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Random integers

How are the prime factors of a random integer n < z distributed ?

7

(Erd6s; Kubilius). Random integer n < x, 1 < a < b < loglog x. Then
#{p|n : e <p< ecb} ~ Poisson(b — a)
and approx. independent for disjoint intervals (a, b].

Idea: V prime p, P(p|n) ~ 1/p. By Mertens,
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ec® <p<e®

1
- ~b—a.
b p




Divisors of a random integer n < x

Look at Divisors on a log-scale
e About log log ¢ prime factors below t;
e About 2'°81°8¢ — (Jog t)!°82 divisors below t;
® Prime factors pi, p2, . . ., pr. Then

Dn = {logd : d|n} = {O,Ingl} + {O,Ingg} +ot {O,Ingk}

Much more complicated distribution.

Erd6s’ conjecture (1948)

Conjecture: Almost all n have two divisors d, d’ with d < d’ < 2d.

Heuristic: D,, — D,, = {log(d'/d) : d|n,d|n,(d,d’) = 1} has
3% ~ (logn)'°¢3 elements, all in [—log n,1og n]. There should be ele-
ments near 0 because log 3 > 1.




Erdés’ conjecture (1948)

Conjecture: Almost all n have two divisors d, d’ with d < d’ < 2d.

Heuristic: D,, — D,, = {log(d’'/d) : d|n,d'|n,(d,d’) = 1} has
3% ~ (logn)'°83 elements, all in [— logn, logn]. There should be ele-
ments near 0.

The Erd6és-Hooley Delta function

\.

A(n) == maxy>o | Dy N [u, u+1]| = max,so [{d|n : ¥ < d < e*T1}].

Erd6s’ conjecture roughly equivalent to A(n) > 2 for most n.

Hooley (1979 paper): motivated by applications to Diophantine equations;
further applications - Vaughan, Browning, la Breteche, ...




A(n) := max,>0 |Dp N [u,u + 1]] = max,=o |{d|n : e* < d < e*T1}].

Work of Maier-Tenenbaum

Maier-Tenenbaum, 1984. Erdds’ conjecture is true. Moreover, for
most 1, A(n) > (loglog n)1=°(1) where

_ log 2
log(1 —1/log3)

Hy =

=0.28754 ...

Maier-Tenenbaum, 2009. For almost all n,

(loglogn) "2 < A(n) < (loglogn)*s**(),

where o
08
108(%)

MT conjectured that A(n) = (loglogn)#2+°() for most n.




Maier-Tenenbaum main ideas

@ Focus of prime factors in J = (v/, y], where

1
"= 1 c=e =1———=0.089760...
y =exp{(logy)* =}, log3
Let D, (J) := {logd : d|n,p|d = p € J}. Show that D,,(J) — Dy (J)
nicely distributed in [— log n, log n].

® Use a small number of larger primes to fill any gap in D,,(J) — D, (J)

near 0. Getny = ]_[pe Tpln P has two close divisors.

@® Apply the above argument to many disjoint intervals .J; = [y}, y;] to
generate many close divisors of n. Get 1984 bounds.

O 2009: Exploit the “unused primes” in .J; (j < 7) to augment the
argument in (1), (2). Succeed with shorter intervals

1—1/log3

1—1/log27 0128857

", yl, y" =exp{(logy)’ <},



New model (F, Green, Koukoulopoulos; 2019+)

#{p|n, e* < p < 1} ~ Poisson(1/k) ~ Bernouilli(1/k).

Consider a random subset <7 of {1,2,..., N}, where

Pk e o) = 1/k.

o/ <> {logp : p|n} for random n < e,

AW)HI%%%:Q?#{%:%:Za:n%
acA
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Example: o7 = {1,2,4,5,7}. Then F(/) = 3, corresponding to k = 7
ork =12, e.g.

T=7=5+2=4+2+1.




(Setup) <7 is a random, harmonic weighted, subset of {1,..., N}.

F(4/) := max #{AC%: Za:m}
" acA

Corespondence a < logp, > a <> logd.

Thm (FGK, 2019+). Let ¢ = 0.3533227 ... (a specific number). Then

F(o7) = (log N)S~°1)  with prob. — 1 as N — co.

Corollary: For almost all , A(n) > (loglogn)¢—°(),

\

Compare with MT (°09) : A(n) > (loglog n)0-33827-—o(1),

[ Conjecture (FGK). For most , A(n) = (loglogn)¢to(),




Theorem (FGK, 2019+). Let
B :=sup{c: F(«/ n [N N]) = k with prob. — 1 as N — c0}.

Then log k
. og
limsup —————— > ¢ =0.3533...
M0 S 1 oe(1/Br) ~

This corresponds to: Maximize ¢ so that ny = {d|n : p|d = p € J} has k
close divisors for almost all n, with

J = (exp{(logy)°},y].



B :=sup{c: F(«/ n [N° N]) = k with prob. - 1as N — oo}.

Theorem: FGK, 2019+ For each k > 2, let a;; be the supremum of numbers
« so that almost all n have & divisors in

(y’y i (logy)“]

Bk

for some y. Then, for all &, o, > )
1 — B

\.

Erdos-Hall,Maier-Tenenbaum: [, = 101%2;1, ag =1log3 — 1 ~ 0.0986

o 1 2 log3—1 771,3771—1 o
M-T: For 2" ! < L < 2™, k(ﬁl >y = 7((1§g27_)1)m,1 A g 1/0-33287

[ Conjecture (FGK): o, = 1€%k




Theorem (FGK, 2021+)

We have
log 3 — | )
—°°%  — —0.02616218. .1
" o3 +o N 33223 ¥ 7 37023
and
log3 — 1 . 1
Ba= 8 — 0.01295186..

>
~ 77200 7 76200

1 1
10g3 * 1 v P1P2

where

= % log <%>

P1= . py= |
log(3/2) 1+ log (%) — log(1 + 21—p1)

Further, B
B o o VSR




[Problem: Find largest ¢ so w.h.p., & n [N€¢, N] has k equal subset sums.

Suppose Z == Z a.

acAq acAy

Let B, forw < {1, ..., k}, be the Venn diagram pieces.

Data to be optimized:

® Threshholdsc=c¢, 11 <¢, <+ <cp = 1.
_ By (N, N
" [ A (NN

| fr | o H3 P M2 m |
I I I I I I

Cri1 cr c4 3 C2 c=1

® Measures ji1, . . ., fi, Where p;(w)

Maier-Tenenbaum: Optimal (uniform) measure for £ = 2; sub-optimal
choices for all £ > 2.



Optimal choices for £ = 2 (Maier-Tenenbaum, 1984)

Optimal measure f;:

A1 AQ

Wl

61:1



Choices for £ = 4 (Maier-Tenenbaum, 2009)

1

; 1——L
L o 1 ~ 1 _ log3 1
3 = c(1 10g3> ~ 86.457 2 = I gy 716
| | |
i i i
C3 M2 C2 K1 c1 =
Ay

Optimal p1:

M2




k = 3 case, new analysis - FGK

c3 =0.026162... ~ 3052 cp = 0.2987701 ...

| | |

I I I
pi2 cy 1 o =

C3




k = 4 case, new analysis - FGK

cqs = 0.012951... ~ 77% c3 =0.147909... o =0.152555. ..

| | | |

I I
2 1
C4 C3 H C2 H cgt=1

* Identify parts of Venn diagram with w € {0,1}* =: Q.

® 13 is nonzero on every piece of the Venn diagram except
A1 n Ay N Ag n Ay; thatis, w = 1111.

® o is supported on SpanQ(llll, 1010,0001) n €;

® 41 is supported on SpanQ(llll, 1010) n €2 = (0000, 1111, 1010,0101);
mass 1/3 each on 1010, 0101 and 0000.



Linear algebra: some details

Ya=-=>a

acA; ac Ay,

@ Let Vo = Spang(11---1). Pieces V5 N €2 don’t matter.

@ Let w; € Q) be the piece, not in Vj, containing the largest element, a1,
of S =A;u---Ag. Let V] = Span@(ll -+-1,wy). WHPa; ~ N.

® Let wy be the piece, not in V7 with the largest element as = N2; Let
V2 = Spang(11-- -1, w1, w2).
@ continue in this way, finishing with a sequence

1 <cC <:---<cp=1
and a flag of vector spaces

Vi VosVi<-- <V, <Qr




r

Definitions: For measure s, subspace W < QF, define the entropy

1
1 - -
Z,u - p(W + z)

We say that 7" : V§ < V] < --- < V]isasubflagof ¥ if V; < V; Vj.

7

Entropy condition: Given a subflag ¥” of ¥, let

T
=3 [ — e (V) + dim(VI/ V7).

Def: ;, is the supremum of ¢ > 0 such that 3 ¢;, p;, 7 with

Gt = @, e(V') =e(?) (V subflags 7).

Theorem (FGK, 2019+)

We (almost) have B = %.




Where the constant ( = 0.3533 ... comes from

7

For k = 2" we consider a special binary flag of order r:
Identify Q" with QP[T], and for ¢ = 1,...,r let V; be the subspace of all
(75)scy for which g = zgp; forall S < [r].

\.

~

Theorem (FGK, 2019+)

We have By = (p/2)"+°(1), where p = 0.28121134969637466015 . . .
is the unique solution in (0, 1) of the equation

1 L1 aj1 + af
=log2 + Z — log (Li),
1—p/2 =l 27 aj+1 —aj
where the sequence a; is defined by
a1=2, ax=2+42° q;= ]2;1—1—@5._1—%2{2 (5 =3).




