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ON BOMBIERI'S ASYMPTOTIC SIEVE

KEVIN FORD

ABSTRACT. If a sequence (ay) of non-negative real numbers has “best pos-
sible” distribution in arithmetic progressions, Bombieri showed that one can
deduce an asymptotic formula for the sum ) . anAg(n) for k& > 2. By
constructing appropriate sequences, we show that any weakening of the well-
distribution property is not sufficient to deduce the same conclusion.

1. INTRODUCTION

Many of the most famous problems in number theory can be described in terms
of estimating the number of primes in an integer sequence. More generally, given a
sequence (a,,) of positive real numbers (e.g. the characteristic function of a set of
natural numbers), one can ask for bounds on the sum

Si(x) = Z anA(n),
n<z

where A is the von Mangoldt function. Removing from the sequence those terms
with n divisible by a prime < z leaves behind only terms with n composed of at most
L%J prime factors. If z > /z, then only terms with n prime are left. Motivated by
this simple fact, the modern sieve was created by V. Brun (3], [4]) to attack such
problems, in particular, the Twin Prime Conjecture and Goldbach’s Conjecture.
Estimating the number of “unsifted” elements is usually accomplished by means
of a weighted form of inclusion-exclusion, its precision entirely determined by the
regularity of the sequence on the arithmetic progressions 0 mod d for squarefree d
(see the monographs [8] and [9] for more about sieve procedures). Writing

Aqz) = Z s

n<x
d|n

one postulates the existence of a multiplicative function g so that
Ag(z) = g(d)A(z) + ra(),
where A(x) is an approximation to A;(x) and the “remainders” r4(x) are small in

some average sense. A typical hypothesis is

A(e)
R(v): VB>0, LyB —p5—
) > Ira(o)] <

d<zv
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1664 KEVIN FORD

One also needs mild growth conditions on A(z) and regularity conditions on g.
There is some flexibility in choosing these conditions (see e.g. [2], [5], [6], [8], [9]),
and generally these are easy to verify in practice. We say that a sieve problem has
sifting density or dimension k if g(p) is about x/p on average over primes p. In the
important special case k = 1, one expects for many problems that

(1.1) Si(x) ~ HA(z), H= H1— N1 —1/p)~?

For example for the twin prime problem, we take a, = A(n + 2), A(z) = «z,
g(d) = 4)((1) for odd d and g(d) = 0 for even d. It is known that R(v) holds for all
v < 1/2 (the Bombieri-Vinogradov theorem), and it is conjectured that R(v) holds
for all v < 1.

That sieve methods cannot produce (L)) was discovered by Selberg [10] in the
1940s. His example is a,, = 1 + A(n), where A(n) = (—=1)¥ if n is the product of k
primes (not necessarily distinct). With A(z) = z and g(d) = 1/d, R(v) holds for
all v < 1, but a,, = 0 for prime n and

Si(z) = O(Vz) = O(A(x)a~'7?).

In a sense, sieve procedures cannot distinguish between numbers with an even
number of prime factors and an odd number of prime factors, a property known as
the “parity problem”. Bombieri ([T], [2]) clarified things further, showing essentially
that knowledge of R(v) for all v < 1 (and no other information about the sequence)
implies an asymptotic formula for ) __ a, f(n) if and only if f gives “equal weight”
to numbers with an even number of prime factors and an odd number of prime
factors. The generalized von Mangoldt functions

(1.2) Zu )log" (n/d)

have this property for k > 2 (in fact, these functions together with convolutions of
the type Aj, *---* Ay, (i1 + - +1; > 2) form a kind of basis for all such f; see [2]
for details). In particular, Bombieri proved that if R(v) for all v < 1, then

(1.3) Sk(z) = Z anAr(n) ~ kHA(x)(log z)*~1.

n<x

A different proof of (I3]) was given by Friedlander and Iwaniec [5]. The required
conditions on A(z) and g differ in [2] and [5], but they are all trivially satisfied if
A(z) =z and g(d) = 1/d (here H = 1).

The special case of (IL3) corresponding to k = 2 and a,, = 1 for all n was earlier
proved by Selberg, and it served as a foundation for the first “elementary” proofs
of the Prime Number Theorem.

It is natural to inquire what may be deduced from R(v) for some fized v < 1.
For twin primes, Bombieri [1] deduced from R(v) for v < 1/2 that

Sk()

1—¢, <
= kHA()(logz)F—L =

<1+ cg,

where cg,... are constants with ¢, — 0 as k — oo. We show that knowing R(v)
for any fixed v < 1 is not sufficient to deduce (C3) for any k.
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ON BOMBIERI’'S ASYMPTOTIC SIEVE 1665

Theorem 1. Fiz v € (0,1). There is a sequence (a,) which satisfies R(v) with
A(z) =z and g(d) = 1/d, and for which (L3) fails for every k > 1. Furthermore,
we can specify the manner in which ([L3) fails, constructing (a,) so that

Sk ()
kz(log z)k—1
satisfies either (i) Ty(z) ~ & with & < 1 for every k; or (i) Tip(x) ~ & with
&k > 1 for every k; or (iii) for every k, limsup Ty (x) > 1 and liminf Ty (z) < 1.

xTr— 00

Ty (z) =

By slightly modifying the construction of the sequence (a,), we can create se-
quences satisfying Theorem 1 for which a,, € {0,1,2} for every n.

Recently there was a major breakthrough on the parity problem by Friedlander
and Iwaniec [6]. They proved S;(z) ~ HA(x) under two major assumptions. First,
R(v) holds for some v > 2/3. Second, the bilinear sum condition

Z Z ’Y(nv C'),u(mn)amn

< A(z)(log ) =19,

m 'N<n<2N
(1.4) mn<z
¥, €)= Y uld),
d|n,d<C
holds uniformly for A='2*/2 < N < § 'z, 1 < C < 2'7%, where 6, A are
parameters depending on z in such a way that § — co and llsggg —0asz — o0. In

[7], they applied this successfully to give an asymptotic formula for the number of
primes of the form a?+b* which are < x. The condition ([.4) strongly eliminates the
possibility of the sequence having a “parity bias”, meaning a tendency for u(n)a,
to be of one sign.

The sequences used to prove Theorem [[all exhibit a “global parity bias”, mean-
ing that

(1.5) P(2) = 3 anu(n)

n<x
is large (or large infinitely often). In light of Selberg’s example and the theorem
of Friedlander and Iwaniec, it is natural to inquire whether or not, for each v < 1,
there are sequences (ay,) satisfying R(v) and also

(1.6) P(z) <p z(logz)"? (VB >0),

but failing (.3). We cannot yet answer this question entirely, but for all v < 1, we
can construct sequences satisfying R(v) and (I.6), but failing (I3)) for all k& > 2.
These sequences do satisfy ([[L3) for k = 1.

Theorem 2. Fiz v € (0,1). There is a sequence (an) which satisfies R(v) with
A(z) = z and g(d) = 1/d, satisfies (LH) and for which (IL3) fails for all k > 2.

It is an interesting problem to examine the situation if ([6) is replaced by
a stronger condition (but one weaker than (I4])). One possibility, suggested by
C. Hooley, is to postulate that the parity bias in arithmetic progressions is small
on average, something like

Z Z w(n)an

d<z>'n<z
d|n

<p z(logz) 8 (VB >0).
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1666 KEVIN FORD

The sequences we construct for the proof of Theorem [Il do satisfy this condition
with arbitrary but fixed @ < 1 — v. The case o + v > 1 remains open.

2. OVERALL PLAN

The only analytic tool we require is the Prime Number Theorem with the de la
Vallée Poussin error term. In fact, a much weaker error term would suffice.

Lemma 2.1. For some positive constant cg,
Z Aln)=z+0 (xe‘covlog’”) .
n<x

Assume without loss of generality that v > 1/2. Let M be an integer, and ¢ and
w real numbers satisfying

1 1
Take z( sufficiently large and ¢; € (0,¢p) (both depending on v, M and 4). For
7 > 1 put

(22) Tjy1 = Ty (1_’_6*61\”0%1)')7 Ij:Zﬂ(qj]7xj+l], KJ:|IJ|

In what follows, all constants implied by the O-symbol may depend on v and M.
Dependence on other variables will be indicated by subscripts to the O-symbol.
The numbers a,, for n € I; will satisfy three basic properties. First,

(2.3) 0<a, <2.
Second,
K K
(24) Z Ay = 7] + [0) (#e—cu/long> (1 S d § x;_w).
nel;
d|n

Third, for some positive constants 0 (k > 1 for Theorem [[] k > 2 for Theorem B))
which depend on v, M and d, and some numbers o; € {—1,1} (which we are free
to choose), we have

(2.5) Z a”Ak(n) - (k + O'jek)Kj(logJ)j)k_l (1 + Ok (6701\/@>) )
nel;
For Theorem B] we also require that
(26) S ot = 0 (K=o
nel;

Deducing Theorems [l and 2 from (Z3)—(28) is straightforward. For d < z¥, (Z3)

implies
xl/—i-w
Ad(x):0< y )+ > > an.

vt <g;<x ne€l;
d|n
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ON BOMBIERI’'S ASYMPTOTIC SIEVE 1667

By &), if z; > 2¥+®, then d < x(1==)v+®) < m}fw. Thus, by (Z4),

v+w

14w =0 (25 ) 4+ B (14 0 (e )

:E E *%01\/@ _ A(J?) 7%c1\/logz
d—l—O(de ) g(d)A(m)—l—O(—d e .

Summing on d gives R(v). Similarly, (2.6) implies (L.6). From (I2), we have
log®n = (1% Ag)(n) > Ax(n). Thus, using 23) and (7)), we obtain

Z anAg(n) = O(z(log 2)*~%) + Z Z anAp(n)

n<x ﬁzznggx nel;
_ _ loglog x
= O(z(log )¥~?) + (logz)*~* (1 +0 (W)) Z (k4 0;6k) K;

r;<x

= (logz)" " (zk + 0, D 0;K;) + O(x(log z)*~3/2),

r; <z

The three types of behavior for Tj(z) in Theorem [ are obtained by taking (respec-
tively) (i) o; = —1 for all j; (ii) o; = 1 for all j; or (iii) o; = —1if 22" < z; <22
for an even r and o; = 1 if 22" < x; < 22" for an odd r.

It remains, therefore, to construct numbers a, on each interval I; satisfying
E3)-8) as appropriate for Theorems [l and [ The basic idea is to start with
an = 1 for all n, then shift around some of the mass from the numbers a,, with n
composed of “large” prime factors. This must be done very delicately in order to
preserve (24), and this is the most complex part of the argument. We will work
with smooth functions defined on numbers with a given number of prime factors.

Let
T ={(u1,...,ur):0<uy <+ <wupyug + -+ up =1},
Ur={(u1,...;up) ru; >0 (1 <i<r)ug + - +up =1}
For positive numbers e, B, let .%,.(e, B) be the set of functions f(u1,...,u,) on

U, that are (i) symmetric in all variables, (ii) zero whenever minu; < ¢, and (iii)
f and all first order partial derivatives are at most B in absolute value on U,. If
n = p1---pr, the numbers p; being primes with no assumptions on their relative

sizes, then
log py log p,
f e
logn logn
is well defined. With these assumptions, we may estimate in a standard way sums
over f in terms of integrals.

Lemma 2.2. Let f € %#.(¢,B), 0 <y < x and x large in terms of e,r, B. Then

f (logp1 logpr)
b logn = logn
r<n=p1--pr<z+y

_ Yy / f(ulv"'vuT) +O€7’B ( y> +xefcow/sr_1logx) )
logz Jy, ui-- Y

Uy zlogx

When r = 1, the integral is f(1).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1668 KEVIN FORD

Proof. Let F denote the sum in the lemma. In this proof, constants implied by the
O-symbol may depend on &,7, B. When r = 1, by Lemma BT],

F=f)(r(z+y)—n(r)) = %f(l) + O(ze—coVIos ™),

We now proceed by induction on r. Suppose 7 > 2 and fix p; € [z, 22! ~¢]. Writing

n' =py-prand v; = iiifﬁ/ for 2 < j < r, we have
1 logpr \ __ Yy
r(lee, . ) <1+o (xlogx)) Gz, 00,
where
1 1 1
glvs, o vp) = f (an, legleinaly,  lesleiny, )

We have g € ﬂ,«_l(s, B), so by the induction hypothesis,

—Z / g(v27.-.,vr>+0< v +£e—00m>.
p1log w/pl

Vg Uy pirlogz  p1

veU,_1

Since log(z/p1) > elogz — 1, Zpl 1/p1 < 1 and thus the error terms above total

0 ( y2 _’_xe—cm/sr—llogx) ]

rlogx
By Lemma T and partial summation, for a fixed vs, ..., v,, we have
S-S e )
o p1log(z/p1)
opl—e p(logt log(xz/t) log(z/t)
_ T (Gogsr Togz V2> ogw r) —cov/ETogT
= dt + O(e )
e tlogtlog(x/t)
—e/2
_ 1 /1 / flu, (1 —=w)va, ..., (1 —u)v,) du—l—O(e_CO‘/m),
log x u(l —u)
Therefore,

y / flu, (L =w)vg, ..., (1 —uw)v,)

- log x u(l —w)vg - - v,
va+-tup=1
0<u<l1
2
+0 Yy + me—CO\/es"*l log x )
zlogx

Making the change of variables w1 = u, u; = (1 —u)v; (2 < j < r) gives the
lemma. ]

3. THE CONSTRUCTION ON [;

To facilitate working with sets of numbers with prime factors in specific ranges,
we adopt some special notation. A partition is a non-decreasing sequence of positive
integers a = (aq,...,q;) (also thought of as a “multi-set”). Let |a| = r and
Y(a) = a1 + -+ a,. Let perm(a) be the number of permutations of the numbers
in a, e.g., perm(1,1,2,3) = 12. Let
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ON BOMBIERI’'S ASYMPTOTIC SIEVE 1669

and let P(m) be the set of all partitions of m (all & with ¥(a) = m). Let E denote
the empty partition (JE| = 0 and X(E) = 0). The notation o C 3 means that
each number in 3 occurs at least as many times as the number occurs in «, and
a + 3 is the partition consisting of all the parts of o and of 3, so in particular,
oo+ B = |a| + |8] and E(a + B) = X(a) + 2(3). Also, if a C 3, then 8 — v is
defined by a + (8 — o) = 8.

For brevity, write z = z;, K = K;, I =1;. For 1 <i < M, let &; be the set of
primes in the interval [z°(1/M=9) 4i(1/M+9)] " For each partition o = (a1, ..., a;),
let

ga:{pl"'przpieya,:(1Si§r)}; b =DaNI.
In particular, Zg = {1} and €(ar) is the set of primes in I. Also, by 1)), ¢ is
empty unless a € P(M).

Let ¢; = co(2M)~™. We put a,, = 1 + b,,, where |b,| < 1, and b, = 0 unless n

lies in some € with o € P(M). Thus, if 1 < d < 2'~%, then

K
> an=—+0(1)
d
nel
d|n
unless d € Zg for some B = (B1,...,3:). In this case x(//M=)Bit+8:) < g <
2'~%, which by (1)) implies 814 - -+8; < M—2. Let Q = EUP(1)U- - -UP(M —2).
To obtain [24), it suffices to prove that for each 8 € @ and each d € Zg,

- S5 t-o o),

aEP(M) n€Eba
BCa din

This system of inequalities has the trivial solution b, = 0 for all n, but we need a
solution with |b,| > 1 on average in order to obtain (ZHl).

For 1 <i < M,let J; = [i(1/M — 6),i(1/M + 0)]. For each a = (a1,...,0,) €
P(M), suppose fo € F(537,B) is supported on T, N (Ja, X +++ x J,,) and the
symmetric regions in U,.. For n € €4, n =p1---p,, let

1 1
52) by = £, (lo8PL  logpr)
logn logn

Suppose that 3 = (f1,...,0s) € Q with 3 C . Thenr > s+1. Letd=p;---ps €
D with p; € P, (1 <i<3s) andputviz% for 1 <4 < s. We have

1 logp, ) _ . (logps log pr- —c1 /I
fa ( l?)gglfnl P I(Z)gglfn ) =g (log(n/tjly ) log(gnp/d)> + O(e “ ng)a
where
g(wla . 7w7'—s) = f(vla -- 5 Us, loisg;/cd)wla ER) %wf'—s)'

Since g € F_ S(QM,B), Lemma [Z2]implies that

S0, K / glwi, ..., we_s) +O<§6_2c1\/m)

(r — s)ldlog(x/d) Wy - Wy d
"g(i weU,_g

_ K / fa(vi, . o Vs, U1,y Ups)
(7" — s)'legx VEV,_ o (1—vy——vs) UL " Up—g

L0 <%6—cl¢m) ,
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1670 KEVIN FORD

where Vi(A) = {(u1,...,u) 1 u; > 0V, > u; = A}
Therefore, to prove (B.1l), it suffices to find functions f, so that for all 8 =
(B1y..,0s) € Qand (vy,...,vs) € Jg, X -+ x Jg,, we have

1 PR PR p—
(3.3) Z Tl / forn(vr,- .- Vs, U1 - Ur—s) =0.

! Uy~ Up_
peP(M—%(8)) i WV (1= 01— —v2) ! e

When M > 6, |Q| > |P(M)| (i-e., there are more equations than functions), but
there is enough structure in the system (B3) to find a nontrivial solution. In fact,
once f1,, is chosen, the other functions f, are uniquely determined by ([B.3), but we

do not need to prove this. Suppose a = (a1,...,a,) € P(M), p is a permutation
of o and v € J, x---xJ, . For some constant eq, define

Jiu (W
(34) fa(v) =eqli U M

[Twi;

where the integration is over the set of w = {w;; : 1 < j <n1<i<p;} € JM
with

(3.5) Swg=v (1<)

For example, if & = (1,1,2,3), vy € J1, va € Ja, v3 € J3 and vy € J1, we have

f1, (w11, wiz, waz, w13, Wos, w3z, wi4)
W11W12W22W13W23W33W14

Ja(V) = eaV1v2v304
wi1l1=7v1
wi2tw22=v2

wiz+twa3z+wsz=v3
Wi4=4

For consistency, set e1,, = 1.

Next we show that substituting (34)) into (33) reduces the problem to solving
a system of equations in the numbers e,. Fix 8 = (f1,...,0s) € Q and p =
(p1s -+ pr—s) € P(M — %(B)). Suppose that v; € Jg;, (1 < j < s)and let p be a
permutation of p. Take u so that > v, +> u; = land u; € J,, (1 <i<r—s).
Because fgy, is symmetric in all variables, for each p the contribution to the
integral in (B3] is identical. In other words, the integral in (B3] equals perm(pu)
times the integral over those u € J,, x --- x J,,_,. For such u, [B4) implies

W Z
foru(viu) = egipvr - vsuy - S )
H 2,7 Wij Hz j

where the integral is over the variables w;;, z;; € Ji satisfying

5] Hj
(3.6) Zw”—vj (1<j<s); Zz”—u] 1<j<r-—s).
i=1 i=1
Thus, with 8 and v fixed,
f,3+l-4(v7 u) =gyt v flM (Wa Z)
Uy Uy g ’ [Twi; [Tz
ueV, (1—vy—-—ws) ueV,_s(l—vyi—-—wvy)
u;€Jy; (1<j<r—s) (BXG))
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ON BOMBIERI’'S ASYMPTOTIC SIEVE 1671

Since w1, . .., u,_s are dependent variables in the integral on the right side, the left

side is actually independent of . Thus, with (34)), (33) follows from the system
perm(p

(37) Z Aelﬁrﬂ =0 (ﬁ € Q)a €1y = L.

|
per(is@y M

As noted before, (37) has more equations than variables when M > 6, but there is a
simple solution (again we do not need to prove uniqueness, but it is straightforward),

namely
-1 o)+
(38) 6a:(a)7a, a:(al,...,ar).
L
With (B), eg+pu = egey, for all 8, p, so (B) is equivalent to v, =0 (2 <m < M),
where
(—1)lw perm(p) “ 1
IEDS | ey
peP(m) ult = di+otdp=m dy - dy
r=(p1,. ) d;i>1(1<i<r)

This follows by considering the generating function

m=1

Since |y < >t (T ) = 2™~ G(z) has radius of convergence > 1/2. Thus,

for |z| <1/3,

oo

_ (_1)r yditetdr

G(Z)_Z r! Z dy---d,

r=1 dy,...,dr2>1

B o (_1)7" oo Zd T

=2 X7
r=1 d=1
00 _1)r

= Z ( r') (—log(l —2))" = €872 1 = 5,
r=1 :

which proves (B7). As noted earlier, (37) implies (B3]), which implies (1), which
implies (Z.4).

Modulo the choice of function f1,,, we have constructed our numbers b,,. The
following theorem sums up the properties we are interested in.

Theorem 3. Fiz M,w,d so that [2.1)) is satisfied and also § < (2M)~M . Let B be
large depending on M,§. Let f1,, € Fr(5k, B) with | f1,,(u)| < 1 for allu € Uy;.

For every a € P(M), define e by BR), define fo by B:A), bn by B2), and put
an =14 by,. Then, for each interval I = I;, (Z3) and E4) are satisfied, plus we

have
Zan/\k K(logz)F1 [k + (=DM Flz + 0(6*01\/@)} (k>1)
nel

and

(.10 S ann(n) = o (<1 2o + O VR,

= log x
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1672 KEVIN FORD

where

2= [ Ui Ly
ueUy U1 UM M uely Uy Upm M
Formula BI0) also holds with p(n) replaced by A(n).

Proof. We have already seen that (Z4) is satisfied. Let o« € P(M), o # 1. By
B3), leal <1, s0 by B.4),

|fal < (/M —8)~MsM-lal < s20)M < 1.
Next, by (L2) and Lemmal[Z2] for each & = (avq, ..., ) € P(M), we have

S-S ()

neeg, ’ Pise-esPr
o n:pl...pre%ﬁa

x Yy (=) logk (pft - i)
€1,...,6r€{0,1}
(—1)" perm(a)

i E— K(log:c)k*1 [O(ecl\/@)
7!

+ / v{a(vz T (cpetee (2 ngJ) k] |

veu, €1,0.,6r€{0,1}
vi€Ja,; (1<i<r)

By (34) and the fact that f1,, is symmetric in all variables, we obtain

—1)led
Z bpAr(n) = perm(a|)oc;,|,;( D) K (log z)*~1 [0(6—01\/@)
NECa .

+WE\41\/I HUJi7j ze:( 1) (;EJ( ],1+ i ]’O‘j)> :|
_ perm(a)ea(_l)\al
|e]!

o f7<u>§< 5 (_W..%)(ul+,,_+uN)k]_

u .. .u
ucUy ! M N=1 €1,0,6r€{0,1}
e1a1+-terar=N

K(log x)k_l [O(e‘cl‘/@)

Summing on & € P(M) and using (B:8) gives

(3.11) anAk(n) = K(logz)*! [O(ecl\/m)
nel

M
+ (=DM W(M,N) / M(u1+---+u1\/)k,

U Up
N=1 a€las
where
Moy )
3.12 W(M,N) = - _qjertten
CIITAVES LTS DL
r=1 " dit-+d.=M €1,--,6r€{0,1}
di21 Vi erditotepdp, =N
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ON BOMBIERI’'S ASYMPTOTIC SIEVE 1673

By examining the generating function, we next prove that
W(M,N)=0 (2<N<M),

(3.13) W(M,1)=-1,W(M,0)=1 (M >1).

For max(|x|, |y|) < 1/3, we have

DD WM N MY

M
L)
N

(—pertete Y ey @ (e
1 dl dr

r=1" " ¢e,...,e,€{0,1} dy,...,dr>

=YY (D (clog(l— @)+ (~ Tog(l - o))

r=1" " ¢ey,...,e.€{0,1}

- Z % (log(1 — zy) — log(1 — z))"

1—2zy

—1+ =(1l-y+a®+2°+-).

1—=z

This proves (B.13), and, together with (3.11]), completes the proof of (3.9). For the
sum of u(n)b,, we obtain a similar expression corresponding to the “N = 0” term.
Thus
-1)MK
> bup(n) = EL7K (W(M, 0)1o + O(ewlow)) .
eyt log x

The asymptotic (BI0) now follows from (B13). Finally, b, = 0 if n has a prime
factor < z'/M=9. Hence, when by u(n) # by A(n), n is divisible by the square of a
prime > 21/M=3  The number of such n < z is < x!=1V/M+5 and this proves the
final claim. ([

Proof of Theorems [} [A. Define
Z(vlv oo 7UM;£) = max(0,§_4(§2 - ’U% - UIQ\/[)Q)ﬂ

which is nonzero only when |v;| < £ for each i. To prove Theorem [, take in
Theorem B]

fiy(0) = (—1)M+10j£(u1 —1/M,...;up — 1/M;9).

For u € Upy ug + -+ +upy = 1 and thus Z; = Zp/M. To prove Theorem [, we
must exhibit a function f1,, so that Zy = 0 and Z; # 0 for k > 2. Let M be even
and put w = (%, ceey %) Let V be the set of vectors in RM with exactly M/2
components equal to §/2 and M/2 components equal to —§/2. We will take

f1a(0) =U1"'UM[€(U—W;53)— (1\%2>—1 > tu—w—v;d%).

veVv

Letting

1= (v:d?),
vit-+ovm =0
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it follows that
Zi < M(3; + )M = [ (57 = 8 =) + 5 (57 + § - 0T
= —— 20+ N = (1—e =N = (1+e-NF],

where € = % and A = %. Since z* has convex derivative for 2 > 0, we have
(T+e—NF =21+ N+ (1 —e - N)F
> (e = 20)E(1 +¢/2)F 1 — (e 4+ 20 k(1 + N)F1

>E14+ N6 —20) (1 4+¢/2) — (e +20) (1 + )]
2 3
=k(1+ M)k (825\42 +0 (%)) .

This proves Z; < 0 for k£ > 2 if § is small enough, and completes the proof. ([
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