Llogz yJ
log 2

When |k — ko is relatively large, it is easy to deduce that T}, is small.

LEMMA 7.15. We have

|k—ko|>101og, y
ProOOF. When k < ko we'll use the bound L( ) < 7(a)log2 < 2F. Thus,

< (2logy y)*

1

k;
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We have 210% > 2log 2, hence

21 ko
E Tk: < 2 (2 log Q)k_kow
ko!
k<ko—10logz y k<ko—10logz y

1 2-&
< (2log2)101o8s v 7( ogy)

vV log, y

(logy)*—¢

(logz y)*
Now suppose that k& > kg and use the bound L(a) < log(2a) < log(a) (since a > 2). We have

o< Yy Zlo,gp

a€eP y) pla
w(a)=k

TS

PLY be Q(y)
w(b)=

(logy y + 0(1))’H
k1)

<

< (logy)

Since % > 1/log2 — o(1) > 1.3 for large y, the sum over k is dominated by the smallest term
k =ky :=ko+ [10log; y]. Hence

o ki—1
Y Ti < (logy) (log, g(kj?(ll)),)

k>ko+10logs y

(logy y)krl

1
< (logy) = 1)1
(logyy)ko (1 \mthe
1 e2d) (-~
< (logy) ko! log 2
2-&

1
< ( 0og y) (10g2 y)lolog log 2

Viogyy

1 2-&
(logy)—* O

<
(logy y)3

Remarks. By the same argument applied to all £ we deduce

ZT<< Ogy28

Viogyy

which is too big by a factor log,y. The correct order is achieved by using the more sophisticated bound
for L(a) given by Lemma 7.9 (iii). In particular, this captures when there are an unusually large number of
small prime factors of a, this forcing L(a) to be small.

For k near kg, we bound T} in terms of a mutivariate integral. Since ZP<Z 1/p = loglog z + O(1), by
partial summation we expect for “nice” functions f that

A itk )
2 2 =~ (lo k // X) dx.
> e~ (logy y) f(x)

IS SPAsY 0<E1 < <8<
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For a = p; ... pg, the function L(a) is not very regular as a function of py, . .., pr. However, the most common
way for L(a) to be small is for a to have many small prime factors, and the bound in Lemma 7.9 (iii) captures
this nicely. Moreover, this bound has the useful property of being monotone in each variable p;

LEMMA 7.16. Suppose y is large and ko/2 < k < 2kg. Then

T < (21ogy 9)*Ui(ko), Ui(v) = / 0r<r1j2k2_j(1+2”€1 4o 2% dx.
0<& < <€el e
PROOF. Recall the definition of \;, D; from the previous section. Consider a = p; - - - pg, where p; <
-+ < px <y, and define j; by p; € D;, (1 < i < k). By (7.9), p; € D; implies that logp; < 27. By (7.9),
0 < j; < ky for each 4, where k1 = ko + O(1). By Lemma 7.9 (iii),

L(a) <287 min 2791log(2p; - --p,) < 2°F(j),
0<g<k

where
F(j) = min 2_9(1+2j1 _|_..._|_2jg)_

0<g<

For each 1 < j < k1, let b; = #{i : p; € D;} Then

<2t Y F() (log2)™ (21?%2)16! 3 F().

IS <<k Jj=1 ' J

Extend the domain of F to include k-tuples of non-negative real numbers. It is clear that if j; — 1 <¢; < j;
for each 4, then F(j) < 2F(t). Therefore, writing B; = by + - - - + b; as before,
1 ki
mEed SLCE ST | B Aoy BT
J J I=L ikt <<t <G

<2 // F(t) dt.

0t < St Kk
Making the change of variables t; = k1&; for each 7, we see that the multiple integral on the right side equals
k¥ / min 279 (14258 4 ... 4 2M8s) gg.
0<g<k
(NSNS |
Recalling that k1 = ko + O(1), we conclude that
T < (2kolog2 + O(1)) Uy (ko).

Lastly, (2kolog2 + O(1))* < (2loglogy)* since k < 2kq, and the lemma follows. O
Estimating Uy (v) is the most complex part of the argument. For comparison purposes, observe that the

region of integration has volume 1/k! and that the integrand is roughly < min(1,2v~*). This leads to an
upper bound roughly like

1

The next lemma will be proved in the next section. In the case |k — v| small, this improves upon the
trivial bound by a factor 1/k.

LEMMA 7.17. Suppose k,v are integers with 0 < k < 2v. Then
1+ |v—k|?
(k4 1)1(2F—v 4+1)°

Uk(v) <
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PROOF OF THEOREM 7.3, UPPER BOUND, ASSUMING LEMMA 7.17. By Lemmas 7.16 and 7.17,

1 k 21 ko 1 2-£
3 Toe 3 20((k— ko) +1) (Zgﬂ{)' <! k:ongl)' _ (IOgy) .
ko<k<ko+10log, y ko <k<2ko (k+1)! (Ko +1)! (log> )
and
((ko — k)2 +1)(21 21 ko 1 2-€
Z T, < Z 0 k 1)( 0g2y) < ( k0g2yl)' - (IOgy) o
ko—101logs y<k<ko k<ko +1)! (ko +1)! (logz y)
Combining these with Lemma 7.15 and Proposition 7.8 completes the proof. O

9. Upper bound, part II

The goal of this section is to prove Lemma 7.17, and thus complete the proof of the upper bound in
Theorem 7.3.

Let Y7,...,Y, be independent, uniformly distributed random variables in [0, 1]. Let & be the smallest
of the numbers Y;, let & be the next smallest, etc., so that 0 < & < -+ < & < 1. The numbers &; are the

order statistics for Yq,..., Y. Then klUg(v) is the expectation of the random variable
X = olgnjlg 2~ J(l 496 ... _|_2v§j)'

Heuristically, we expect that &; = i/k, and so when k &~ v we guess that

(7.20) EX <E mjin RSN

It remains to understand the distribution of min;¢;j<x v€; —j. Let Qx(u,v) be the probability that & > Z_T“
for every i, that is, v§; — i > —u for all 4. In the special case v = k, Smirnov in 1939 showed that

Qr(aVh k) ~ 1 — e

for each fixed x. The corresponding probability estimate for two-sided bounds on the & was established by
Kolmogorov in 1933 and together these limit theorems are the basis of the Kolmogorov-Smirnov goodness-
of-fit statistical tests.

In the next lemma, we prove a uniform estimate for Q. (u, v) from [30]. Stronger asymptotics are known,
e.g. [31]. The remainder of the section is essentially devoted to proving (7.20). The details are complicated,
but the basic idea is that if 277 (296 +- - - 4-2%¢7) is much large than 2°$ 77, then for some large [, the numbers
&—1,-..,&; are all very close to one another. As shown below in Lemmas 7.21 and 7.22, this is quite rare.

LEMMA 7.18. Let w =u+v — k. Uniformly in u > 0 and w > 0, we have

(u+1)(w+1)2
B R—

ProoF. Without loss of generality, suppose k& > 100, u < k/10 and w < V. If min; ;<1 (& — =%) < 0,
let I be the smallest index with & < Z_T“ and write & = l u=A 5o that 0 < A < 1. Let

(1<i<l—1)}.

Qk (u7 ’U) <

Then we have

Qr(u, —1_*/ Z Ry(A VO]{ —A §l+1<"'<fk<1}d)\

u+A<I<k

*1**/ > fl(z))! <k+wu+Al)H a2

u+AKILk
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Now suppose that &, < 1—24t2 = k=u=w=2 "Then min; ;< (& —

= —%) < 0. Defining [ and A as before,
we have

k
2 2 2 2
(1 v ) k!vOl{o<£1<~--<5k<1 v }
v v

R R (k—1—w—24+A\""
B 2 (k—l)!( v ) ax.

0 AI<k—w—2+4

Thus, for any A > 0, we have

Qk(u,v)lA(lm”)kk’/ol s Ao <k+w+>\—l>kld>\

v v (k=D v
k—w—2+A<I<k

+ kT _ Ry

(k — 1)kt

[Ak—l—w—2+N)""—(k—l+w+ )" dA
0 AI<k—w—2+42

Noting that 2 — A > A, we have

Eol-w—24 M\ w2 A\ e ~(k=)
k—l+w+ A\ - kE—1 k—1

(w—+2—-A)7 + (- ) (w+ )
=exp —(2w+2)+ Z
p ik — 1)~
<e (2w+2)
Thus, taking A4 = €22, we conclude that
k
2 2
Qr(u,v) <1—e*1 (1 U >
v

—1-ep {22 s o)}

{—2uw+0(u—|—w2—|—1)}
=1—exp
v

2 2
g2uw+0(u+w +1) < (u+1)§€w+1) . 0
v

LEMMA 7.19 (ABEL 1839). Letn €N, a >0 and b > 0. Then

> (Z) (a+ k)Mo n— k)Tt = (1 ¥ i) (n+a+b)r.

k=0
ProOF. From Riordan[60], p. 18-20. Define

n

n _
M) = 3 (1) 4 R 40 e
k=0

where p,q € Z, x > 0 and y > 0. The formula in Lemma 7.19 is the case p = ¢ = —1. We first observe that
replacing k with n — k yields

(7.21) An (2,930, 9) = Anl(y, 59, p)
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Next, by the Pascal relation (}) = (}77) + ("), we get (setting h = k — 1 in the first sum)

n—1
n—1 1
An(z,yip,q) = ( b >($+1+h)h+p+1(y+(n—1)—h)" 1ot
h=0

(7.22) N — <n - 1>( SRy 41 4 (n— 1) — k) Dktat
E x n — —
per A !

= An—l(x + 17yvp + ]-7 Q) + An—l(x7y + ]-vp,q + 1)
Another identity is obtained by splitting off one factor x + k, thus

n

M) = Y- () 4 R 0y

k=0
" n—1
=zA,(z,y;p—1,9) + nz (Z B 1) (z + k)P (y 4+ — k)i
k=1

=aAy(z,y;p—1,q9) + nA,_1(x + 1, y;p,q).
Applying (7.22) to the first term we get
(7.23) An(z,y;pq) = vAn1(z,y+Lip—1,g+ 1)+ (x+n)An_1(x + 1,450, ).

For brevity, write By, (x,y) = An(z,y;—1,0). Taking p =0, ¢ = —1 in (7.23) and applying (7.21) we deduce
that

= yBu-1(y,z +1) + (y + 1) B (@,y + 1)
It follows from (7.24) by an easy induction on n € N that

(7.24)

Bn(z,y) =z Yz +y+n)" (neN,z>0,y>0).
Inserting this into (7.22) and using (7.21) we deduce that
Ap(z,y;—1,-1)=Ap1(x + 1,y;0,-1) + A, _1(x,y + 1;—1,0)
=B,_1(y,z+ 1)+ Bp_1(z,y + 1)
=(1/z+1/y)(@ +y+n)"",
and this completes the proof of the lemma. O

LEMMA 7.20. Ift >2,b>0andt+a+0b> 0, then

¢ . _
> (> (a+5Y b+t —j) 7 <el(t+a+b)
1<<t-1 VY
j+a>0

PROOF. Let Ci(a,b) denote the sum in the lemma. We may assume that a > 1—t, otherwise Cy(a,b) = 0.
If a > —1, put A =max(1,a) and B = max(1,b). By Lemma 7.19,

1 1
Ci(a,b) < Cy(A,B) < (A + B) (t+A+ B)t_l

(t-1)
< 2e ey (t+a+d)t<ett+a+b) .
Next assume a < —1. For ¢ > 0, (1 — ¢/x)® is an increasing function for > ¢, thus we have

‘ . 1\ ‘ 1\ ¢!
@y =G (1025 g (1)
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Thus, by (7.25),

t+a\"!
Cyla,b) < (t s ‘ll) Cy(—1,b)

oy <(t+a)(t+b—1)>t_1 _ 4 (HHH (a+1)b>t_1
h t—1 t—1

<elt+a+b)h O

We now complete the proof of the upper bound for H(z,y,2y) in Theorem 7.3. Recall our heuristic that

min 277 (21)51 4+ 2U€j) ~ min 2—j+v£j'
1<j<k 1<j<k

This is violated if the minimum occurs at j = j* and there are many &; clustered near £;-. The next lemma
captures the likelihood of such an event.

LEMMA 7.21. Suppose g,k,s,u,v € Z satisfy
1<g9g<k—-1,820,v>2k/2, u>0, u+v=2k+1.
Let R be the set of (&1,...,&k) satisfying

(7.26) 0<&G < <&<1, &2—2 (1<i<kh)
v
and such that, for somel > max(g+ 1,u), we have
l—u l—u+1 l—u—s
(7.27) <E<—m, §log 2 —.
v v v
Then

g?2(s+1))9 (u+1)(u+v — k)?
g! (k+1)!

1) < 1 < k. Let R; be the subset of & satisfying (7.26) and (7.27)
ViV V3 Vy, where, by Lemma 7.18,

Vl :V01{0<€1<...<€l_g_1<HLT+1:§i> ,quvl}
1

Vol(R) <

PROOF. Fix [ satisfying max(u, g
)

_|_
for this particular I. We have Vol(R;) <

v

I—u+1\"79" .
—(r[f) Vol{0 < 61 <+ < O—g1 <1:0; > 215 Vi}
a1\ T Qg (L —u 1)

N v (l—g—1)!
I—u+1\"79! (u+1)g?
< )
v (I —9g)!
l—u—s l—u+1 1 S+1 I
Vo=Vol{—== < § o< <§1 < % }_E ” ;

Vs =Vol{E" < g < Futl) =

Vi=Vol{€1 < &< 1G> 58V} (note that &4 > H5=2)
<u+vll>bJQhﬂQu+le
l

(k—1)!
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Thus
1)9 1)g? —k)? k+1-—
Vol(R) < U )'(“;rk )91(“,“ ) 3 ( ;L g)(l—u+1)l_g_1(u+v—l)k_l.
gwh(k+1—g)! ot -y
>u
By Lemma 7.20 (witht=k+1—g,a=g+1—u,b=u+v—k—1,j=1—g), the sum on [ is
k k+1\? (k—g+1)!
1k—g k—g: v k2g
<(v+ 1)< (k+1)9( » ) <K Gt D)
and the lemma follows. O

To bound Uy (v), we will bound the volume of the set
T(kyo,m) ={€cRY: 0< & < <& < 1L,2% - 42 > 207™ (1 < j < k)}
LEMMA 7.22. Suppose k,v, m are integers with 1 < k < 2v and m > 0. Set b=k —wv. Then

Y {b ifb>m+5

Vol(T (k,v,m)) < —— g :
ol(7 (kyv,m)) < g (m+5-b2(m+1) ifb<m+4

(k+ 1)V
PROOF. Let r = max(5,b —m) and € € 7 (k,v,m). Then either
(7.28) &> == (1<j<h)
or
(7.29) 1I<nji£k(§j —Lemy =g — em e [=h L=h for some integers h >+ 1,1 <1 < k.

Let V; be the volume of & € 7 (k,v,m) satisfying (7.28). If b > m + 5, then (7.28) is not possible since
(7.28) implies that
E—m—-r k-b

& > " = = 1.
Thus, if (7.28) holds then b < m +4 and r = 5. By Lemma 7.18,
B s
If (7.29) holds, then there is an integer ¢ satisfying
(7.30) t>h—3, {o > m=2t,

To see (7.30), suppose such an ¢ does not exist. Then
2V 4 ui < ohT3gue B ot v
t>h—3
< 2h—32l—m—h+1 + Z 2t2l—m—2t
t>h—3
< 2l7m71
~X k)

a contradiction. Let Vo be the volume of & € 7 (k, v, m) satisfying (7.29). Fix h and ¢ satisfying (7.30) and
use Lemma 7.21 with w = m + h, g = 2¢, s = 2¢t. The volume of such £ is

(m+h—+1)(m+h—b)? (4t + 2)2 22 - (m+h+1)(m+h—b)?

<

(k+ 1) (2t)! 22 (k + 1)!
The sum of 2-2 over ¢ >h-3isK 22", Summing over h > r + 1 gives
2 —b 2)2 Y
V, < (m+r+2)(m—b+r+2) 0

< .
2 (1 1) S @)
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PRrROOF OF LEMMA 7.17. Assume k > 1, since the lemma is trivial when & = 0. Put b = k — v. For
integers m > 1, consider £ satisfying

27" omin 279 (1429 4.0 4+ 298) <272

EVAS

For such £ and for 1 < j < k we have
279 (296 4. 4 2%%) > max(27, 217 —277) > 27
so that € € 7 (k,v,m). By Lemma 7.22,

Ur(v) < Y 227" Vol(F (k,v,m)) <

m>1

v - b fm<b-5
T m+5—=b2(m+1) ifm=b—4"

Next,
27"Y,, b (m+5—0b)2(m+1)
D € D gt D TR
m>1 1<m<b—5 m>2max(1,b—4)
The proof is completed by noting that if b > 5, each sum on the right side is < 527 and if b < 4, the first
sum is empty and the second is < (5 — b)? < 1+ b%. This completes the proof of Lemma 7.17. (]

10. Counting integers with a given number of divisors in an interval
Recall 7(n,y,z) = #{d|n : y < d < z} and define
H.(z,y,z) ={n<z:7(n,y,z) =r}
Of particular interest is the case r = 1. Similarly, the exact formula

Hr<x,y7z>=2<—1>k‘“(f) 2 Lm[dl’d]J

k>r y<di1<---<dp<z
implies the existence of
H,.(x,y,z
er(y,2z) = lim H(@y,2) )

T—00 €T
for every fixed pair y, z.

In [29], it is proved that for every r > 1,
Hy(2,y,2y) >, H(z,y,2y),

that is, a positive proportion of all integers n < z with a divisor in (y, 2y] have exactly r such divisors. In
particular, this disproved a 1960 conjecture of Erdés.

11. Exercises

EXERCISE 7.1. Fix ¢/ <1 < ¢. Suppose that 3 < y < v/z. (a) Show that

1 L(a)
log? Z a

#{de <n<z:pd(n) = Lr(nycy) > 1} Seo

(b) Use (a) to prove Theorem 7.4.

EXERCISE 7.2. If 1 <y < x'/1°%2% show that

H(z,y,2y)

. ~e(y,2y)  (x— 00).



CHAPTER 8

Permutations with a fixed set of a given size

1. Introduction and notation

Let k,n be integers with 1 < k < n/2. What is i(n, k), the probability that a random o € S,, fixes some
set of size k7 Equivalently, what is the probability that the cycle decomposition of o contains disjoint cycles
with lengths summing to k7 This is analogous to the problem of bounding H(x,y,2y) from the previous
Chapter, and we will develop a parallel theory based on the same ideas.

The size of i(n, k) has only recently been at all well understood. The lower bound lim,_, i(n, k) >
log k/k is contained in a paper of Diaconis, Fulman and Guralnick [11] in 2008, while the upper bound
i(n, k) < k~1/1%0 is due to Luczak and Pyber [51] in 1993 (These authors did not make any special effort to
optimise the constant 1/100, but their method does not lead to a sharp bound.) Pemantle, Peres, and Rivin
[57, Theorem 1.7] proved that lim,, . i(n, k) = k=542 where as before,

_ 1+loglog2

E=1
log 2

~ (0.08607.

THEOREM 8.1 (EBERHARD—FORD—GREEN][14], 2016). For 1<k < n/2,

. 1
i k) = e g k)72

Since i(n,n — k) = i(n, k), Theorem 8.1 establishes the order of i(n, k) for all n, k.

Theorem 8.1 has implications for a conjecture of Cameron related to random generation of the sym-
metric group. Cameron conjectured that the proportion of o € §,, contained in a transitive subgroup not
containing A,, tends to zero: this was proved by Luczak and Pyber [51] using their bound i(n, k) < k=1/100,
Cameron further guessed that this proportion might decay as fast as n~/2+t°(1) (see [51, Section 5]). However
Theorem 8.1 has the following corollary.

COROLLARY 8.2. The proportion of o € S,, contained in a transitive subgroup not containing A, is
> n~E(logn)~%/2, provided that n is even and greater than 2.

PROOF. By Theorem 8.1 the proportion of o € S,, fixing a set By of size n/2 is < n~¢(logn)~3/2. Such
a permutation o must also fix the set Bo = {1,...,n} \ B, and thus preserve the partition {B;, Ba} of
{1,...,n}. Since |B;| = |Bs|, the set of all 7 preserving this partition is a transitive subgroup not containing
A, O

In [16] by Eberhard, Ford and Koukoulopoulos, it is shown (among other things) that the proportion of
o € S, contained in a transitive subgroup not containing A, is < n~¢(log n)_3/ 2, provided that n is even
and greater than 2.

Whether or not a permutation ¢ has a fixed set of size & depends only on the vector

C= (01(0),02(0),...,Ck(0))

listing the number of cycles of length 1,2,... k&, respectively, in o. Crucial to our argument is the fact
(e.g., Theorem 4.2) that C has limiting distribution (as n — o0) equal to X = (X1, Xa,...,Xk), where

the X; are independent and X; has Poisson distribution with parameter 1/i (for short, X < Pois(1/1)).

91
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A simple corollary is that the limit (0o, k) = lim, . i(n, k) exists for every k. Define, for any finite list

c = (c1,ca,...,cx) of non-negative integers, the quantity

(8.1) Le)={mi+2my+---+kmy:0<m; <¢; forj=1,2,...k}.
We immediately obtain that

(8.2) i(00, k) = P(k € Z(Xk)).

This makes it easy to compute (oo, k) for small values of k. For example we have the extremely well known
result (derangements) that

i(00,1) =P(X; 2 1) =1— = ~ 0.6321,

D | =

and the less well known fact that
i(00,2) =1 —P(X; = X5 =0) —P(X; =1, X, = 0) = 1 — 272 ~ 0.5537.

When £k is allowed to grow with n, the vector C is still close to being distributed as Xy, the total
variation distance between the two distributions decaying rapidly as n/k — oo (Theorem 4.2). This fact is,
however, not strong enough for our application. We must establish an approximate analog of (8.2), showing
that i(n, k) has about the same order as P(k € Z(X})), uniformly in & < n/2.

Instead of directly estimating the probability of a single number lying in .£(Xy), however, we apply a
global-to-local principle analogous to Proposition 7.8.

PROPOSITION 8.3. i(n, k) < +E|.Z(Xy)| uniformly for 40 < k < n/2.

Theorem 8.1 follows immediately from this and the next proposition, when k > 40.

PROPOSITION 8.4. E|.Z(X})| < k' ¢(1 + logk)~3/2.

When 1 < k < 39, we argue more directly. If n = 2k then Cauchy’s formula (Lemma 1.2) implies that

1
Z(2k, k) 2 Pgesn(Ck(U) == 2) = ﬁ > 1.

If n > 2k then Lemma 8.5 gives

Z(TLJC) > Pses, (Ck(O') = ].,Cj(d) =0 (] < k)) P m > 1.

Thus, Theorem 8.1 follows when k < 39 as well.

Question 1. Is there some constant C' such that i(oco, k) ~ Ck~¢ (log k) ~3/2?
Question 2. Is i(co, k) monotonically decreasing in k7

Data collected by Britnell and Wildon [8] shows that this is so at least as far as i(oo, 30), and of course
a positive answer is plausible just from the fact that i(co, k) — 0.

2. The global-to-local principle
In this section we prove Proposition 8.3.

LEMMA 8.5. Let 1 <m < n and c1,...,cn be non-negative integers satisfying
c1+2c+--+me, <n—m—1.

Then

1 1 (1/i)e 1
<Py (C = 7~-~7Cm =¢m) <
2m+171:11 Ci! ( 1(0) C1 (0> C ) m+1l n

o1/
= Ci! '
PROOF. Let t =1 +2co+ -+ mey,. If Cj(0) = ¢; for 1 < j < m, write o = 0102, where all the cycles

in o7 have length < m and all the cycles in o3 have length > m. Applying Cauchy’s Theorem (Lemma 1.2)
for o1 and (3.5) for oo completes the proof. O
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As in the introduction, let X1, X»,... be independent random variables with distribution X 4 Pois(1/7).
We record here that

Z(c
(8.3) ElZXp)= > |ZEPXi=c)PXp=cp)=e T %
C1y...yC 20 €1,...,c 20 HiZI Ci.l‘"”

LEMMA 8.6. LetkeN, cy,...,c,. =0, 1C [k:] and ¢, =c¢; fori ¢ 1, c; =0 fori € I. then

|-Z(c) I (e + D).

iel
PrOOF. Clearly, Z(c) is the union of [[,.;(¢c; + 1) translates of Z(c’). O
LEMMA 8.7. Suppose that ! < {. Then
041
E X)) < —FE Xy
2(X0)| < 7 Bl

PrOOF. By Lemma 8.6, |-Z(X,)| < (1 4+ Xp41) -+ (1 + X)L (Xp)|. Thus by independence,

(41
E|Z£(X,)| H E(l+ X;) |E|.2(Xp)| = —E|.Z(Xy)|. O
0 +1
=0/ +1
LEMMA 8.8. For any j < k we have
3
B|2(Xk)|X; < EE‘$<Xk)|~
Suppose that ji,...,jn < k are distinct integers and that aq, . ..,ap are positive integers. Then
a a 1
E|ZL (X)X X5 Layoan, B L(X)].
Ji---Jh
PROOF. Define X) by putting X =..-= X} =0 and X; = X; for all other j. By Lemma 8.6, we

have
[Z(Xp)| < [LXPI(T+X50) - (14 X5,) <LK+ X5,) -+ (1+ X,)
Thus by independence
h
B2 (X)X Xon SB|lZ(Xe) [JEXE +EXT).

When h =a; =1 and j; = j, we have

X
IEXj+X]2_2E(2>+2]EX_

In general, for X 4 Pois(A\) with A <1 we have EX™ <,;, A and the lemma follows. O

We turn now to the proof of Proposition 8.3. In what follows write
S(X@) = X1 + 2X2 + .- "‘FEXZ = maXX(XZ).

We will treat the lower bound and upper bound in Proposition 8.3 separately, the former being somewhat
more straightforward than the latter.

PROOF OF PROPOSITION 8.3 (LOWER BOUND). When k > 40, let » = |k/20], so that » > 2, and
consider the permutations ¢ = ao1028 € S,,, where o1 and o2 are cycles, |a| < 4r < |oy| < |o2| < 167, all
cycles in « have length < r, all cycles in 8 have length at least 16, and « has a fixed set of size k— |o1|—|oa].
If Ci(a) = ¢; for 1 < i < r, then the last condition is equivalent to k — |o1| — |o2| € Z(c). In particular
|o1| + |o2| < k, and hence

4
n—|a] —lo1| —|o2| = <k >k —4r > 16r.

ot
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Fix ¢ and #1, 0y with 4r < {1 < £ < 167 such that k — ¢; — £y € £ (c). By Proposition 8.5, the probability
that a random o € S, has ¢; cycles of length ¢ (1 < i < r), one cycle each of length ¢;, ¢5 and no other cycles
of length < 167 is at least

1 1

> rllo [T, ¢lic > r3 [T, elics
Now Z(c) C [0,4r]. Hence, for any ¢; satisfying 4r + 1 < ¢; < 8r — 1, there are |.Z(c)| admissible values of
Uy > ¢y for which k — ¢; — ly € Z(c). We conclude that

Y
7.2
c1, - ,¢r 20
S(c)<4r

i(n, k) >

As in (8.3), the sum above equals e"E |2 (X,.)|1(S(X,) < 4r). Hence, by , we see that
1
i(n, k) > ;E |2 (X )|L(S(X,) < 4r).

To estimate this, we use the inequality

1(SX,) <4r)>1— S(4XT)
,
By Lemma 8.8 (first part) we have
E|.Z(X, ZE |2(X,)|5X; < 3rE|ZL(X,)].

It follows that
1
i(n, k) > “E|Z(X,)]
Finally, the lower bound in Proposition 8.3 is a consequence of this and Lemma 8.7. |

PrOOF OF PROPOSITION 8.3 (UPPER BOUND). Temporarily impose a total ordering on the set of all
cycles fromed from subsets of [n], first ordering them by length, then imposing an arbitrary ordering of the
cycles of a given length. Let o € S, have a divisor of size k. Let k; = k and k3 = n — k. Then 0 = 0109,
where |01 = k1 and |o2| = ka. For some j € {1,2}, the largest cycle in o, with respect to our total ordering,
lies in o3_;. Let ¢ be the largest cycle in ¢;, and note that |6| < min(k, k2) = k. Write 0 = ad3, where o
is the product of all cycles dividing ¢ which are smaller than § and g is the product of all cycles which are
larger than o. In particular |3| > || since 8 contains the largest cycle in o, and thus

(8.4) 0] < 1Bl =n —[6] —|a.

By definition of § and «, « has a divisor of size k; — [4|. Suppose |§| = ¢, C;(a) = ¢; for j < £ and
c=(c1,¢2,...,¢7). Then k; — ¢ € Z(c). For £ and c satistying this last condition, we count the number of
possible pairs «, § using Lemma 1.2 to first count the number of products ad (noting that Cy(ad) = cp + 1))
and then counting the number of possible ways to choose § (which equals ¢y + 1). The total count is

n (1/i)e 1 l/z i
<n—|a—€>(|a|+€)!H o e }let = (n_\a|_e;H

i<l v <L

Given « and 4, (8.4) and (3.5) imply that the number of choices for § is at most (n — |a| — €)!/¢. Thus

LR (1 (1 1
nkzzfzznﬁzznﬂ_zﬁ
j=1¢=1 C1,..,c020 i<l j=lci,....,ck 20 i<k m(c)<L<Lk

kj—teZ(c) kj—LeZ(c)

~
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where m(c) = max{i : ¢; > 0} U {1}. With c fixed, note that £ > max(m(c),k; — S(c)). Also, the number
of ¢ such that k; — £ € Z(c) is at most |-Z(c)|. Thus, the innermost sum on the right side above is at most

Z(c)| _
max (m(c), k; — S(c))”

Like (8.3), using we thus see that

(8.5) i(n, k) < 2¢kE ( £ (Xl )

max (m(Xy), k — 5(Xy))?

To bound this we use the inequality

;<i 1+i2
max(m, k — S)2 k2 m? )’

which can be checked in the cases S > k/2 and S < k/2 separately. It follows from this and (8.5) that

(8.6) i(n k) < &%E LX)+ SQ%E W

The first of these two terms is what we want, but the second requires a keener analysis. By conditioning
on m = m(Xy) we have

LX)ISXR)? = 1
E! (m’&k; B > — > 1Z2(0)S()*P(Xpm = )P(X 1 =+ = Xy, =0)
m=1 cl,.c.T.r;;,,i>0

In the last step we used the crude inequality 1(X,, > 1) < X,,. Letting Y,, = |-Z(X,,)|, expanding
S(Xm)? = (X1 +2X5+ -+ +mX,,)? and using (8.6), we arrive at

(8.7) i(n, k) < %]E |-Z(Xk)| +

El

k 1 m
Z = Z WEY X X Xom-
m=1 m.

ii'=1

The innermost sum is estimated using Lemma 8.8, splitting into various cases depending on the set of distinct
values among 7,4, m.

Case 1: 4,7, m all distinct. Then #W'EY,, X; Xy X,, < %E Y,,.

Case 2: i =4 #m. Then W/'EY, X; Xy X < LEY,, KEY,,.

Case 3: i =i =m. Then W/'EY,, X; Xy X,, < mEY,,.

Case 4: i #1 =m or i #1=m. In both cases i"'EY,, X; Xy X,, K EY,,.

Summing over all cases, it follows that

m
> EYmXi Xy Xy < mEY .

ii'=1

Since clearly EY,, < EY} for every m < k the result follows from this and (8.7). O
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3. The lower bound in Proposition 8.4

We begin by noting that from (8.3) and the inequality Hy < 1 + logk, it follows

k

1 (1/i)e
(83) Elrxlz o Y 12@ [
C1,..0yCr 20 i=1 v
Fix r = ¢ + -+ 4+ ¢,. We claim that
. k
(/= 1 |- (a)|
(59) OEEICIN) D D
c1+-+cp=r i=1 ay,...,ar=1
where
(8.10) Z*(a) = {Zaizlg m}.
i€l
To see (8.9), we start from the right side and set ¢; = |{j : a; = i}| for each i. Then Z(c) = Z*(a),
Hle i“ =ay---ax, and each ¢ = (¢q,...,c) comes from Cl,ri'%, different choices of a1, ..., a.
Now let J = “gg ’;J and suppose that by, ..., b; are arbitrary non-negative integers with sum r. Consider

the part of the sum on the right side of (8.9) in which
bi=#{j:2"'<a; <2 =1} (i=12,...,J), a; <2/ -1 (V).

Writing
J
2(b) = [[{2",....2" — 1},
i=1
we have
L 2@ 1 2*(d)]
8.11 — = - - = =)
( ) rl Z a---a, Z byl - by! Z dy---d,
at,...,ar=1 by+-+by=J de2(b)
To see this, fix by, ...,b; and observe that there are bl,ri'bj, ways to choose which b; of the variables a, ..., a,

lie in [2071,28 — 1] for 1 <@ < J.
We now take only the terms with » = J. Combining (8.8), (8.9) and (8.11) gives

(8.12) E\X(Xk)|>>% > ! Y 2]

r..
brtegpy g P1H b de2(b) dy---dg

LEMMA 8.9. For any b = (by,...,by) with by +---+ by = J we have
Z*(d 21og 2)”
s L@ el

dy---dy ZiJ:lzb1+m+bi—i'

deg(b)
PROOF. Given £ > 0, let R(d, /) be the number of I C [J] with £ =}, _; d;. Also, define
27—1
1
j:2'i—1 J

Since % > % + 2371+1 for all j, A\; > \jy1. Also, lim;_,oo A; = log 2. Thus we conclude that

log2 < \; <1 (1<igJ).
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Since Y, R(d, ¢) = 27, By Cauchy-Schwarz,

J 2
2J 205 _ 1
P = (X g Srao)
j=1 de2(b) ¢
2
1
(8.13) _ ( > ot Y R(d,Z))
de2(b) teZL~(d)
R(d, 0)? |-~ (d)|
< _ —_— .
(¥ ez =Y
deP(b),L de2(b)
Our next aim is to establish an upper bound for the first sum on the right side. We have
R(d, ¢)? 1
.14 — = Y. Z Y, Z) = _—
(8.14) Z di---dy Z 5, 2), 5(Y,2) Z di---dy
de(b).L Y,Z2C1J] e (b)
iey 4i=2cz di.

If Y = Z, then evidently S(Y,Z) = A} ---\%. If Y and Z are distinct, let j = max(YAZ) be the
largest coordinate at which Y and Z differ. With all of the quantities d; fixed except for d;, we see that d;
is uniquely determined by the relation ),y d; = > .., d;. If we define e(j) € [J] uniquely by

bt +be(yo1 + 1< < b4+ +begy),

then d; > 2¢()=1 regardless of the choice of dy, ... ydj—1,djq1,...,dy and thus

J bi L p\bsy—L b b
1 1 )\1 >\J Ae(j) )\11 ...>\]J
S, Z) < lj[l (; d7> 1T T 91 ST 2k
#

(Here, the sums over d; are over the appropriate dyadic intervals required so that d € @ (b).)
Since the number of pairs of subsets Y, Z C [J] with max(Y AZ) = j is exactly 2/77~1 we get from this
and (8.14) that

J J J
H}\j—bj Z 5((‘17’22 <2/ +2J22jfe(j) —9J +2J22—i Z i
= r Jj=1 i=1

j=1 deab),e + T jre(G)=i
J
i=1
J
< 27 22b1+~-+bi*i.
i=1
Comparing with (8.13), and using again that \; > log 2, completes the proof. |

Combining Lemma 8.9 and (8.12), we obtain

210g 2)” |
B> 2T v L
bieghy—g D1 b Y 20 )

Applying the Lemma 7.14 with x; = 2~ 1 <4 < J, the multiple sum over by, ..., b; equals

: Y et e
J eI A R Pk
Jb1+...+bJ:Jb1' bJ' J J J

using the multinomial theorem and Stirling’s formula. Recalling that J = igig + O(1), the lower bound in
Proposition 8.4 now follows.
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4. The upper bound in Proposition 8.4
Recall from (8.10) the definition of .Z*(a). From (8.3), the bound Hj > logk and (8.9) we obtain

12" (a)|
(8.15) E|.Z(X})| kzr' Z;_lalmar.

Let aq,as, ... be the increasing rearrangement of the sequence a, so that a; < as < .For0< <,

J
f*(a)c{m—kZELi:0<m<Z&i,IC{j+1,...,r}},
i=1

iel
from which it follows immediately that
|Z"(a)| < G(a),
where, for any real tq,...,t., we define

(8.16) G(t)= min 2777 (ty - +t; +1).

0T
As in the previous chapter, we replace the sum in (8.15) with an integral, using that G(a) is increasing in
each coordinate.

LEMMA 8.10. For any r > 1, we have

k .
1 > M«@Hky min 277 (K% + - + kY + 1)dE,

7! R CRR Q, 0<j<r
-

where Q. = {(&1,...,6) 1 0< & < <. <6 < 1
PROOF. Motivated by the fact that
1 /exp(Ha) dt
a exp(Ha-1) T

for each a define the product sets

=1
By (8.16), we have
12 (a) r G(@a) k _ dt
DRI ORI e
aA..azlal.“aT a...a:lal.”aT a1,...,ar=1 R(a) “1 77 br
1yeerlr 1y Qr 100U

Consider some t € R(a), so that exp{H,, 1} < t; < exp{H,,} for 1 <i < 7. Let#; < --- < %, be the
increasing rearrangement of t. From H,, > log(m + 1) we have t; > a; for all i. Hence

G(a) < 0I<Ili£1 27ty + -+t + 1) =G(t) forallt € R(a).
IIKT

This yields
k

dt exp(Hy) exp(Hr)  1(§
> G(é)/ < Z / dt:/ / (©) 4.
R(a) T1°tr R(a) tl L 1 ty---t,

A yeeny a-=1 Y S T gy,

The integrand on the right is symmetric in t1,...,t.. Making the change of variables t; = e%* yields

k

Z* :
3 @1 op oy [ i 2 (et oo 48 1) dg.
aj - a, Q, 0sgsr

The lemma follows from the upper bound Hy < 1+ logk. |
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In the notation of Lemma 7.17, we have by Lemma 8.10 the bound

(8.17) E|2(X))| < % SQHY U (), o= 8

v log2’
Now Lemma 7.17 provides the bound

1+ Jv—r?
(r+ 112 +1)

U.(v) <

uniformly for 0 < r < 2v. Set

re = |v].
In what follows, we will use the observation that a™/(n + 1)! is increasing for n < a — 2 and decreasing
thereafter. If r = r, + m with 0 < m < v, then we have

(2Hp)" 1+ m2

(2Hy)"Up(v) <

(r+1)! 2m
< (2Hg)™ ) 2H;, m. 14 m?
(re +1)! Ty 2m

< k¥ E(log k)32 (1 + m?)(log 2 + 0.1)™,
the log2 4 0.1 coming from the assumption that & > 40. Summed over m, this gives a total of <«
k=€ (log k) =3/
Next suppose that r = r, — m, m € N. Then we have
(2Hg)"

(2H) U, (v) < ] (1 +m?)
(2H},)"™ re \
< (7 ﬁ ! <2Hk> (At m)
14+ m?2

k2—5 1 k -3/2 . .
< (log k) (2log 2)™

Summed over m, we again get a total of < k2~¢(logk)~/2.
There remains the range r > 2v. Here, we use the trivial bound U, (v) < 1/7! and thus

2HL)"
Z(QH]C)TUT(U) < Z ( r'k) < 2Hr(1-Q(1/ log2)) < 228

r>2v >2v

We conclude that
> (2H) U, (r) < k=4 (log k) =%/,

r

Combined with (8.17), this proves the upper bound in Proposition 8.4.
5. Exercises

EXERCISE 8.1. If 1 < k < n/logn, show that
i(n, k) ~i(co, k) (n — ).



CHAPTER 9

Sets of permutations with equal sized divisors

1. Equal sized divisors of several permutations

Let 01, ...,0, be random permutations in S,,, chosen independently. By Theorem 8.1, the probability
that they all have a divisor of size k is
1

i k) = E A T log k)

1< k< n/2).

For o € S,, define
D(o) ={|B] : Blo}, the set of sizes of divisors of o.
We note that {0,n} C D(o) always. We wish to also bound the probability that D(o1)N---ND(o,) contains
an element in [k, n/2]. Crudely, from the above and the fact that 12€ > 1 this is at most
kl—'r'f

(91) Z z(n, k) < W

k<m<n/2

(r > 12).

This estimate is wasteful, since the events my € D(o1) N ---N D(o,) and my € D(o1) N---N D(0o,) are not
independent. In fact, if » > 4 then it is rare for D(oq) N---N D(o,) to have a large element, but this is not
true for r = 3. This ultimately depends on the inequalities

3(1 —log2) <1< 4(1—log2).

THEOREM 9.1 (PEMANTLE-PERES-RIVIN [57]; 2016). Let 01,...,04 be random permutations in
Sy, chosen independently. There is a real number o > 0 so that

P(D(e1) N -+ N D(os) = {0,n}) > a.

The authors if [15] gave a proof of 9.1 which is much simpler than the original proof in [57], and we
given an even simpler proof below.

THEOREM 9.2 (EBERHARD-FORD-GREEN [15]; 2017). With probability — 1 as n — oo, we have
|D(o1) N D(o2) N D(03)| = o©

asmn — oo.

LEMMA 9.3. (a) Suppose that h,m are integers with h < m <n — h. Then

P, (m € D(0), Cpy (o) = 0) < h 2
() IfF1<A<2,1<h<k<n/2andk<m<n—Fk then
P, (m € D(a), Cpy(0) = 0,Cp i (0) < )\log(k:/h)) < B2k /h)"2Q02),
PRrROOF. For (a), factor each such o as o = 0105 where |o1| = m and |o2| = n —m. By By Theorem 1.9,

the number of such o is
< (" m!  (n—m)! < n!
m h h h2’

100



1. Equal sized divisors of several permutations 101

For (b), WLOG k > 10. Fix £ < Alog(k/h) and consider permutations o with Cj;)(0) = 0, Cp, () = £
and such that m € D(c). Write 0 = o102 with |o1] = m, |02| = n —m. Then Cy,1)(01) = £1 and
Cln,k)(02) = L2, where {1 4 £5 = {. By Theorem 1.9, the number of such o, for a given choice of /1, £, is

n (Hk — I‘.’h)e1 (IT[]€ — Hh)fz (1 + IOg(k/h))e
< (m) ™ h (k)G SR ETATA R

Summing over ¢ + {5 = ¢, we see that

(n—m)! =

(21log(k/h) + 2)*
k20!

We sum over £ < Alog(k/h), using the bound for Poisson tails (Prop. 0.3) and noting that (2log(k/h)+2)* <
(21og(k/h))’. We get

Py (m € D(0),Cpy(0) < (1 +¢)logk) < h2e~ Glos(k/MIQA2) — =2 (/) =2Q(A/2), O

Pg(m S D(U),C[h](a) = O,C(hyk](a) =0 <

LEMMA 9.4. Let 1 < h < n/10. There is a real number ¢ > 0 so that with probability < h4—e,
Ciny(oi) =0 for 1 <i <4 and D(o1) N ---N D(04) contains an element other than 0 and n.

PROOF. Fix 0 < e < %, to be determined later. WLOG h > 10. Let kK = 2"h < n/2 for a non-negative
integer r. Let 01,09, 03,04 be random permutations of S,,.

Let Fj be the event that Cp(o;) = 0 (1 < i < 4), and for some i, hk]( o;) > (1 + ¢)log(k/h).
Let Gy be the event that Cp,(o;) = 0 (1 < @ < 4), and that for some m € (k,2k] N (h,n/2], we have
m € D(o1)N---ND(04). Let Hy be the event that Gy holds and that C(y, )(0;) < (1 +¢)log(k/h) for each
1. Evidently, the probability in the lemma is at most

(9.2) Y O PGv< Y PG+ > (PF.+PH).
h<k<n/2 h<k<h3 h3<k<n/2

By Theorem 1.11, if & > h3 then

1
PFk«W

By Lemma 9.3 (a), we have
k
PG < e
Now suppose that h® < k < n/2 and consider the event Hy. By Lemma 9.3 (b), we get that

PH, <

k.

h8(k /)35

Choose € so 1 — 8Q (1) = —Q(1 + ¢); the solution is ¢ = 0.08895343 - - - . Inserting our bounds for F, Gy,
and Hj, into (9.2), we see that the probability in the lemma is

h3 1 1 1

St paeate T osrees) S piraie =

PrOOF OF THEOREM 9.1. Let h be a sufficiently large constant and ng = 3h. If n < ng, the probability
in question is at least the probability that oy is an n-cycle, which is 1/n > 1/ng. Now suppose that n > ng,
in particular n > 3h. By (3.5) and Lemma 9.4,

P(Clpg(o0) =0 (1 < i <4 D(o1) N+ (o) = {0,m}) > ﬁ ~0 (]141+> .

Taking h large enough proves the theorem. O



102 9. SETS OF PERMUTATIONS WITH EQUAL SIZED DIVISORS

2. Application: Invariable generation of S,

By Dixon’s theorem [12], two random elements o1, 09 of S,, generate at least the whole alternating group
A, with probability tending to 1 as n — oo. It is less clear how large the group generated by o1, o must be
when o] and o) are allowed to be arbitrary conjugates of o1 and o2. Following Dixon [13] we say that a list
01,...,0, €Sy, has a property P invariably if of,..., o). has property P whenever o} is conjugate to o; for
every ¢. How many random elements of S,, must we take before we expect them to invariably generate S,,7

This problem is connected with computational Galois theory. Given a polynomial f € Z[z] of degree n
with no repeated factors, information about the Galois group can be gained by reducing f modulo various
primes p and factorizing the reduced polynomial f, over Z/pZ. By classical Galois theory, if f, has irreducible
factors of degrees ny, ..., n, then the Galois group G of f over Q has an element with cycle lengths ny, ..., n,.
Moreover by Frobenius’s density theorem, if G = S,, then the frequency with which a given cycle type arises
is equal to the proportion of elements in S,, with that cycle type. Thus if we suspect that G = S,, then the
number of times we expect to have to iterate this procedure before proving that G = S,, is controlled by the
expected number of random elements required to invariably generate S,,.

BLuczak and Pyber [51] were the first to prove the existence of a constant C such that C' random
permutations o1,...,0c € &, invariably generate S,, with probability bounded away from zero. Their
method does not directly yield a reasonable value of C, but recently Pemantle, Peres, and Rivin [57] proved
that we may take C' = 4. The key to their proof is Theorem 9.1.

THEOREM 9.5 (PEMANTLE-PERES-RIVIN [57]; 2016). For some o > 0, the probability that
random o1, ...,04 tnvariably generate S, is at least a, for any n.

THEOREM 9.6 (EBERHARD-FORD-GREEN |[15]; 2017). With probability — 1 as n — oo, random
01,02,03 do not invarably generate S,,.

The connection between common size fixed sets of o1,...,0, and invariable generation is clear: if m €
D(o1)N---ND(o,), 0 < m < n, then there are conjugates o, ..., o, each mapping {1,2,--- ,m} to itself (a
fized set). In this case, it is clear that of,..., o). do not generate S,.

What if D(e1) N--- N D(o,) = {0,n}? It is simple to see that of,..., o] generate some transitive
subgroup of S,; a subgroup H of S, is transitive if for every pair ¢, j € [n] there is some element of H which
maps i to j. Examples of transitive subgroups include S,,, A, as well as imprimitive transitive subgroups
such as this example when n = 2k is even: Let I; = {1,2,...,k} and I, = {k+1,...,2k} amd let

G = {U : either 0'([1) = 11,0'(12) = IQ or O’(Il) = IQ,O'(IQ) = Il}

LEMMA 9.7. Suppose that D(c1)N---ND(o,) ={0,n}. Thenoy,...,0. generate a transitive subgroup
of Sp.-

PROOF. Let G be the group generated by o1,...,0, . Define a relation ~ on [n] by a ~ b if there is a
o € G with o(a) = b. This is clearly an equivalence relation, and thus partitions [n]. If G is not a transitive
subgroup, then there is a non-trivial equivalence class I, ) # I # [n], and clearly I is a fixed set of each
0j. O

From Lemma 9.7, Theorem 9.6 now follows from Theorem 9.2. Also, from Theorem 9.1, it follows that
for some o' > 0, with probability at least o’ four random permutations o1, ...,04 generate a transitive
subgroup of S,,. It is known (a Theorem of Luczak-Pyber [51], which also uses the theory of permutations)
that the probability that a random o € S, lies in a transitive subgroup of S,, other than S,, or A, is o(1)
as n — oo. We will not prove this here. For the latest estimates, see [16]. Note that if o does not lie
in a transitive subgroup, then neither do any of its conjugates &, since ¢ and ¢ are indistinguishable in
a group-theoretic sense. It follows then that for some o” > 0, with probability at least o’ four random
permutations o1,...,04 generate either A, or S,.

To distinguish A,, from S, it suffices to choose o1 to be an odd permutation (a permutation which
is the product of an odd number of transpositions (ab)) in order to conclude that of,..., 0} generates S,,.
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Recalling the proof of Theorem 9.1 from the previous section, it suffices to show that if ¢ is a random odd
permutation, then P, (Cjpj(0) = 0) > 1/h, i.e., an analog of the lower bound in (3.5).

LEMMA 9.8. Let n be sufficiently large and 1 < h < n'/3. Then

1
P(Crp)(0) = 0,0 odd) > 7

We first establish a general result about random odd permutations.

LEMMA 9.9 (RANDOM ODD PERMUTATIONS). Let 7 € S, be a random odd permutation, and
1< k< n. Then dpy(Ci(7),...,Ck(7), Zi) < k/n, where

ZL=(Z1,..., Zy), z; < Pois(1/i) (1<i< k), Z; independent.

Proor. WLOG k < n/10. Choose ¢ € S,, uniformly at random, and define p by putting p = 1 if ¢ is
odd and p = (12) if ¢ is even. Then 7 = op is uniformly distributed over odd permutations. We will show
that with high probability,

(9.3) (C1(0),...,Ck(0)) = (Ci(op),...,Ck(op)).
In particular, (9.3) holds provided that neither of the following holds:

(i) 1 and 2 are in different cycles, each of length < k; or

(ii) 1 and 2 are in the same cycle of o and there are fewer than k elements in between them (in either

direction).

To see this, observe that for any strings of numbers A, B (including the empty strings), if o has cycles (1A4)
and (2B) and p = (12) then op has a cycle (1A2B). Also, if ¢ has a cycle (1A2B) and p = (12), then op
has cycles (14) and (2B).

We will show that the probability that (9.3) fails is O(%). Then, by the Poisson distribution of Small
Cycles (Theorem 4.3), dry (Cy(0),...,Cr(0), Zk) < e™/%% < k/n and the lemma follows.

Consider (i). Given positive a,b < k, the probability that (1A) and (2B) are cycles in o with |[A] =
a,|B| = b, equals

1 (n—2)! 1
ol aiin —a—p g ma b=t =T
Thus, the probability that (i) holds is O(k?/n?).

Now consider the probability that 1 and 2 are both contained in the same cycle of o and are close
together. Let this cycle be (142B), where |A| = a and |B| = b with min(a,b) < k — 1. The probability of
having such a cycle with a, b fixed equals % by the same logic. Hence, the probability that (ii) holds is

D)
Ok/n). O

ProOF oF LEMMA 9.8. By Lemma 9.3,

1
P, (Cpny(0) = 0,0 odd) = FPresa\a, (Ciny(r) =0)

(1/2)e~Hn - O(1/n?3) > 1/n

if n is large enough. O
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3. Application: Irreducibility of polynomials over Q

A famous conjecture of Odlyzko and Poonen states that a random polynomial
(9.4) "+ ap 2" a4+ 1,

where each a; € {0, 1} is randomly chosen, is irreducible with probability — 1 as n — oo. Variations on this
problem put the coefficients a; in other finite sets, e.g. {—1,1}. Here are some highlights of what’s known.

e Almost all polynomials of shape (9.4) with a,, € {0,1} have no irreducible factor < cn/logn, for
some ¢ > 0 (Konyagin [49], 1999). This was improved in Bary-Soroker, Koukoulopoulos and Kozma
[4] in 2022, where the conclusion is that with probability — 1 as n — oo, the polynomial has no
irreducible factor < cn, for some ¢ > 0.

e Almost all polynomials of shape (9.4) with a,, € {1,2,...,210} are irreducible (Bary-Soroker and
Kozma [5], 2020). The methods were refined in work of Bary-Soroker, Koukoulopoulos and Kozma
[4] in 2022, where they show the same conclusion with a,, € {1,2,...,35} and other finite sets.

e Assuming the GRH for Dedekind zeta-functions, almost all polynomials of shape (9.4) with a,, €
{0,1} are irreducible (Bruillard, Varju [7], 2019).

Here we discuss the proof of Bary-Soroker and Kozma’s “210” theorem, because of its connection to
random permutations. The authors consider polynomials

flx)=2a"+ 12"V 4+ 4 a1z + ag
with each a; € {1,2,...,210} chosen uniformly at random. We sketch the proof of

THEOREM 9.10. Let £(n) — oo as n — oo. With probability — 1 as n — oo, f(x) has no factor of
degree in [(n),n — 1].

The key idea is that 210 = 2-3 -5 -7, and there is a natural bijection between such f and the vector
(f2, fs, f5, f7) of its reduction modulo 2,3,5 and 7. Moreover, each f, is a random polynomial over F,, and
(this is crucial!) the Chinese Remainder Theorem implies that the random polynomials fs, f3, f5, f7 are
independent. Also, if f has a factor or degree k, then so do fa, fs, f5, f7 (these need not be irreducible!).

The second key idea is the well-known fact that the distribution of the sizes of the irreducible factors of
a random polynomial of degree n over F, is roughly the same as the distribution of the sizes of cycles of a
random permutation ¢ € S,,. This is relatively easy to establish since we have exact formulas in both cases.

LEMMA 9.11. Let f be a random monic polynomial of degree n over Fy, where q is a prime power. Let
I(r) be the number of irreducible factors of f of degree r. Then, if mq +2mg +--- +nm, =n,

n

P(Ip(1) =ma,....,I¢(n) =my) = [ [ ali,m),

i=1
where

alis1) = S pl/i)d ™, alim) =

jli

(a(i,1) + ¢~ (m = 1)(a(i, 1) + ¢ *(m = 2)) .- a(i, 1)
m!

PROOF. The main task is to show that a(i,m)g"™ is the number of m-tuples (duplicates allowed) of
monic, irreducible polynomials of degree i over ;. Once this is established, we follow the idea of Lemma

1.1, getting
E«mvn(Uw)zﬁmmw

and then noticing that if m; +2ms +- - - +nm,, = n, the product of binomials on the left equals 1 if and only
if I(r) = m, for all r. We begin with the interpretation of «(i,1). Let m4(d) be the number of irreducible
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polynomials of degree d (all polynomials will be monic and over F,;). Let I denote a generic irreducible
polynomial of any degree. Then

ng" = Z Zdeg([)

deg F=n I"|F

= Y deg(I)-|[{F :deg(F) =n,I"|F}|

v-deg I<n

— Z deg(I) . qn—vdcg(l)

v-deg I<n
n
=q" > ™Y dmy(d).
m=1 dlm

Divide by ¢™, then apply this at n and n — 1 and take the difference. This gives
" = Z dmg(d).
d|n

By Mobius inversion,
ng(n) = u(d)g™* =" p(n/d)q?,
d|n d|n
and therefore
a(d,1) = ¢~ "my(d),
as desired.
Finally, the number of ways one can choose m irreducible polynomials of degree d is

<7rq(d) :rnm - 1) — g™ a(d, m).

For large ¢ we have

1 . 1
a(i,1) = T O(q"?) ~ A
and )
Y 1/iym
a(i,m) =~ ai, m) ~ (1/7) )
m! m!

Thus, the distribution of (I¢(1),...,If(k)) is about the same as the distribution of (Ci(o),...,Ck(c)). For
precise statements, see [1].

Heuristically, the probability that fa,..., f7 all have a factor of the same degree in [£(n),n — 1] should
be approximately the same as the probability that four random permutations each have a divisor of size k
for some k € [¢(n),n — 1]. This latter probability is — 0 as n — oo, essentially the proof of Theorem 9.4.
See Exercise 9.1 below.

4. Exercises

EXERCISE 9.1. Show that for some constant ¢ > 0, the probability that D(o1) N--- N D(04) contains
an element in [K,n — K] is O(K~°).
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