THE DISTRIBUTION OF DIVISORS OF POLYNOMIALS
KEVIN FORD AND GUOYOU QIAN

ABSTRACT. Let F'(x) be an irreducible polynomial with integer coefficients and degree at least 2.
Forz > z > y > 2, denote by Hp(x, y, z) the number of integers n < x such that F'(n) has at least
one divisor d with y < d < z. We determine the order of magnitude of Hp(x,y, z) uniformly for
y+y/ log®y < z < y? and y < 2'?, showing that the order is the same as the order of H(z,y,z),
the number of positive integers n < z with a divisor in (y, z]. Here C' is an arbitrarily large constant
and 0 > 0 is arbitrarily small.

1. Introduction

Let F'(t) € Z[t] be an irreducible polynomial of degree g > 2. In this paper we study the size
of Hp(z,y, z), the number of positive integers n < z for which F'(n) has a divisor in (y, z]. The
special case F'(t) = t, counting integers n < z with a divisor in (y, z], is classical and goes back
to early work of Besicovitch and Erd6s in the 1930s. In 2008, the first author [7] determined the
exact order of growth of H (z,y, z) for all =, y, z. In particular, we have

X
1.1 H o) = 10<y<
(1.1) (,9,2y) oz s (loglog 1) (10 <y < V),
where 1+ loglog 2
£—1-_-1"0808% 086071332, ..
log 2

The corresponding estimate for a linear polynomial F' follows from an argument identical to that
in [7], uniformly in the coefficients (see e.g., Proposition 2 in [10]). The study of Hp(z,y, z) for
a general polynomial began in connection with the problem of bounding from below the largest
prime factor of [ [, _, F'(n). This problem began with work of Chebyshev (see Markov [22]) for
F(t) = t* + 1 and has received a great deal of attention since. For work on bounding the largest
prime factor of [ [, _, F'(n) for specific polynomials F', see the important papers of Ivanov [15],
Hooley [12], Hooley [13], Deshouillers and Iwaniec [2], Heath-Brown [11], Irving [14], Dartyge
[1], 1a Breteche [18], la Breteche and Drappeau [19] and Merikowski [23]. The first bound on
the largest prime factor of [ [, F'(n) for general F' is due to Nagell [24], and was subsequently
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improved by Erdés [4], ErdSs and Schinzel [5], and most recently by Tenenbaum [28]. Erd6s and
Schinzel [5] gave the explicit lower bound

max {p : p‘ I F(n)} > Texp {log‘”HF(g;, o),

gx 2

n<e

where ¢ is the degree of I (this bound is also implicit in Erdds [4]). The best lower bounds for
Hp(x,2/2,x) are due to Tenenbaum [28], who showed that

(1.2) Hp(z,2/2, %) »p x/(log x)e4=1+eW (x — ).

In [27], Tenenbaum took up the problem of bounding Hr(z,y, z) for general x,y, z. There are
technical difficulties that arise when y > x, and thus Tenenbaum restricted his attention to the case
y < 2'79 for some fixed § > 0. In this case he proved the following (we compare with the size of
H(z,y, z), as the order is now known).

Theorem T1. Let 6 > 0 and C' > 1 be real. Then if yq is large enough, depending only on 9, C' F,
and also yo < y < 2% and y + y/(log y)© < 2z < 92, then

Hp(z,y,2) = H(z,y,2) exp{Osc.r(1/loglog y loglog log y)}.

In particular, combined with (1.1) we see that Hp(z,y,2y) = z(logy) ¢*°(!) uniformly for
Yo < y < x'7°. Tenenbaum’s paper deals with arbitrary polynomials, irreducible or reducible. In
order to remove various technical issues that pertain to reducible polynomials, we focus here on
the irreducible case. We record here only one of the more important estimates of Tenenbaum in
the reducible case; see (1.13) in [27].

Theorem T2. Let I' € Z[z] be a reducible polynomial which factors as F'(z) = [;_, Fj(x)™,
where F', ..., F, are distinct and irreducible. Define T = —1+Zj log(aj+1). Foranyé > 0, there

1-6

is a constant C so that uniformly for y +vy/(logy)™° < zand y < 17° we have Hp(x,vy, 2) = z,

the implied constants depending on F', d.

Let p(d) be the number of solutions of F'(n) = 0 (mod d). Heuristically, we expect Hp(x,y, 2)
to behave like H (x, y, z) since the average of p(p) over primes p is 1. Consequently, the distribution
of the the prime factors of F'(n), over a randomly chosen n < x, should be very close to the
distribution of the prime factors of that for a randomly chosen n < x. We confirm this heuristic
in the same range of the variables as in Theorem T1. In order to facilitate future applications, we
state a lower bound for the number of n € (x/2, x| with F(n) having a divisor in (y, z].

Theorem 1. Let F'(t) € Z[t] be irreducible. Let § > 0 be an arbitrarily small positive constant,
and C > 1 an arbitrarily large constant. For some sufficiently large yo = yo(F, 0, C), we have

HF(Iayaz) « H(ZE,y,Z) « HF(I7y7Z) - HF(iL'/Q,y,Z)

$1_6

uniformly in the range 1y < y < and y + y/ logc y < z < y* The constants implied by «

may depend on F', 0, C.

Combining Theorem 1 with (1.1), we see that



DIVISORS OF POLYNOMIALS 3

Corollary 2. Let F'(t) € Z[t] be irreducible. Fix § > 0. There is a constant yy = 3o(J, ') such
that uniformly for y, < y < !9, we have

xT
HF(xvya 2y) =

(log y)* (log log y)*

According the the above heuristic, it is natural to conjecture that the conclusion of Corollary 2
holds in a larger range of y, perhaps y < z97°. In particular, taking y = z/2, we conjecture that
when g > 2, Hp(z,x/2,x) has order ( If true, this is a large improvement over
Tenenbaum’s bound (1.2).

To prove Theorem 1, we develop a hybrid of the methods from [27] and [7]. The proof of the
lower bound is accomplished in Section 3, and Section 4 contains the proof of the upper bound. A
crucial device used in the upper bound in [7] is not available in the context of divisors of polyno-
mials, and we must develop an alternative approach.

We note the formula

Hilz,y,2) = i(_l)k—l Z <lme(lcm[dl, oy di]) + O(p(lem[dy, ..., dk]))>,

k=1 y<di<--<dp<z

x
log y)€ (loglog y)3/2*

a consequence of inclusion-exclusion. However, this has too many summands to be of any use in
bounding Hp(x,y, z) unless the interval (y, z] is very short.

2. PRELIMINARIES

2.1. Notation. The symbols p, ¢ (with or without subscripts) always denote primes. Constants
implied by O, «, » and = symbols depend on F', y and C' in Theorem 1. Dependence on any other
parameter will be indicated, e.g. by a subscript. The notation f = g means f « gand g < f.

The symbol p, with or without subscripts, always denotes a prime. Let P (n) be the largest
prime factor of n, and P~ (n) be the smallest prime factor of n. Adopt the conventions P*(1) = 0
and P~ (1) = oo. Forany t > s > 1, denote by &(s,t) the set of squarefree positive integers
composed only of prime factors p € (s, t]. In particular, 1 € Z(s,t) for any s, t. Let

T(nyy,z) = #{dn 1y <d < z}.
Given an integer n > 1, we say d|n™ if every prime factor of d divides n. As noted earlier, we
denote by p(d) the number of solutions of the congruence
F(n)=0 (mod d).
It follows from the Chinese remainder theorem that p(n) is a multiplicative function of n. Let D

be the discriminant of F(X). Then we have (cf. Theorems 42, 52, 54 of Nagell [25]") for any
prime p and positive integer a,

@1 o)< {9 PtDr,
gD%  if p|Dp.

1Nagell uses the term “primitive” to refer to a polynomial with the greatest common divisor of its coefficients equal
to 1.
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We also associate with F' an Euler-like function
(2.2) or(n) :=n] (1= p(p)/p)
pln
In particular, we have ¢ (n) # 0 whenever P~ (n) > gD2.
As in [7], for a given pair (y, z) with 4 < y < z, we define 1, u, 3, £ by
2.3 =ely =y n=(logy) "’ Clogd 14—
(2.3) z=ely=y 7 n=_(ogy)", S=log Toalons

For z < ey, we need the following function

B, if 3 =1log4 —1,
(2.4) G(8) =
( ) llogg 1Og <€1140rg52> +17 0<6 10g4—1,
as well as
2:5) 2 = z0(y) == yexp{(logy)' 7"} ~ y + y/(logy) =",
With this notation, given any § > 0, we have [7, Theorem 1], uniformly for 3 < y < z'9,
log(z/y) =n y+1<z2<z2()
v 20(y) < 2 <2y
H(x,y,2) < max(1, —¢)(log y)¢®)
=
Ué(lOg %)_3/2 2y <z< y2
1 z = yz.

\

Our goal is to show the same bounds for Hp(x,y, 2)

2.2. Bakground lemmata. Our first result is a consequence of the Prime Ideal Theorem with
classical de la Valée Poussin error term (see [20], Satz 190).

Lemma 2.1. There are two positive constants ¢, and cy, which depend on F', such that
Z Pl =loglogz + ¢; + O(e~2VIoe™),
p<z

In [3], Erd6s showed that > _, p(n) > cx for some constant ¢ when z is sufficiently large.
This was sharpened by Fomenko [6] and Kim [16], the sharpest known bounds (for large degree
g) being the result of Lii [21]. We shall only require a very weak version of the bound.

Lemma 2.2 ([21, Theorems 1.1,1.2]). For any € > 0, we have
Z p(d) = Apz + Oa(x1_3/(9+6)+6)

d<z
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where Ar is a constant depending on F.
We need a generalization of a bound from Tenenbaum [27].

Lemma 2.3 (Tenenbaum [27, Lemma 3.4]). Suppose that () is an integer divisible by Dp. Let d,,
dy be two integers such that do|Q*, (dy1,Q) = 1. Let K, K’ be real number satisfying 0 < K <
1 < K'. Suppose that x is sufficiently large, depending only on K, K'. Then there is a positive
constant c3 = c3(K, F, Q) < 1 such that under the conditions

!

2<t <%, dyd; < JJI_K, P+(d0d1) < tr )

we have

T d d
(26) Z I =xxQ 7 tp(d o) p((;)).
n<z,dod1|F(n) 0g 0 $rla
p|F(n)=p|Qd1 or p>t

Moreover, the same order lower bound follows when n is restricted to (x/2,z]. In addition, the
relation (2.6) holds, replacing the sign = o with <y i, when P* (dyd,) > tK orz® <t < .

Proof. This follows from the proof of Tenenabum [27, Lemma 3.4]]; there, the lemma is proved
when Q = DpF (1) and counting all n < x, but the same proof works for x/2 < n < x and an
arbitrary () divisible by Dp. Also, the case z < t < x is not considered explicitly in [27]. How-
ever, the stated result follows by applying [27, Lemma 3.4] with ¢ replaced by ¢’ := min(z,t),
and noting that logt’ =y p logt when ¢t < x. O

Lemma 2.4 (Tenenbaum [27, Lemma 3.7]). We have uniformly for w > v > 2, x > 2 that

log w
{néx: 1_[ pa>w} <<:Eexp{—c4 & },

p°|F(n) logv
p<v

where ¢y = c4(F)) is a positive constant.
Lemma 2.5 (Norton [26, §4]). Suppose 0 < h < m < x and m — h = +/x. Then

k m
Z T min (ﬁ, L>$—
k! z—m/ m!

h<k<m

To understand the global distribution of the divisors of integers, we introduce a function which
measures the degree of clustering of the divisors of an integer a. For o > 0, we define

L(a;o) ={rxeR:7(a;e”, ") = 1}
and
L(a;0) = meas.Z(a;0),

where meas(-) denotes Lebesgue measure. We record easy bounds for L(a; o).
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Lemma 2.6. We have
() If (a,b) = 1, then L(ab;0) < 7(b)L(a;0);
(i) If p1 < --- < px, then

L(p -+ prio) < min 27 (log(ps -~ p;) + 0).

0<j<k
(ii1) For any a € N and o > 0 we have
L(a;0) = 0(27(a) — W(a;0)),
where
2.7) W(a;0) = [{d|a, d'|a : [log(d/d')| < o}|.

Proof. Parts (i) and (i1) are proved in Ford [7],Lemma 3.1. To show part (ii1), let D be the set of
divisors d|a such that there is no divisor d’|a with |log(d/d")| < o (isolated divisors). The desired
inequality follows from the fact that L(a; o) = o|D| and

Wi(a;0) = 1(a) + (1(a) — |D|). dJ

Lemma 2.7. Foranyr < s < tandn > 0 we have

3 L(a;n)p(a) (10gt>2 5 L(a:n)p(a)

a log s a

aeP(r,t) aeP(r,s)

Proof. For any a € & (r,t), decompose a uniquely as a = a’a” where P*(a’) < s < P~(a"), and
write L(a;n) < 7(a”)L(a’;n) from Lemma 2.6 (i). Using Lemma 2.1 we have

2
3, T[] (1, 20) ()
a’eP(s,t) a” s<p<t p log S

and the proof is complete. U

3. LOWER BOUND

In this section we prove the lower bound in Theorem 1. As in [7], we first bound Hg(x,y, 2)
in terms of an average of L(a;n)p(a)/a. This be thought of as a kind of local-to-global principle.
Recall the definition (2.3) of . Also define

(3.1) D=109D;, Q=[]

p<D

By (2.1), we have

(3.2) or(p®) = %a (rtQ).
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Proposition 3.1. Let C' and § be two positive real numbers with 0 < 0 < 1. Suppose that y is
sufficiently large (depending on F,0,C), y < z = ey < x'792, and — ” < n < logy (in

logc

particular, z < y?). Then

x L(a; a
(33) HF(xaya Z) _HF(I'/Q,@/, Z) > 2 Z M
gy aeP(D,z) a

) ) v
— mi °F - - 7
v mln{03<3, ,Q>,3}, € 6y

with 03(2, F, Q) being defined as in Lemma 2.3. Let
A={aeN:a<y’pla)>0u*a)=1,(aQ) =1}

For a € A, we consider integers n € (z/2, z] such that F'(n) has the decomposition

(3.4) F(n) = apb

satisfying the following conditions

(+) (i) p is a prime factor of F'(n) with p > D and log(%) € Z(a;n),
(ii) Every prime factor ¢|b satisfies ¢|lap@ or ¢ > R := min(z, z").

Proof. Define

If F'(n) satisfies (*), then there is a divisor d of a such that y < pd < z, which implies that

(3.5) déaéy”<yl_”<%<p<z.
In particular, p > a implies that (a, p) = 1.

With n fixed, let r(n) be the number of triples a, p, b such that (3.4) holds subject to (). We
assume that y is large enough so that 3y > Q2. Thus, (3.5) imply that p > D. We claim that
r(n) « 1forall n. If z < z, then R = z and it is clear from (3.5) that a, p, b are unique. Hence
r(n) < 1. If 2 > 2%, then R = z¥ and 5y > z%/% > 2¥/2. Since F(n) « 29 for n < z, we see that
F(n) has O(1) prime factors (counted with multiplicity) larger than y”. By (3.5), a must contain
all of the prime factors of F'(n) which are below y”, except for those dividing ). There are O(1)
possible ways of distributing the prime factors of F'(n) which are > y” among the numbers b and
p, and therefore 7(n) « 1 in this case.

Therefore, we have

Hp(x,y,z) — Hp(x/2,y,2) = Z 1> Z r(n)

z/2<n<z z/2<n<z
r(n)>0
(3.6)
DY >
acA log(y/p)eZ(a;n)  x/2<n<z,ap|F(n)
q|F'(n) = glapQ or g>R
Moreover,

ap < az < Z1+u < x(1—6/2)(1+u) < 5(;(1_5/2)(1+5/3) < xl—é/ﬁ)
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as well as
R < 25619, P*(pa) < z < RY".

Applying Lemma 2.3 with dy = 1, d; = ap, K = §/3 and K’ = 1/v, we find that
Y Ly % plap) oz pla) p(p)

z/2<n<z,ap|F(n) log R S0F(ap) log R a p

q|F(n)=qlapQ or ¢>R

Thus, from (3.6), we derive that

HF(x7y7 ) ]{F(':C/2 Y,z

o Pv)
E

log Y log(L)e# (ain)

Now .Z(a;n) is the disjoint union of intervals of length between 7/2 and 7, and  » 1/(log y)“ by
assumption. Hence, using p > y'~”, repeated application of Lemma 2.1 implies

> .
P logy

Z p(p) _ L(a;n)
log(y/p)eZ(asn)

We conclude that

3.7) Hp(x,y,z) — Hp(x/2,y,2) »

T 3 L(a;n)p(a)
log2 iy a

We next relax the condition a < y” in the summation over a. Recall that ¢ = v/(6g). We have

(3.8) y Hanela) o 5o Lainla) (1_110gci >
a<y” a ac2(D.y°) a 0g(y")
(a,Q)=1
u2(a):1

Write loga = >}, logp, a = pf with (p, f) = 1, use p(fp) = p(p)p(f) < gp(f) by (2.1) and
L(pf;n) < 2L(f;n) from Lemma 2.6 (i). This gives

! <2 Y log p 3 L(f;m)p(f)

ae P (D,y°) D<p<y*© p 1e2(D.y*) /

< 2g(log(y") + O(1)) >, —L<f;7})p(f),

by Mertens’ estimate. If y is sufficiently large in terms of ¢ and F', then 2¢g(log(y°) + O(1)) <
& log y. Inserting this last bound into (3.8), we obtain

L(a; a)loga
3 (a;n)p(a)log

feZ(Dy®)

=

a 2
acA a<y” aeP(D,y*)

(a7Q)=1
n?(a)=1

L(a; a L(a; a 1 L(a; a
Z(z)p()zz (a;m)pla) _ 3 (a;n)pla)

a
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Inserting this into (3.7), and applying Lemma 2.7 with ¢ = z and s = ¥, we conclude the proof.
O

Next, as in [7], we relate the sum over a in Lemma 3.1 to an average of the function W (a;n)
from (2.7).

Lemma 3.2. Let C and § be two positive real numbers with 0 < 6 < 1. Suppose y is sufficiently

large (depending on F,C,0), y < z = ey < 2! and loglcy < n < logy (in particular,
2 < y?). Then
1 +n)x 27(a) — W(a; a
HF(ZL‘,y,Z) — HF(x/Z’%Z) > u Z ( ( ) ( 77))0( )

2
IOg Y ae P (max(D,z/y),z) ¢

Proof. In the summation on the right side of (3.3), decompose a uniquely as a = a’a”, where
P*(d') < z/y < P~(a"). Asin [7, Lemma 4.2], the prime factors < z/y have little effect, and we
do not lose much using the trivial inequality

L(a;n) = L(a";n).

Therefore, because p is multiplicative,

3 L{a;mpla) _ D p(d) D L(a";n)p(a”)
a - a a’ '
aeZ?(D,y*) a'€e?(D,z/y) a"e P (max(D,z/y),z)

Writing the sum on o’ as an Euler product, and then using Lemma 2.1 we see that

Z P(Cf’): H (14—%?9)) >>exp{ Z %}>>1+10g(z/y):1+77_

h a
a'e?(D,z/y) D<p<z/y D<p<z/y

Finally, in the sum over a”, we invoke Lemma 2.6 (iii) to obtain L(a";n) = n(27(a") — W (a";n)),
and the proof is complete. 0

From Lemma 3.2, to obtain a lower bound for Hg(x,y, z), we need to provide an upper bound
on the sum over 2402 - For the purpose, we partition the primes into sets Ey, Fs, ... and then
consider those integers a with a prescribed number of prime factors in each interval E;. The
partition is similar to that in [7, Section 4]. Each E; consists of the primes in an interval (A\;_;, A;],
Whe;e A = Dand \; ~ )\f_l; specifically, A; is defined inductively for j > 1 as the largest prime
so that

(3.9) > ) log 2.
)\j,1<p<)\j

Note that p(p)/p < log 2 always holds when p > Ay = D, so that each set £; is nonempty.
By Lemma 2.1, we have

loglog \; — loglog \;_y = log 2 + O(e Ve d1),
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By summing the above sum from r = 1 to 7, we get

J
log \; — log(D) = jlog2 + O(Z e~V IOgA"*1> = jlog2+ O(1),
r=1

which implies that
(3.10) 217% < log \j < 275 (j = 0)

for some absolute constant c5. For a vector b = (by, ..., b;) of non-negative integers, let .A(b) be
the set of square-free integers a composed of exactly b; prime factors from E; for each j. The
following is analogous to [7, Lemma 4.7]. Here M is a sufficiently large constant, which depends
only on F', and hence M depend on cy, co, ¢4, c5 as well.

Lemma 3.3. Suppose n > 0, b = (by, ..., b,) and define m = min{j : b; = 1}. If n < 1, further
assume that m = M and that b; < 292 for each j. Then

W (a; 2log 2)bm+tbn ho
Z (a;n)p(a) < ( Zg') — [1‘01 + (2% ¢sg)n Z 2—J+bm+~~~ba‘>]_
acA(b) me o j=m

for some absolute constant cg > 0.
Proof. Letk = b,, + --- +by. Forj > 0, let k; = Zigj
(311) Pkj_1+15" " s Dk, EEj (mgj < h’)

and the primes in each interval £ are unordered. Since W (p; - - - py;n) is the number of pairs
Y, Z < {1,--- ,k} with

b;. Leta = py - - - px, where

(3.12) —n < Y logp; — > logp; <,
€Y i€z
we have
W (a; 1 .
(3.13) Z (a;m)p(a) < Z Z p(p1 pk)_
a bm'bh' P1- Pk
acA(b) Y,Z<{1,....k} _Pls-Dk
(3.11),(3.12)

(2log 2)*
b !-+-bp!

There are 2" pairs (Y, Z) with Y = Z, and thus these pairs contribute at most
side of (3.13).

When Y # Z, let I = max(YAZ) and we will split off the term log p; from the inequalities
(3.12). Define E(I) by kg1 < I < kg(p), so that p; € Eg). Let
(3.14) (=min{j: )\ =>n?}.

We distinguish two cases: (i) £(I) > ¢; (i) m < E(I) < (.
Consider first a pair Y, Z in case (i). With p; all fixed for ¢ # I, (3.12) implies that p; lies in an
interval of the form (U, Ue®"], where U = Ag(;) = 12 depends on p; for i # I. By (2.1),

p(p1 1 n —B(I)+c
U<pr<e?nU pr U<pr<e2nU pr Og

to the right
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for an absolute constant cg (here we use the Brun-Titchmarsh inequality for < 1 and the Mertens’
bound for primes when 1 > 1). Therefore, with Y and Z fixed, the sum over py, ..., p; on the
right side of (3.13) is at most

cogn2 " fytes (log 2)
using (3.9). With I fixed there are 2~1+! pairs Y, Z. We also have
S I1-E(I) S j I . j+k
B ~ ks
12212 _];Lz kj;gka <2]§2 i

We find that the contribution to the right side of (3.13) from those Y, Z counted in case (i) is

< (21+05 210g2 Z 2~ J+bm+-- b

In case (i1), (3.14) implies
(3.15) n < AP < exp{—2-17%).
Write
!/

/
a:apke+1...pk’ a:pl...pk[

By hypothesis, Y (\{k¢ + 1,....,k} = Z({ke + 1,...,k}. We use a trivial bound (3.9) for the

SUms OVer Py, 41, - - -, P on the right side of (3.13), summing over the 2°~*¢ possibilities for the
set Y ({ke +1,....,k} = Z({ke + 1, ..., k}, then expressing the remaining sum over py, . . ., Dk,
Yn{l,...,ktand Z n {1,..., k;} in terms of a sum on a’. We conclude that the contribution to

the right side of (3.13) from those Y, Z counted in case (i1) is

(210 2)"* Tl ol

3.16 <
©3.16) beyr!- - bp!

a/

The factor W (a’;n) — 7(a’) arises due to our counting only of sets with Y # Z. From (2.7), we
see that

W (d';m) = 7(a') = 24{(dh, o) : dha, dafa’, 1 < da/dy < €7},
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Suppose dy|a’, ds]a’ and 1 < dy/dy < €. Letd = (dy,ds),d; = fid,dy = fod and o’ = df; foa”.
Since p(f2) < g“2) < g™ by (2.1), we obtain

(W(a";n) —7(a’))p(a’) pla"df:) p(f2)

3 W Hae) o, 5 o)y

a’ a"df1€<@()\0,)\[)
ke pla”df:) 1
S AP Y eV

a”df1€2(Xo,\e) fi<fe<enfi

fi<fe<enfy f2

Z p(a”df1)
vineroon) @

3
< 4gFn H (1 + —)

Ao<p<Ay

<4gkenexp{3 Z %}

Ao<p<Ap

< 4gPn

< gk‘g 23€+2,’7

)

where we used (3.9) in the last step. Inserting this last bound into (3.16), we see that the contribu-
tion to the right side of (3.13) from the sets Y, Z in case (i) is at most

(2log 2)*
bin! - - !

By assumption, k; < 4 - 22, Using (3.15) and the bound b; < 27/2, we see that

v, Vo= ghe23t 2y 1 b .

V <92£/2+223£+2(2[€/2 ) exp{ 26 1— c5} < 0.01

if M is large enough, depending on F' (recall that { > m > M).
Combining the contributions from the case Y = Z and Y # Z, we immediately get the required
result. N

We now stitch together the contribution from many sets .A(b), analogous to Lemma 4.8 in [7].
The proof is nearly identical, and so we only sketch it, indicating changes from [7].

Lemma 3.4. Suppose y = yo = yo(F,5,C) and 0 < n < 2=M1log 2. Define

(3.17) _ [loglog(z) — max(0,logn) M4 1J’
log 2
B logn log(csgn)
(3.18) s = M + max <0’[10g2J) log 2 cs — 9,
If

(3.19) max(10M,v) < k < min (v + s — M/3 —1,100(v — 1)).
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then

g L)Wl (rlos2E o)
!
ae P (max(D,e"),z) a (k + 1)
w(a)=k

Proof. Let m = M + max (O, Hgig
b = (by,...,by) satisfying
(@b =0(1<j<m-1)
(b) by + -+ + by = k; and
©) b <M+ (j+1—M)*forallj >m
We assume that M > c5 + 1, which ensures, by (3.10), that P~(a) > \,,—; > €" whenever
a € o/(b)and b € . We also have h < % — ¢5, and thus for such a we have also P*(a) <
Ap, < z. That is,

J) ,put h = v + m — 1 and define % to be the set of vectors

U o/ (b) ¢ Z(max(D,e"), z).
be%
By the definition of the sets £, for any b € %, we have

h
pla) 1 p(p1) p(p2) p(py,)
s Y A [L(p gy )
ac/ (b) j=m p1EL; p2EE; pb]_eEj J
p2#D1 Db E{P1,-Pb—1}
h
(S5
j=m b]' pEE; p -1
h
1 bj \b
> —<10 2 _ )
]1;[,1 bj! i Aj-1
10g2 h 4/10 29/10
bh' H < exp{211+c3c4})
(log 2)"
> 0.999———"—
by, by!

provided M is large enough (recall j > m > M). combining this with Lemma 3.3 and (3.20), we
see that

27(a) — W(a; 2log 2 hoo
can 3 O TIN) o B g gy 3ot
a byl -+ - bp! ~
acd/ (b) —
For 1 <i < v, set g; = b,,_144. Let 4 denote the set of vectors g = (gy, . .., g,) such that

(d) g1+"'+gu=/€,
(e) g; < M + i for all 4;
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h v
(f) 2m71 2fj+bm+---+bj _ 27i+g1+---+g¢ < 28+1.
Clearly, (d) implies (b). Since m > M, item (e) implies (c). That is, g € ¢ implies that b € A.
From the definition of s and the inequality in (f), we have (2 cg g)nZs—er2 < 273. By (3.21) and
the equality in (f), we conclude that for all g € ¢, and with b; = g; — m + 1 for each j > m,

27(a) — W (a; a 2log 2)*
Z(() (a;m))pla) _ (2log2)

= ' -
The argument on p. 418—419 of [7] then shows that
(3.22)
2 — W(a; 1
Z (27(a) (ain))pla) > (21og2)F 2 —— = (2vlog 2)*Vol 'y (s, v),
ae?(max(D,e"),z) a g9 g1+ Go:
w(a)=k

where ' (s, v) is the set of € = (£, ..., &) € RF satisfying

HO<&GHG < <& <1

(i) For 1 <i < vk — M, &gz > /v and Epyr—(yizy < 1 —i/v;

(iif) Y, 278 < 20,

We note that our condition (e) is weaker than the corresponding condition in [7], thus the sum
on the left side of (3.22) is greater than the sum considered in [7]. We easily verify that, if M is
sufficiently large, then s > M /2 + 1. Thus, by (3.19), all of the hypotheses of [7, Lemma 4.9] are
satisfied, and we conclude that
k—v+1

(k+ 1)~
Inserting this into (3.22), this completes the proof. U

Vol(T'(s,v)) »

Proof of the lower bounds in Theorem 1. Suppose 2 < y < z!7% and @ < n < 1/100,

and define (3, ¢ by (2.3) and G(3) by (2.4). Lety > yo(F, C, d). Define v and s by (3.17), (3.18),
respectively. We will apply Lemma 3.4 for all £ satisfying

(3.23) (1 + miB)U < k < min(1 + 3,log4)v.
This includes at least one value of £ since lfggl% < B < B. Also, by (2.3),
—1
k—véﬁvzﬂvés—M/B—l,
log log y

and we have that v > 10M for large enough y,. Hence, (3.19) holds for all k satisfying (3.23). For
each such k£ in (3.23), we obtain

y Qo= W), (olos2)

ae P (max(D,e"),z)
w(a)=k
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Applying Lemma 3.2 and using Lemma 2.5 to bound the resulting sum over £ (cf., p. 397-398 in
[7]), we see that

Bn(l+n)x Z (2vlog 2)* Bx

Hp(x,y,2) — Hp(x/2,y,2) » > )
( ) (z/ log?y o) k! max (1, —¢)(log y)¢#)

This gives the lower bound in Theorem 1 when 7 < ﬁ.

Next, let v = 277 (cgg) '8, which is smaller than 0/3, and suppose that 7oz < 1 < ylogy.
Apply Proposition 3.1, followed by Lemma 3.4 with the single term & = v. Recalling that n =
u log y, we conclude that

n*r  (2vlog?2)Y N zué
logy (v+1)! (log 2)3/2’
as required for Theorem 1. O
Finally, when '™ < 2z < 2 we have trivially

HF(%%Z) - HF(fE/Q,y,Z) = HF(xvyvler’y) - HF($/27y7y1+’y) > .

HF<$7 Y, Z) - HF(x/27 Y, Z) >

4. THE UPPER BOUND IN THEOREM 1, PART I

In this section, we establish the principal local-to-global result needed for the upper bound in
Theorem 1. A crucial tool from [7] is, however, unavailable because if g = deg(F) > 2, n =z
and d|F(n) with y < d < z < 279, then the complementary divisor F'(n)/d is » x971*° and this
is too large to handle. We get around this with another method (surrounding the parameters A,, 4,
B, 4 below). Recall that (s, t) is the set of square-free integers, all of whose prime factors lie in

(s, t].
Proposition 4.1. Let C' and 6 be two positive real numbers with 0 < 0 < 1 < C. Suppose

vo = yo(F, 8, C) is sufficiently large. Then foryy <y < z = ey < x'° and loglcy < 1, we have

T L(a; a
3 (a5 n)p( )’

HF('ra Y, Z) N\
log”y e (D.2) vr(a)

where D is defined in (3.1).

4.1. Reduction of complicated sums to simpler ones. In this subsection, we present ways of
bounding certain complicated sums by simpler ones. Our main result is similar in spirit to Lemma
3.3 of [17]. For all positive integers n with n > +/ X, we define

4.1) h(n; X) := min {primeq : 1_[ p’ > \/X}
p¥|n,p<q
Lemma 4.2. Let 100 < X < z. Then

L(t:m)p(t) 1 (logz\" L(a;n)p(a)
42 z>2\/X or(0)log® h(f; X) « log® X (logX> Z '

ae?(D,z) YF a)
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In addition,

L(t;n)p(L) 1 L(a;n)p(a)
4.3) « .
P%>D op(0)log?(P+(0) 4+ 23/4/0) ~ log® z ae;@Z(D,z) or(a)
PH)<z

Proof. Our first goal is to prove that

. 4g .
4.4) 3 L(¢; 772)/)(@ « 12 <llog2> 3 L(a;n)p(a)
v, er(l)log®h(l; X)  log® X \log X P-(@eD or(a)
P-()>D Pt(a)<z
Pz
Let f(n) = % for (n,@Q) = 1 and f(n) = 0 for (n,@) > 1. By Lemma 2.6 (i) and the

fact that D > 2¢ from (3.1), we see that f(p”m) < (4g)” f(m) whenever p is prime, (m,p) = 1
and v > 1. Also by (3.1), we have D > 10g. First, the part of the sum on the left side of (4.4)
corresponding to those £ with A(¢; X) > +/X has the desired upper bound. Now consider the case
h(¢; X) < v/X. Let H be the unique real number satisfying

H'Y? < h(t;X) < H, H = (4g)* for some non-negative integer k.
Fix H and consider the numbers ¢ corresponding to H. Decompose each ¢ uniquely as
0= 1{1ly, PY(l) < H < P ().
By the definition (4.1) of (), £, > /X. We also have
F(0) < f(6)(49)H.

Taking x = 4¢ + 4, and encode the condition ¢; > v/X by introducing a factor (101;%1/2) . Since
H > 4g,

f(f) 1 f(6) (49)°")
2 (log? h(6: X) < Tog? H 2 2

(>VX 6>VX b P*(t2)<z 2
P+(€)<Z P+(€1)<H P_(€2)>H
HY2<h(4;X)<H
1 l logl; \*/ logz\49
o H 2, f<£ ! (105(11/2) (loggH>
& priyen
B (log 2)%9 Z f(a)log"a log a
4942 12
~ (log H)%9+2(log X Pt

For the final sum on the right side, the argument in Lemma 3.3 in [9] or Lemma 2.2 in [17] gives

Z m«ﬂg (log H)" Z f

P~(a)>D (b)>D
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Finally, sum over H and recall that X < z. We obtain

[ f0)
2 (log® h(t; X) 2 2 (log? h(l; X)

>X1/2 Ex12R 50 X1V2<0<zX
PT)<z ' - PT0)<z
h(GX)<X12 XV e x) < x /2t

i (log 2)* (logXl/Qk)m Z f(b)

logXl/Qk 72 (log X2 P+(p)<x1/2" b
4
« 1 ( log z ) ’ (i o—h(r—1g-2) _f(b))
2
log” X \log X = Priex b
1 log 2 \ ™
&
log? X (10gX) P+Z

This completes the proof of (4.4).

Next, we remove the squarefull part of a from the sum. Each a € N may be uniquely decom-
posed as a = ajag, where (a1,as) = 1, ay is squarefree and a, is squarefull. As p and ¢ are
multiplicative, L(a;n) < 7(az)L(ay;n) by Lemma 2.6 (i). Recalling (2.1) and (3.2), we see that

L(a; a L(ay; ay T(aq)p(as
3 (a;m)pla) _ 3 (a13m)p(ar) 3 (a2)p(az)

P~(a)>D (,OF(G> a1€P(D,z) (‘DF(al) P—(a3)>D SOF(CQ)
PT(a)<z

6 8
< ¥ MTI(H—%—?{'*“)
a1€P(D,z) (1 p

(
) b P
4.5) « Z Ll n)plar) >p§a1).

a1€P(D,z) QDF(al

This proves (4.2).

Next, break the sum on the left side of (4.3) into two parts, corresponding to a < z'/? and to
a > z'2. In the first part, log*(P*(a) + 2**/a) » log® z, and the desired bound follows from
(4.5). Since H(¢; X)) < P*(¢), the second part is majorized by the left side of (4.2) with X = z,
and thus we see that (4.3) follows from (4.2). O

4.2. Proof of Proposition 4.1. Let A be the set of positive integers n < x satisfying
() 7(F(n);y, 2) = 1;

(i) n > W;

(iii) if p is prime with p|F'(n) and (logy)°*2 < p < z, then p* { F(n);
(iv) H p” < exp{(loglog 2)*}.

pY | F(n)
p<(logy)“+2
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The number of integers n < z not satisfying (iii) is at most

xp(p? 1 x
E < p(p>—|—p(p2)> LT E B O —
p? P> (logy)“+2
(logy)C+2<p<z p>(logy)“+2

By Lemma 2.4, the number of integers n < x failing (iv) is

(loglog 2)3 }<<( T

. v 3
#n < H p” > exp{(loglog 2)°}} « xexp{ - c4log((10g y)C+2) log y)C+2"

pY || F(n)
p<(logy)“+2

So we have

x
4.6 H < Ol ——— |-
( ) F(JI,y,Z) |"4| + ((10gy)0+2)
Each integer d € (y, z] has a unique decomposition
4.7 d= dodl, P+<d0) <D< P_(d1>

If d € (y, z] and d|F(n), then by (iv), we have P*(d) > (logy)“*+? since 2'/? < y < d. It follows
that d; > 1. Also, by (iv),

(4.8) do < y'1°.
Let
(4.9) X := min{z, 2°%}.

For each d € (y, z] with p(d) > 0, let
Ag:={neA:d|F(n)}.
For each d and n € Ay, by (iii) and (iv) F'(n) has a unique decomposition in the form
(4.10) F(n) = QnaMnaAnaBn.d,
with the conditions
4.11) Qn.alQF, My aldY, (AnaBna, Qdi) =1and P (A, 4) < P~ (Bna),
where we choose A,, 4 as large as possible such that
(4.12) Ana < Xand PT(A,4) < PT(d).

In particular, dy|Q;,. 4 and dy|M,, 4.
Now fix d and suppose that n € A,;. Define
p=P7(d).
Then by (iv),
p = P%(d))and p > (logy)° "2
Write

(4.13) 0 = (di/p)Ap.a;
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where d; and A, 4 are defined as in (4.7) and (4.10) under the constraints (4.11) and (4.12). Thus
we derive from (iii), (iv) and (4.12) that P*(¢) < p. Moreover, it is easy to see from (4.7) and
(4.13) that 7(pdol; y, z) = 1, which implies

log(y/p) € L (dol;n).

Next, set
log X
(4.14) 9= 82
2log z
so that by (4.9) we have
1
(4.15) 1«9 < 3

Partition the set .4, into the disjoint sets
Ag1:={neAdy: P (Bn4) > '}, Ago:={neAy: P (Bna) < p’}.
First, we consider the set | J,(, .1 Aa1. By (4.9), we have

P’ < 22 <2, pdol = dod1 Ay g < 2X < pt 02
and
P*(pdot) = p = (p")"".
Given p, £ and dy with pldy| F'(n), it follows that all prime factors of F'(n) either divide p/() or are
greater than p”. By Lemma 2.3 with K’ = 1/ and K = §/2, together with (4.15), we obtain

HUETIESD VDY 2, 1

de(y,2] dol<zX Pt (f)<p<z n<x,pdol|F(n)
PrO)<z  pey/tdy  q|F(n)=q|plQ or ¢>p’
log(y/p)eZ (dotsn)

« Z Z z p(do) p(f) p(p)

logp dy @r(l) p

dol<zX  Pt(0)<p<z
Pt ()<= p=y/ldo
log(y/p)e (dot;n)
Since £ (a; n) is the disjoint union of intervals of length between 7/2 and 7, repeated use of Lemma
2.1 gives

Z p(p) « L(dol;n)
(oo plogp — log*(y/dyl + P*({))
p=y/tdo
log(y/p)eZ (dot;n)
Using Lemma 2.6 (i), L(do¢; ) < L(¢;1)7(do). Hence, by (4.8),
L(t;m)p(€) 7(do)p(do)
AdJ‘ L x .
dGL(?%Z] P‘*’%):éz S0F<£) 10g2(y9/10/€ + P (6)) d(ﬂZQlct @F(do)
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By (2.1),

(4.16) 3 pdo () _ (iT

do|Q® S v=0

l/ I/

)<<1.

Using (4.3) and recalling (4.9), we have

L(4;m)7(do)p(€) x L(a;n)p(a)
4.17 Agq| « < e
o ’deL(gz] dyl‘ ’ doéx wpr(0)log*(y/dol + P+(0)) ~ log’y aeg%m) or(a)

PT)<z

Next, we estimate the size of [ J de(y,7] Aga. If P7(B,4) < p’, then by the definition of A, 4, we
obtain A,, ;P (B, 4) > X. Hence by ((4.13)) and (4.14), we have

(4.18) (> A,g>X/P (Bpa) = Xp "= X2 = X2

Recalling the definition 4.1 of h(-), we see that h(¢; X ) and h(A, 4; X ) are well-defined. Then by
(4.13) and (4.18), we have

(6 X) < h(Ang; X) < PT(Apa) < P~ (Bog) <9’ <p,

where we invoked (4.15) in the last step. Hence, Lemma 2.3 implies (in the sums, dy|@Q* and

(67 Q) =1)

U A< 2 ) 2 )
de(y,z] dol<zX Pt (0)<p<z n<z,pdol|F (n)
(>X1/2 p=y/dol  q|F(n)=q|ptQ or ¢>h(£:X)

PHO<z log(y/p)e(dot)

x  pldo) p(f) p(p)
« Z Z logh(t; X) do ¢r(f) p

dol<zX  Pt(¢)<p<z
0>X1/2 p=y/dol
PH(O)<z log(y/p)e(dol)

As above, applying Lemma 2.1 repeatedly, we obtain

p(p) L(dot;n) L(dot;n)
) Py ) = logh(l; X))’

Pt ()<p<z
p=y/dol
log(y/p)e (do?)
since h(¢; X) < P*(f) (cf., the definition (4.1) of h()). Thus,
(4.19)
do)p(0) L(dyt; 0L (do)7(do)
UAM«@"Z P(O)p<>2<0i77> <$Z p(£) Zpo 0)
dely] sy dowr(0)log” h(4; X) Pt or(0) log h € X) d o
>X1/2 Pt()<z

PT0)<z



DIVISORS OF POLYNOMIALS 21

where we used Lemma 2.6 (i) in the last step. Thus, applying (4.16) and (4.2) to the right side of
(4.19), we find that

x L(a; a
3 (a;n)pla)

2

(4.20)
log < aceP(D,z) @F(a)

U Ago| «

de(y,z]

Finally, we combine (4.6), (4.17) and (4.20) to obtain

Hp(x,y,2) LZ Z MJrO (L>

log™y 5., ¢rla) (logy)©+2

The error term is negligible as

ae#?(D,z) SDF(a)

This completes the proof of Proposition 4.1. 0

5. THE UPPER BOUND IN THEOREM 1, PART II

In this section, we complete the proof of the upper bound in Theorem 1 using Proposition 4.1.
This part of the argument follows [7] with only trivial modification. Recall the partition of the
primes larger than D from Section 3, in particular (3.9) and (3.10). The following is analogous to
Lemma 3.5 in [7].

Lemma 5.1. Suppose y — 0,z —y — wand 0 < n < logy. Let
_ [log log z]
log 2
and suppose 0 < k < 10v. Then

Ty(2) := Z Llain)p(a) < (n+ 1)(2vlog 2)*Uy(v; min(1, 7)),

where
Uk(v;t) = J min 277 (2”51 44 2% 4 t)df.
0<&1

<6 <<gp<1 USISh
Proof. Consider a = py ---pg with D < p; < --- < p, < z and define j; by p; € E;, (1 <i < k).

Put [; = 10% lggzp’ By Lemma 2.6 (ii) and (3. 10)

L(a;n) < 2% min 2792 + ... 421 4+ ) < (n + 1)2T= F(j),

0<i<k
where
F(j) = min 272" 4 - + 27 4 min(1,7)).

0<i<k
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Let J denote the set of vectors j satisfying 0 < j; < -+ < jJx < v + ¢5 — 1. Then

(5.1) Ti(z) < (n+ 12 Y FG) ), L

jeJ D<pi<--<pg SDF(pl . 'pk)

picE;, (1<i<k)
If b; is the number of primes p; in F; for 1 < j < v + ¢5 — 1, the sum over py, ..., p; above is at
most
v4c5—1

H i'< ol )> ((v+c5)log2)k’f

j=1 by! peE; ¢r(p) R(j)

1dé < e (vlog 2)’“J 1d¢,
R(j)

where
R(J) = {O < 51 <- fk 1:7; < (U + 05)& <7 +1 Vl} C R;.
Finally, since 27 < 2(vF¢5)& < 2¢52% for each i,

ZF J 1d¢ < 29Uk (v; min(1,7n)).
R(j)

jedJ

So by (5.1), we obtain
Ti(2) < (n + 1)(2vlog 2)* Uy (v; min(1,7)). O

When z(y) < z < y'*9/2, where z,(y) is defined in (2.5), the upper bound in Lemma 5.1 is
identical to the bound in [7, Lemma 3.5] (taking () = 1 in this lemma). Therefore, the proof of
Lemma 3.7 in [7] provides the required upper bound for »;, 7} (z). Combined with Proposition
4.1 (replacing § with §/2), this gives the desired upper bound for Hr(x,y, z) in Theorem 1. When
y +y/(logy)® < 2 < 2(y), the upper bound follows form the simple estimate

Hp(x,y, 2) <<Zp z,

y<d<z

a consequence of Lemma 2.2. Finally, when z > y**%/2 the trivial bound Hr(z,y, ) < z suffices.
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