EQUAL SUMS IN RANDOM SETS AND THE CONCENTRATION OF DIVISORS

KEVIN FORD, BEN GREEN, AND DIMITRIS KOUKOULOPOULOS

ABSTRACT. We study the extent to which divisors of a typical integer n are concentrated. In partic-
ular, defining A(n) := max; #{d|n,logd € [t,t+1]}, we show that A(n) > (loglog n)0-35332277-..
for almost all n, a bound we believe to be sharp. This disproves a conjecture of Maier and Tenen-
baum. We also prove analogs for the concentration of divisors of a random permutation and of a
random polynomial over a finite field.

Most of the paper is devoted to a study of the following much more combinatorial problem of
independent interest. Pick a random set A C N by selecting i to lie in A with probability 1/i. What
is the supremum of all exponents [, such that, almost surely as D — oo, some integer is the sum of
elements of A N [D?, D] in k different ways?

We characterise ), as the solution to a certain optimisation problem over measures on the discrete
cube {0, 1}*, and obtain lower bounds for 3; which we believe to be asymptotically sharp.
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PART I. MAIN RESULTS AND OVERVIEW OF THE PAPER

1. INTRODUCTION
1.1. The concentration of divisors

Given an integer n, we define the Delta function
A(n) := max #{d|n,logd € [t,t + 1]},

that is to say the maximum number of divisors n has in any interval of logarithmic length 1. Its
normal order (almost sure behaviour) has proven quite mysterious, and indeed it was a celebrated
achievement of Maier and Tenenbaum [20], answering a question of Erd6s from 1948 [9], to show
that A(n) > 1 for almost all' n.

Work on the distribution of A began in the 1970s with ErdGs and Nicolas [7, 8]. However, it
was not until the work of Hooley [16] that the Delta function received proper attention. Among
other things, Hooley showed how bounds on the average size of A can be used to count points on
certain algebraic varieties. Further work on the normal and average behavior of A can be found in
the papers of Tenenbaum [23, 24], Hall and Tenenbaum [12, 13, 14], and of Maier and Tenenbaum
[20,21,22]. See also [15, Ch. 5,6,7]. Finally, Tenenbaum’s survey paper [20, p. 652—-658] includes
a history of the Delta function and description of many applications in number theory.

The best bounds for A(n) for “normal” n currently known were obtained in a more recent paper
of Maier and Tenenbaum [22].

Theorem MT (Maier—Tenenbaum [22]) Let ¢ > 0 be fixed. Then
(loglogn)“ = < A(n) < (loglogn)'©&?*e,

for almost all n, where
log 2

- 1—1/log 27
log ( 1-1/log3 )

~ 0.33827.

&1

It is conjectured in [22] that the lower bound is optimal.
One of the main results of this paper is a disproof of this conjecture.
Theorem 1. Let ¢ > 0 be fixed. Then
A(n) = (loglogn)"*
for almost all n, where 1 = 0.35332277270132346711 . . ..

The constant 77, which we believe to be sharp, is described in relation (1.3) below, just after the
statement of Theorem 2.

1.2. Packing divisors

Let us briefly attempt to explain, without details, why it was natural for Maier and Tenenbaum
to make their conjecture, and what it is that allows us to find even more tightly packed divisors.

We start with a simple observation. Let n be an integer, and suppose we can find pairs of divisors
d;,d,of n,i=1,...,k, such that

-\ property of natural numbers is said to occur for almost all n if the number of exceptions below z is o(x) as x — oc.
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o 1 <d;/d <2YF,
e The sets of primes dividing d;d; are disjoint, as 7 varies in {1, ..., k}.

Then we can find 2* different divisors of n in a dyadic interval, namely all products a; - - - a; where
a; is either d; or d;.

In [22], Maier and Tenenbaum showed how to find many such pairs of divisors d;, d;. To begin
with, they look only at the large prime factors of n. They first find one pair d;,d] using the
technique of [20]. Then, using a modification of the argument, they locate a further pair d, and dJ,
but with these divisors not having any primes in common with d;, d}. They continue in this fashion
to find ds, dj, dy, d}, etc., until essentially all the large prime divisors of n have been used. After
this, they move on to a smaller range of prime factors of n, and so on.

By contrast, we eschew an iterative approach and select 2¥ close divisors from amongst the large
prime divisors of n in one go, in a manner that is combinatorially quite different to that of Maier
and Tenenbaum. We then apply a similar technique to a smaller range of prime factors of n, and
so on. This turns out to be a more efficient way of locating proximal divisors.

In fact, we provide a general framework that encapsulates all possible combinatorial construc-
tions one might use to pack many divisors close to each other. To work in this generality it is
necessary to use a probabilistic formalism. One effect of this is that, even though our work con-
tains that of Maier and Tenenbaum as a special case, the arguments here will look totally different.

1.3. Random sets and equal sums

For most of the paper we do not talk about integers and divisors, but rather about the following
model setting. Throughout the paper, A will denote a random set of positive integers in which i is
included in A with probability 1/i, these choices being independent for different is. We refer to A
as a logarithmic random set.

A large proportion of our paper will be devoted to understanding conditions under which there
is an integer which can be represented as a sum of elements of A in (at least) &k different ways. In
particular, we wish to obtain bounds on the quantities 3 defined in the following problem.

Problem 1. Let £ > 2 be an integer. Determine (3, the supremum of all exponents ¢ < 1 for
which the following is true: with probability tending to 1 as D — oo, there are distinct sets
Ay, ..., Ay CAN[DC, D] with equal sums, ie., Y a=-=> _, a

The motivation for the random set A comes from our knowledge of the anatomy of integers,
permutations and polynomials. For a random integer m < z, with z large, let U}, be the event that
m has a prime factor in the interval (e, e*™!]. For a random permutation o € S,,, let V} be the
event that o has a cycle of size k, and for a random monic polynomial f of degree n over [F,, with
n large, let W, be the event that f has an irreducible factor of degree k. Then it is known (see e.g.,
[2, 3, 15]) that Uy, V}, and W}, each occur with probability close to 1/k, and also that the Uy, are
close to independent for & = o(log ), the Vj, are close to independent for k = o(n), and the W,
are close to independent for & large and k = o(n). Thus, the model set A captures the factorization
structure of random integers, random permutations and random polynomials over a finite field. It
is then relatively straightforward to transfer results about subset sums of A to divisors of integers,
permutations and polynomials. Section 2 below contains details of the transference principle.

The main result of this paper is an asymptotic lower bound on .
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Theorem 2. We have lim inf, .o (8o )"/" > p/2, where p = 0.28121134969637466015 . .. is
specific constant defined as the unique solution in [0,1/3] of

1 . loga;
—— = lim ——,
1—p/2 o0 2072

(1.1)
where the sequence a; is defined by
a; =2, ay=2+2° aj:a‘?_l%—ajp-fl—a?g (7 =3).
The proof of Theorem 2 will occupy the bulk of this paper, and has three basic parts:

(a) Showing that for every r > 1, 8or > 6, for a certain explicitly defined constant 6,.;
(b) Showing that lim, _, 0" exists;
(c) Showing that (1.1) has a unique solution p € [0,1/3] and that p = 21lim, _,., oL

In the sequel we shall refer to “Theorem 2 (a)”, “Theorem 2 (b)” and “Theorem 2 (c)”. Parts
(a), (b) and (c) are quite independent of one another, with the proof of (a) (given in subsection
9.2) being by far the longest of the three. The definition of 6,, while somewhat complicated, is
fairly self-contained: see Definition 9.6. Parts (b) and (c) are then problems of an analytic and
combinatorial flavour which can be addressed largely independently of the main arguments of the
paper. The formula (1.1) allows for a quick computation of p to many decimal places, as the limit
on the right side converges extremely rapidly. See section 12 for details.

Let us now state an important corollary of Theorem 2.

Corollary 1. Define

. log k L log k
=limsup———— and (_ =liminf ——————. (1.2)
TP oga) T g1/
Then log 9
0g
(. >C >2n:=—>——=0.3533227.... (1.3)
’ log(2/p)
Proof. Evidently, (; > (_. In addition, observe the trivial bound 55 < S;11. Hence,
) rlog2 L rlog 2
=limsup———— and (_ =liminf —————. (1.4)
We then use Theorem 2 to find that {_ > 7. 0

We conjecture that our lower bounds on [, are asymptotically sharp, so that the following holds:

Conjecture 1. We have (, = (_ =n.

We will address the exact values of [, in a future paper; in particular, we will show that

log3 —1
By = 252 = (.02616218797316965133 . ..
log 3 + 3
and g3 1
By = —82 L 0.01295186091360511918 . ..
10g3 + £ + 3}
where
_ log2 —log(e — 1) log2 — log(e — 1)

3 log(3/2) ’ A= 1 +log2 —log(e — 1) — log(1 + 2'-¢)"
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1.4. Application to divisors of integers, permutations and polynomials

The link between Problem 1 and the concentration of divisors is given by the following Theo-
rems. The proofs are relatively straightforward and given in the next section. Recall from (1.2) the
definition of (...

Theorem 3. For any € > 0, we have
A(n) = (loglogn)s ¢
for almost every n.

Remark. In principle, the proof of Theorem 3 yields an explicit bound on the size of the set of
integers n with A(n) < (loglogn)S+~¢. However, incorporating such an improvement is a very
complicated task. In addition, the obtained bound will presumably be rather weak without a better
understanding of the theoretical tools we develop (cf. Section 3).

The same probabilistic setup allows us to quickly make similar conclusions about the distribution
of divisors (product of cycles) of permutations and of polynomials over finite fields.

Theorem 4. For a permutation o on S,,, denote by

A(o) := max #{d|o : length(d) = r},

where d denotes a generic divisor of o, that is, d is the product of a subset of the cycles of o.

Let € > 0 be fixed. If n is sufficiently large in terms of €, then for at least (1 — €)(n!) of the
permutations o € S, we have
A(0) > (log )+

Theorem 5. Let q be any prime power. For a polynomial f € F,[t], let

A(f) = max #{g|f : deg(g) = r}.

Let £ > 0 be fixed. If n is sufficiently large in terms of €, then at least (1—¢)q"™ monic polynomials
of degree n satisfy
A(f) = (logn)*~.

Conjecture 2. The lower bounds given in Theorems 3, 4 and 5 are sharp. That is, corresponding
upper bounds with exponent (. + < hold.

If both Conjectures 1 and 2 hold, then we deduce that the optimal exponent in the above theorems
is equal to 7).

Remark. The exponent (, — ¢ in Theorems 3, 4 and 5 depends only on accurate asymptotics for [y
as k — oo or, even more weakly, for So- as 7 — oo (cf. (1.4)). In this work, however, we develop
a framework for determining (3, exactly for each k.

The quantity [ is also closely related to the densest packing of % divisors of a typical integer.
To be specific, we define ay, be the supremum of all real numbers « such that for almost every
n € N, n has k divisors d; < --- < di with d < di(1 + (logn)~®). In 1964, Erdds [10]
conjectured that ap, = log 3 — 1, and this was confirmed by Erds and Hall [6] (upper bound) and
Maier and Tenenbaum [20] (lower bound). The best bounds on «y, for k£ > 3 are given by Maier
and Tenenbaum [22], who showed that

log 2

<
WS
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and (this is not stated explicitly in [22])
(log3 — 1)m3m~1
O =
(3log3 —1)m—1

See also [26, p. 655-656]>. In particular, it is not known if ag > a4, although Tenenbaum [26]
conjectures that the sequence (o) g2 is strictly decreasing.

(2™ <k <2™ meN). (1.5)

We can quickly deduce a lower bound for o, in terms of (3.
Theorem 6. For all k > 2 we have oy, > B /(1 — Bi).

In particular,

Bs

1 — s
which is substantially larger than the bound from (1.5), which is a3 > 0.0127069.. . ..

Combining Theorem 6 with the bounds on [, given in Theorem 2, we have improved the lower
bounds (1.5) for large k.

The upper bound on «y, is more delicate, and a subject which we will return to in a future paper.
For now, we record our belief that the lower bound in Theorem 6 is sharp.

Conjecture 3. Forall k > 2 we have o, = B/ (1 — By).

oz = = 0.0268650. . .,
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2. APPLICATION TO RANDOM INTEGERS, RANDOM PERMUTATIONS AND RANDOM
POLYNOMIALS

In this section we assume the validity of Theorem 2 and use it to prove Theorems 3, 4, 5 and
6. The two main ingredients in this deduction are a simple combinatorial device (Lemma 2.1), of
a type often known as a “tensor power trick”, used for building a large collection of equal subset
sums, and transference results (Lemmas 2.2, 2.3 and 2.4) giving a correspondence between the
random set A and prime factors of a random integer, the cycle structure of a random permutation
and the factorization of a random polynomial over a finite field. In the integer setting, this is a
well-known principle following, e.g. from the Kubilius model of the integers (Kubilius, Elliott
[4, 5], Tenenbaum [25]). We give a self-contained (modulo using the sieve) proof below.

Throughout this section, A denotes a logarithmic random set.

’The factor 3™ ! is missing in the stated lower bounds for o in [26].
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2.1. A “tensor power’” argument

In this section we give a simple combinatorial argument, first used in a related context in the
work of Maier-Tenenbaum [20], which shows how to use equal subsums in multiple intervals
(D), D'] to create many more common subsums in .A.

Lemma 2.1. Let k € Z>5 and ¢ > 0 be fixed. Let Dy, Dy be parameters depending on D with
3 < Dy < Dy < D, loglog Dy = o(loglog D) and loglog Dy = (1 — o(1))loglog D as D — .
Then, with probability — 1 as D — oo, there are distinct Ay, ..., Ay C A N [Dy, Do] with
ZaeAl 4= = zaeAM aand M > (log D)(logk)/log(l/ﬁk)—a.

Remark. In particular, the result applies when D; = 3 and Dy, = D, in which case it has indepen-
dent combinatorial interest, giving a (probably tight) lower bound on the growth of the representa-
tion function for a random set.

Proof. Since increasing the value of D, only makes the proposition stronger, we may assume that
Di —oocas D — oo. Let0 < § < (i, and set o := [ — 4. Set

Llog log Dy — log log DIJ
m =

—log (B — 9)
and consider the intervals [Dg‘iH, Dg‘) ¢ =0,1,...,m — 1. Due to the choice of m, these all lie
in [Dy, D).
Let F;, i = 0,1,2,... be the event that there are distinct Agi), o ,A,(f) C [ng’ Dg“i) with
ZGGA?) Q== ZaeAEJ’ a. Then, by the definition of (5, and the fact that D; — oo, we have

P(E;) =1 — o(1), uniformly in i = 0,1,...,m — 1. Here and throughout the proof, o(1) means
a function tending to zero as D — oo, at a rate which may depend on k, 0. These events F; are
all independent. The Law of Large Numbers then implies that, with probability 1 — o(1), at least
(1 — o(1))m of them occur, let us say fori € I, |I| = (1 — o(1))m.

From the above discussion, we have found M := k!l = k0 =°0)™ distinct sets B; = (J,.; AV,
J € [k]’, such that all of the sums > _ p, @ are the same. Note that
M = k(1+0k(8)+o(1))loglog D/ log(1/Bk)
Taking ¢ small enough and D large enough, the result follows. U
2.2. Modeling prime factors with a logarithmic random set
Let X be a large parameter, suppose that
1< K < (log X)'?, 2.1)
and let I = [iy, i3] NN, where
Klog X
i, = | K(loglog X)? o = | —0——7——|. 2.2
“ [ (log log X) J’ "2 LZlogloglogXJ (2:2)

For a uniformly random positive integer n < X, let n = Hp p"» be the the prime factorization of

n, where the product is over all primes. Let &; be the set of primes in ("%, e*1)/X], and define
the random set
I={iel:dpe & suchthat pn}. (2.3)
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that is, the set of ¢ for which n has a prime factor in &;. By the sieve, it is known that the random
variables v, are nearly independent for p = X °(1) and thus the probability that b; > 1 is roughly

1 1
Ri = E - .
p
pEP;
The next lemma makes this precise.

Recall the notion of fotal variation distance drvy(X,Y") between two discrete real random vec-
tors X, Y defined on the same probability space (2, F,P):

drv(X,Y) = max|P(X € A) ~P(Y € A).
‘We have
dov((X1, . Xi), (V1,0 Ve Zdw 5 Y5) (24)

provided that the random variables X, Y; live on the same probability space for each j, that
Xi,..., Xy are independent, and Y7, ..., Y} are also independent. Although we believe this is
a standard inequality, we could not find a good reference for it and give a proof of (2.4) in Lemma

A.8. In addition, recall the identity

dry(X,Y) Z IP(X P(Y =1t)] (2.5)
teQ

when X and Y take values in a probability space (€2, F,P) with Q countable and F being the
power set of €2. See, e.g. [19, Proposition 4.2].

Lemma 2.2. Uniformly for any collection . of subsets of I, we have
P(ANIeZ)=PIe )+ 0(1/loglog X).

Proof. For i1 < 1 < 19, let w; be the indicator function of the event that n has a prime factor from
Z;, let Q; be a Poisson random variable with parameter R;, with the different (); independent, and
let Z; = 1g,>1". Also, let Y; be a Bernoulli random variable with P(Y; = 1) = 1/i, again with
the Y; independent. Let w,Z,Y denote the vectors of the variables w;, Z;, Y;, respectively. By
assumption, each &; C [log X, X1/3leeloglos X] ‘Hence, Theorem 1 of [11] implies that

d Z _—
(@, Z) < log log X

In addition, note that dry(Z;, Y;) < 1/i? for all i, something that can be easily proven using (2.5).
Combining this estimate with (2.4), we find that

1
drv(Z,Y) drv(Z;,Y;)
v Z w )< Z 2 < loglog X loglog X
=11
The triangle inequality then implies that drv(w,Y) < 1 / log log X, as desired. 0

2.3. The concentration of divisors of integers

In this section we prove Theorems 3 and 6. Recall from (1.2) the definition of (, .

3We use 1 g for the indicator function of a statement F/; thatis, 1z = 1 if Fis true and 1z = 0 if F'is false.
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Proof of Theorem 3. Fix ¢ > 0 and let X be large enough in terms of ¢, and let n < X be a
uniformly sampled random integer. Generate a logarithmic random set A. Set K = 10loglog X,
Dy =141, D = Dy = 15, where 7; and 75 are defined by (2.2). With our choice of parameters, the
hypotheses of Lemma 2.1 hold and hence, with probability 1 — o(1) as X — oo, there are distinct
sets Ay,..., Ay C AN[Dy, Dy] with - .y a=---=3 ., aand M := [(loglog X)*+=].
By Lemma A.2, with probability 1 — o(1), we have

|A N [Dy, Dy]| < 2log Dy < 2loglog X + 2log K.
Write F' for the event that both of these happen.

Let n be a random integer chosen uniformly in [1, X, and let I be the random set associated to
n via (2.3). By Lemma 2.2, the corresponding event F’ for I also holds with probability 1 — o(1);
that is, F” is the event that |I N [D;, Ds]| < 2log D, and that there are distinct subsets I, ..., Iy,
with equal sums. Assume we are in the event F”. For each i € I, n is divisible by some prime
pi € ;. In addition, for each r, s € {1,2,..., M}, we have

‘Zlogpi—zlogpi < &K”H%\Zz—zz\

icl, il icl, iels
< 4loglog X + 4log K - 1
K 2

Writing d,. := [],.; p; for each i, we thus see that the d,’s are all divisors of n and their logarithms
all lie in an interval of length 1. It follows that P(A(n) > M) = 1 — o(1) when n is a uniformly
sampled random integer from [1, X], as required for Theorem 3. U

Proof of Theorem 6. Fix 0 < ¢ < /(1 — (), let X be large and set K = (log X)¢. Define i, iy
by (2.2), let D = i, and define ¢ by D¢ = i;. Let n be a random integer chosen uniformly in
[1, X]. We have
, c
C—H—1+0(1) (X — ),

and therefore ¢ < By — ¢ for some § > 0, which depends only on c¢. By the definition of 3, and
Lemma 2.2, it follows that with probability 1 —o(1), the set I defined in (2.3) has k distinct subsets
I, ..., I} with equal sums, and moreover (cf. the proof of Theorem 3 above), |I| < 2log s, so that
|I;| < 2logi, for each j. Thus, with probability 1 — o(1), there are primes p; € &; (i € I) such
that for any r, s € {1, ..., k} we have

\I,| + |Is| _ 4loglog X
log p; — logp;| < < .
|2 tomp = 3 loap < S < SRS
i€l i€ls
Thus, setting d, = [[,c; pi, we see that d, < d,exp {O(laiéo)g())f)} for any r,s € {1,...,k}.
Since c is arbitrary subject to ¢ < /(1 — Sx), we conclude that o, > Si./(1 — Br). O

2.4. Permutations and polynomials over finite fields

The connection between random logarithmic sets, random permutations and random polynomi-
als is more straightforward, owing to the well-known approximations of these objects by a vector
of Poisson random variables.

For each j, let Z; be a Poisson random variable with parameter 1 /4, and such that 7y, Z, . . .,
are independent. The next proposition states that, apart from the very longest cycles, the cycle
lengths of a random permutation have a joint Poisson distribution.
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Lemma 2.3. For a random permutation o € S, let C;(c) denote the number of cycles in o of
length j. Then for r = o(n) as n — oo we have

dTV((cl(a),...,cr(a)),(zl,...,zr)) —o(1).
Proof. In fact there is a bound < e~™/" uniformly in n and r; see [3]. U

The next proposition states a similar phenomenon for the degrees of the irreducible factors of a
random polynomial over I, except that now one must also exclude the very smallest degrees as
well.

Lemma 2.4. Let q be a prime power. Let f be a random, monic polynomial in F,[t] of degree n.
Let Yy(f) denote the number of monic, irreducible factors of f which have degree d. Suppose that

10logn <r < s < ﬁ. Then

arv (), Vo), (Zes o 2)) = 0(1)

as n — oQ.

Proof. Forr < i < s, let Z; be a negative binomial random variable” NB(% Zj\i w(i/5) g, q7%).
Corollary 3.3 in [2] implies that

dry (V) Yol (2o, 2)) < 1/ 2.6)

uniformly in g, n, r, s as in the statement of the lemma. Note that

1 g L —i L
=D uli/i)g’ = 2¢' (L +0(q™") = =q'(1+ O(1/n))
jli
fori > r > 10logn. A routine if slightly lengthy calculation with (2.5) gives

Combining this with (2.4), we arrive at

~

dov(Zy, -+ 23), (Zy, ... Z5)) < s/n = o(1).

The conclusion follows from this, (2.6) and the triangle inequality. U

Proof of Theorem 4. Fix ¢ > 0, let n be large enough in terms of ¢, let u = logn and v = n /logn.
For a random permutation o € S,,, let C = {j : C;(0) > 1}, and define the random set A = {j :
Z; > 1}. As in the proof of Lemma 2.2, (2.4) and (2.5) imply that
~ 1 1
drv(A N AN - << —.
(AN (o, AN (o) < ) 5 <=

u<i<v

Lemma 2.3 implies that
dry (AN (u, 0], CN (u,v]) = o(1) (n — 00).

“We say that the random variable X has the distribution NB(r, p) with r € Nand p € (0, 1] if X takes values in Zx
with the following frequency: P(X = k) = (k‘”_l)(l — p)kp" foreach k € Z>o.

r—1
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Hence,
dry (A N (u,v],CN (u,v]) < dpry(A N (u,v], AN (u,0]) + dry (AN (u, 0], C N (u,0])
=o(1)

as n — o0o. By Lemma 2.1, with probability — 1 as n — oo, A N (u,v| has M distinct sub-
sets Ay, ..., Ay with equal sums, where M = [(logn)*~¢]. Hence, C has distinct subsets
S1, ..., Sy with equal sums with probability — 1 as n — oco. Each subset .S; corresponds to a
distinct divisor of o, the size of the divisor being the sum of elements of 5. OJ

Proof of Theorem 5. The proof is essentially the same as that of Theorem 4, except now we take

u=10logn, v = g, € = {j : Y;(f) > 1} and use Lemma 2.4 in place of Lemma 2.3. [

3. OVERVIEW OF THE PAPER

The purpose of this section is to explain the main ideas that go into the proof of Theorem 2 in
broad strokes, as well as to outline the structure of the rest of the paper. The remainder of the
paper splits into three parts, and we devote a subsection to each of these. Finally, in subsection 3.4,
we make some brief comments about the relationship of our work to previous work of Maier and
Tenenbaum [20, 22]. Further comments on this connection are made in Appendix C.

3.1. Part II: Equal sums and the optimization problem.

Part II provides a very close link between the key quantity (3 (which is defined in Problem 1 and
appears in all four of Theorems 2, 3, 4 and 5) and a quantity ., which on the face of it appears to
be of a completely different nature, being the solution to a certain optimization problem (Problem
3.7 below) involving the manner in which linear subspaces of Q" intersect the cube {0, 1}*.

At the heart of this connection is a fairly simple way of associating a flag to k distinct sets
Aq,..., Ap C A, where A is a given set of integers (that we typically generate logarithmically).

Definition 3.1 (Flags). Let £ € N. By an r-step flag we mean a nested sequence
Vo) =V<V<h< <V, <Qf

of vector spaces.” Here 1 = (1,1,...,1) € Q*. A flag is complete if dim V;; = dim V; + 1 for
1=0,1,...,r—1.

To each choice of distinct sets Ay,..., A, C A, we associate a flag as follows. The Venn
diagram of the subsets A, ..., A produces a natural partition of A into 2* subsets, which we
denote by B, for w € {0,1}*. Here A; = Uy.,,—1B,. We iteratively select vectors w!, ... w"
to maximize [[;_, (max B,) subject to the constraint that 1, w!, ..., w" are linearly independent

over Q. We then define’ V; = Span(1,w!, ... ,w’) forj =0,1,... 7.
The purpose of making this construction is difficult to describe precisely in a short paragraph.

However, the basic idea is that the vectors w',...,w" and the flag ¥ provide a natural frame of
reference for studying the equal sums equation

3In the literature, the term “flag” means that the inclusions are proper, i.e., dim(V; 1) > dim V; for all <. In this paper,
we will use the term more broadly to refer to an arbitrary nested sequence of subspaces.
®Here and throughout the paper, Span(vy, . . .) denotes the Q-span of vectors vy, . . ..
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Sa==Ya 3.1)

aEAl (ZGAk

Suppose now that A, ..., Ay C [D¢, D]. Then the construction just described naturally leads, in
addition to the flag 7, to the following further data: thresholds c; defined by max B,,; ~ D%, and
measures 4; on {0, 1}*, which capture the relative sizes of the sets B, N (D%+!, D%], w € {0, 1}*.
Full details of these constructions are given in Section 4.

The above discussion motivates the following definition, which will be an important one in our
paper.
Definition 3.2 (Systems). Let (¥, c, ) be a triple such that:

(a) ¥ is an r-step flag whose members V; are distinct and spanned by elements of {0, 1}*;

(b) 7 is nondegenerate, which means that V,. is not contained in any of the subspaces {z €
Qk$Z:$]},Z7éj,

(© c=(cl, - ¢, cop) Withl > 1 2 -+ 2> ¢ 2 0;

(d) = (p1, ..., ) is an r-tuple of probability measures;

(e) Supp(p;) C V; {0, 1}* for all i.

Then we say that (¥, c, u) is a system. We say that a system is complete if its underlying flag is,
in the sense of Definition 3.1.

Remark. The nondegeneracy condition (b) arises naturally from the construction described previ-
ously, provided one assumes the sets Ay, ..., A are distinct.

We have sketched how a system (¥, ¢, i) may be associated to any k distinct sets Ay, ..., Ay C
[D¢, D]. Full details are given in subsection 4.1. There is certainly no canonical way to reverse this
and associate sets A; to a system (7, c, ), even if the numbers f1;(w) are all rational. However,
given a set A C [D¢, D] (which, in our paper, will be a logarithmic random set) and a system
(7, c, u), there is a natural probabilistic way to construct subsets A;, ..., Ay C A via their Venn
diagram (B, ),ecoq1y+: if a € AN (D%+1, D%] then we put a in B,, with probability 1;(w), these
choices being independent for different as.

This will be indeed be roughly our strategy for constructing, given a logarithmic random set
A C [D¢, D], distinct subsets Ay,..., Ay C A N [D¢ D] satisfying the equal sums condition
(3.1). Very broadly speaking, we will enact this plan in two stages, described in Sections 5 and
6 respectively. In Section 5, which is by far the deeper part of the argument, we will show that
(almost surely in A) the distribution of tuples (>, , a) k | is dense in a certain box adapted to the
flag 7, as the A; range over the random choices just described. Then, in Section 6, we will show
that (almost surely) one of these tuples can be “corrected” to give the equal sums condition (3.1).
This general mode of argument has its genesis in the paper [20] of Maier and Tenenbaum, but the
details here will look very different. In addition to the fact that linear algebra and entropy play no
role in Maier and Tenenbaum’s work, they use a second moment argument which does not work in
our setting. Instead we use an /? estimate with p ~ 1, building on ideas in [17, 18].

In analysing the distribution of tuples (> A a)¥_,, the notion of entropy comes to the fore.

Definition 3.3 (Entropy of a subspace). Suppose that v is a finitely supported probability measure
on QF and that W < Q" is a vector subspace. Then we define

H, (W) = — Z v(z)logv(W + x).

T
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Remark. This the (Shannon) entropy of the distribution on cosets W + z induced by v. Entropy
will play a key role in our paper, and basic definitions and properties of it are collected in Appendix
B.

More important than the entropy itself will be a certain quantity e(#”, c, ), assigned to subflags
of 7. We give the relevant definitions now.

Definition 3.4 (Subflags). Suppose that

V(1) =V <V <Va< - <V, <QF
is a flag. Then another flag

V) =V SV SV < <Y< Q

is said to be a subflag of ¥ if V! < V; for all i. In this case we write ¥ < ¥ Itis a proper subflag
if it is not equal to 7.

Definition 3.5 (e-value). Let (¥, c, pu) be a system, and let 7’ < 7 be a subflag. Then we define

the e-value .

(7' e, 1) ==Y (¢; — ¢ ) Hy, (V) + Y e dim(V)/V)). (3.2)

j=1 j=1
Remark. Note that .
(¥ e,p) =) e;dim(V;/Vj), (3.3)
j=1

since condition (e) of Definition 3.2 implies that H,,, (V;) = 0 for 1 < j < 7.

Definition 3.6 (Entropy condition). Let (¥, c, i) be a system. We say that this system satisfies
the entropy condition if

e(V' c,pm) = eV, c,pm) for all subflags ¥ of 7, (3.4)
and the strict entropy condition if
e(V',c,u) >e(¥,c ) for all proper subflags ¥ of 7. (3.5)

We cannot give a meaningful discussion of exactly why these definitions are the right ones to
make in this overview. Indeed, it took the authors over a year of working on the problem to arrive
at them. Let us merely say that

e If a random logarithmic set A N [D°, D] almost surely admits distinct subsets A, ..., Ay
satisfying the equal sums condition (3.1), then some associated system (¥, c, ) satisfies
the entropy condition (3.4). For detailed statements and proofs, see Section 4.

e If a system (7, c, u) satisfies the strict entropy condition (3.5) then the details of the con-
struction of sets A, ..., A, satisfying the equal sums condition, outlined above, can be
made to work. For detailed statements and proofs, see Sections 5 and 6.

With the above definitions and discussion in place, we are finally ready to introduce the key
optimization problem, the study of which will occupy a large part of our paper.

Problem 3.7 (The optimisation problem). Determine the value of v, defined to be the supremum
of all constants ¢ for which there is a system (¥, ¢, ) such that ¢, ;1 = ¢ and the entropy condition
(3.4) holds.
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Similarly, determine 7, defined to be the supremum of all constants ¢ for which there is a system
¥, c, u) such that ¢,.; = c and the strict entropy condition (3.5) holds.
+

The precise content of the two bullet points above, and the main result of Part II of the paper, is
then the following theorem.

Theorem 7. For every k > 2, we have
Ve < Be < e

Remark 3.1. (a) Presumably v, = [ = 7. Indeed, it is natural to think that any system satisfying
(3.4) can be perturbed an arbitrarily small amount to satisfy (3.5). However, we have not been able
to show that this is possible in general.

(b) It is not a priori clear that v, and 7, exist and are positive. This will follow, e.g., from our
work on “binary systems” in part IV of the paper, although there is an easier way to see this using
the original Maier-Tenenbaum argument, adapted to our setting; see Appendix C for a sketch of
the details.

3.2. Part III: The optimization problem

Part 111 of the paper is devoted to the study of Problem 3.7 in as much generality as we can
manage. Unfortunately we have not yet been able to completely resolve this problem, and indeed
numerical experiments suggest that a complete solution, for all k, could be very complicated.

The main achievement of Part III is to provide a solution of sorts when the flag ¥ is fixed, but
one is free to choose c and . Write (%) (or (7)) for the solution to this problem, that is, the
supremum of values ¢ = ¢,;; > 0 for which a system (¥, ¢, ) exists satisfying (3.4) (or (3.5)).

Our solution applies only to rather special flags ¥/, but this is unsurprising: for “generic” flags
¥, one would not expect there to be any choice of ¢, u, for which ¢,;; > 0, and so (7)) = 0 in
these cases. Such flags are of no interest in this paper.

We begin, in Section 7, by solving an even more specific problem in which the entropy condition
(3.4) is only required to hold for certain very special subflags ¥ of ¥, which we call basic flags.
These are flags of the form

/Vb,ablc(m)<1>:%<‘/1<ng_lgvm:Vm::Vm

We call this the restricted entropy condition; to spell it out, this is the condition that

e(Pasic(my: €& 1) = (¥, ¢, ) (3.6)
form =0,1,...,r — 1 (the case m = r being vacuous).
We write ;% (%) for the maximum value of ¢, (over all choices of ¢ and p such that (7, c, )
is a system) subject to this condition. Clearly

W () Z (V). (3.7)

The main result of Section 7 is Proposition 7.7, which states that under certain conditions we
have
B log3 —1
- r—1 dim(V;y1/V;)
log3+ 2 iet Do
for certain parameters py, . . ., p,—1 depending on the flag 7.

(3.8)

)
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To define these, one considers the “tree structure” on {0, 1}* N V, induced by the flag ¥: the
“cells at level j” are simply intersections with cosets of V;, and we join a cell C' at level j to a
“child” cell C" atlevel j — 1 iff C" C C'. The p; are then defined by setting up a certain recursively-
defined function on this tree and then solving what we term the p-equations. The details may be
found in subsection 7.2. Proposition 7.7 also describes the measures p and the parameters c for
which this optimal value is attained.

In Section 8, we relate the restricted optimisation problem to the real one, giving fairly general
conditions under which we in fact have equality in (3.7), that is to say v;*(¥") = 7(?). The
basic strategy of this section is to show that for the c and g which are optimal for the restricted
optimisation problem, the full entropy condition (3.4) is in fact a consequence of the restricted
condition (3.6).

The arguments of this section make heavy use of the submodularity inequality for entropy, using
this to drive a kind of “symmetrisation” argument. In this way one can show that an arbitrary
e(?’,c, u) is greater than or equal to one in which ¥ is almost a basic flag; these “semi-basic”
flags are then dealt with by hand.

To add an additional layer of complexity, we build a perturbative device into this argument so
that our results also apply to (7).

3.3. Part I'V: Binary systems

The final part of the paper is devoted to a discussion of a particular type of flag ¥, the binary
flags, and the associated optimal systems (7', c, i), which we call binary systems.

Definition 3.8 (Binary flag of order r). Let k = 2" be a power of two. Identify Q* with Q7"
(where P[r| means the power set of [r] = {1,...,r}) and define an r-step flag ¥, (1) = V <
Vi <--- <V, = QP as follows: V; is the subspace of all (Zts)sc[r] for which zg = x ;) for all
S C [r].

Whilst the definition is, in hindsight, rather simple and symmetric, it was motivated by extensive
numerical experiment. We believe these flags to be asymptotically optimal for Problem 3.7, though
we currently lack a proof.

There are two main tasks in Part IV. First, we must verify that the various conditions necessary
for the results of Part III hold for the binary flags. This is accomplished in Section 10, the main
statements being given in Section 9. At the end of Section 9 we give the proof (and complete
statement) of Theorem 2(a), conditional upon the results of Section 10. This is the deepest result
in the paper.

Following this we turn to Theorem 2(b). There are two tasks here. First, we prove that the
parameters p; for the binary flags (which do not depend on r) tend to a limit p. This is not at all
straightforward, and is accomplished in Section 11.

After that, in Section 12, we describe this limit in terms of certain recurrence relations, which
also provide a useful means of calculating it numerically. Theorem 2(b) is established at the very
end of the paper.

Most of Part IV could, if desired, be read independently of the rest of the paper.
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3.4. Relation to previous work

Previous lower bounds for the a.s. behaviour of A are contained in two papers of Maier and

Tenenbaum [20, 22]. Both of these bounds can be understood within the framework of our paper.
The main result of [20] follows from the fact that
1
Yo =1 — . 3.9
Y2 log 3 (3.9)

Indeed by Theorem 7 it then follows that o > 1 —
for almost every n we have

A(n) > (loglog n)_logz/log(l_@)“(l). (3.10)
The exponent appearing here is 0.28754048957 . .. and is exactly the one in [20, Theorem 2].

@, and then from Theorem 3 it follows that

The bound (3.9) is very easy to establish, and a useful exercise in clarifying the notation we have
setup. Take k = 2, r = 1 and let ¥ be the flag (1) = Vi < V; = Q2 Let ¢ = (¢, ¢9) with ¢y = 1

and
1

log3’
Let 11 be the measure which assigns weight 3 to the points 0 = (0,0), (0,1) and (1,0) in {0, 1}?
(this being a pullback of the uniform measure on {0, 1}?/V).

There are only two subflags #” of ¥, namely 7 itself and the basic flag ¥, ) : (1) = V§ < V{
with Vj = V/ = V{y = (1). The entire content of the strict entropy condition (3.5) is therefore that

e(ni/b,asic([))’ ¢ ”’) > e(%v ¢ I‘l’)v

cy<1-—

(3.11)

which translates to
(c1 — c2)Hy, (Vo) > e
We have H,,, (V) = log 3 and ¢; = 1, and so this translates to precisely condition (3.11).

Remark. (a) With very little more effort (appealing to Lemma B.2) one can show that v, = 5 =

~ 11
72_1 log3°

(b) This certainly does not provide a shorter proof of Theorem 3.10 than the one Maier and
Tenenbaum gave, since our deductions are reliant on the material in Sections 5 and 6, which con-
stitute a significant elaboration of the ideas from [20].

The main result of [22] (Theorem 1.4 there) follows from the lower bound
_ 1 1—1/log3 \71!
o> (1- > ( ) : 3.12
7 ( log3/\1—1/log 27 (3-12)
which of course includes (3.9) as the special case » = 1. Applying Theorem 7 and Theorem 3,

then letting » — oo, we recover [22, Theorem 1.4] (quoted as Theorem MT in Section 1), namely
the bound

log 2
o i/eezr o)
A(n) > (loglogn) ™ 17T
for almost all n. The exponent here is 0.33827824168 . . ..
To explain how (3.12) may be seen within our framework requires a little more setting up. Since

it is not directly relevant to our main arguments, we defer this to Appendix C.



PART II. EQUAL SUMS AND THE OPTIMISATION PROBLEM

4. THE UPPER BOUND [ < Vg

In this section we establish the bound in the title. We recall the definitions of 3, (Problem 1)
and vy, (Problem 3.7). We will in fact show a bit more, that if ¢ > 4, then

P (there are distinct Ay, ..., Ay € [D, D] with equal sums) — 0 as D — oo. 4.1)
4.1. Venn diagrams and linear algebra

Let 0 < ¢ < 1 be some fixed quantity, and let D be a real number, large in terms of c. Suppose
that A, ..., Ay C [D¢, D] are distinct sets. In this section we show that there is a rather natural
way to associate a complete system (7', c, i) (in the sense of Definition 3.2) to these sets. This
system encodes the “linear algebra of the Venn diagram of the A;” in a way that turns out to be
extremely useful.

The Venn diagram of the A; has 2* cells, indexed by {0, 1}* in a natural way. Thus for each
w= (wi,...,ws) € {0,1}*, we define

B,:= ) A [ (4 (4.2)
0

irwi=1 W=

The flag V. Set Q := {w : B, # 0}. We may put a total order < on 2 by writing w’ < w if

and only if max B,, < max B,,. We now select r special vectors w!,...,w" € Q, withr < k — 1,
in the following manner. Let w! = max_ (€ \ {0,1}). Assuming we have chosen w', ..., w’ such
that 1,w!, ... w’ are linearly independent over @, let w/™ = max(Q \ Span(1,w!,... ,w?)), as
long as such a vector exists.

Let1,w!, ..., w" be the set of vectors produced when this algorithm terminates. By construction,
Q C Span(1,w',...,w"), or in other words B,, = () whenever

w € {0,1}*\ Span(1,w', ..., w").

Now define an r-step flag ¥ : (1) = V5 < Vi < --- < V, by setting V; := Span(1,w', -+ ,w’)
for1 < j<r.

The parameters c. Now we construct the parameters ¢ : 1 > ¢; > ¢ > --- > ¢,.41. For
7 =1,...,r, we define
[logmax B,; — log D]

=1 . 4.3
K + log D (4.3)

Thus .
max B,; € (-D%, DY] 4.4)

e
forj = 1,...,r. Also set ¢,;1 = c. (The ceiling function [-]| produces a “coarse” or discretised

set of possible thresholds c;, suitable for use in a union bound later on; see Lemma 4.2 below. The
offset of —log D is to ensure that ¢; < 1.)

The measures p. Set

, [ B, \{maxB,;} ifw = w’ for some j,
B, = { B, otherwise. 45)



18 KEVIN FORD, BEN GREEN, AND DIMITRIS KOUKOULOPOULOS

Define
() = BLN (D, D))
(w) == :
Mg Zw #(Bl.: N (DC]'+1, ch])
with the convention that if the denominator vanishes, then /1;(w) = 1,—o.

(4.6)

Remark. It is important that we use the B/ here, rather than the B, for technical reasons that will
become apparent in the proof of Proposition 4.4 below.

Lemma 4.1. (¥, c, u) is a complete system (in the sense of Definition 3.2).

Proof. We need to check that Supp(p;) C Vj for j = 1,...,r. By definition, if y;(w) > 0 then
B, N (D%+1, D] # (). This implies that max B,, > D%+!. On the other hand, (4.4) implies that
D%+ > max B,;+1, and thus max B,, > max B,;+1. By the construction of the vectors w’, we
must have w € Span(1,w', -+ ,w’) = V.

We also need to check that ¥ is nondegenerate, also in the sense of Definition 3.2, that is to say
V. is not contained in any hyperplane {w € QF : w; = w;}. This follows immediately from the
fact that the A; are distinct. Since

and so there is certainly some w with w; # w; and B,, # 0. 0

Note that, in addition to the system (7', ¢, ), the procedure described above outputs a sequence
w!, -+ w" of elements of {0, 1}’“. We call the ensemble consisting of the system and the w' the

linear data associated to Ay, - - - , Ax. We will only consider the event A € £, where
£ = {A C [D°, D] : |#(AN(D*, D°])—(B—a)logD| <log*’*D (c<a<B< 1)}. (4.7)

By Lemma A.5,P(A € £) = 1—o0(1) as D — oo. In particular, if A € &, we have |AN[D¢, D]| <
2log D for large enough D.

Lemma 4.2. Fix k € Z- and suppose that A € E. The number of different ensembles of linear
data arising from distinct sets A1, --- , A, C Ais < (log D)°W).

Proof. The number of choices for w', - w" is O(1), and hence the number of ¥ is also O (1).
The thresholds c¢; are drawn from a fixed set of size log D, and the numerators and denominators
of the 11;(w) are all integers < 2log D. O

Remark 4.1. The O(1) and the < here both depend on k. However we regard k as fixed here and
do not indicate this dependence explicitly. If one is more careful then one can obtain results that
are effective up to about k& ~ loglog D.

4.2. A local-to-global estimate

Our next step towards establishing the bound [, < 74 is to pass from the “local” event that a
random logarithmic set A possesses a k-tuple of equal subsums (3,4, @,..., > 4, @) to the
“global” distribution of such subsums (with the subtlety that we must mod out by 1). The latter is
controlled by the set £ . ,,(A) defined below.
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Definition 4.3. Given a set of integers A and a system (7, c, ), we write %y . ,(A) for the set

of vectors
Z Z (mod 1),

wE{O 1}k a€B.,
where (B,,),e(o,13+ Tuns over all partitions of A such that

pj(w) = #(B., N (D+, D))

] k
#(AN (Do, D)) (1<j<r we{0,1}%). (4.8)

Proposition 4.4. Fix an integer k > 2 and a parameter 0 < ¢ < 1. Let D be large in terms of ¢
and k, and let A C [D°, D] be a logarithmic random set. Let

£= {A C [D°, D] : |#(AN(D®, D))~ (8—a)log D| < 210g”* D (c<a << 1)}. 4.9)

Then we have

IP’(EIdistinctAl,...,AkgAsuchthat Za:---: a)
a€A; a€Ay
< (log D)W sup D*(cl+'"+CT)]E1A65]$%CM(A)] + P(&9). (4.10)
(Vse,1)

Here, the supremum is over all complete systems (¥, c, ) with ¢, = c.

Proof. Recall the definition of the set £, given in equation (4.7). We have

IP’(EIdistinctAl,...,Ak C A such that Za:~~~: Z a)

a€A; a€Ay

<SPE)+ Y > PA=A4),

Viem(w') AT (Ve p,(w'))

where, given linear data {(¥,c, u),w', ..., w"}, we write Z (¥, c, u, (w')) to denote the set of
all A € & that have k distinct subsets (A1, ..., Ax) with equal sums-of-elements and associated
linear data {(¥,c, u),w!,...,w"}. (The set A appearing in (4.10) will be constructed below by
removing certain elements from the logarithmic set A we started with; this new set belongs to g,
but not necessarily to £.)

Let us fix a choice of linear data {(7#,c, u),w!,...,w"} and let us abbreviate . for the set
S (¥, ¢, u, (w')). An elementary probability calculation gives

- ra=-0=3 1] (1--)1‘[@;. (4.11)

Aes AeY D¢<a<D a€A

For each A € ., fix a choice of (A, ..., A;y) with equal sums and such that the linear data
associated to (Ay,..., Ap) is {(¥,c,p),w', - ,w"}. Let B, be the cells of the Venn diagram
corresponding to the A;, as in (4.2), and then define the B/, as in (4.5). Recall that (4.6) holds, and
define K; = max B,; for 1 < j < r. In particular, iy > --- > K,. Let A" = A\ {K;,..., K, }.
Note that A’ € € if D is large enough in terms of k. Moreover, we have

Sa- Y wYa

acA; we{0,1}*  a€By
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Therefore, the equal sums condition is equivalent to

Z wZazo(modl),

wE{O,l}k a€By,

and hence ;
Y K ==Y w ) d(modl). (4.12)
j=1 w a’€B];

Since 1,w!, -+, w" are linearly independent, the value of the right-hand side of (4.12) uniquely

determines the numbers K;, which themselves uniquely determine A in terms of the sets 5.
Therefore, given A’ € £, the number of possible sets A is, by Definition 4.3, at most | %y ¢ ,(A)].
Moreover by (4.4) we have K; > %Dcﬂ' for every j, and therefore

1 1
H <« Dlatte) TT ——. (4.13)
a—1 a—1

acA acA’

We sum over A’, and reinterpret the product on the right-hand side of (4.13) in terms of P(A = A’).
This gives

E(y) < D—(c1+~~+0r) Z ‘.:%V,C,H(Al)‘ H (1 — 1) H L

Acé De<a<D ey 1
_ D—(01+-~.+cq~) Z ‘-iﬂ//,c,u(A,)‘ . P(A _ A/>
AeE

_ D—(c1+-..+cT)E1A€5 . |$“//,c,u(A)’-

By Lemma 4.2 there are (log D)°() possible choices for the linear data {(¥, c, u), w',...,w"},
and the proof is complete. U

4.3. Upper bounds in terms of entropies

Having established Proposition 4.4, we turn to the study of the sets .2 ., (A4). We will bound
their cardinality in terms of the quantities (7", c, 1) from Definition 3.2 with ¥” a subflag of ¥".

Lemma 4.5. Let (¥, c, p) be a system and let A € E, where € is defined in (4.9). Then, for any
subflag V' of V',
Ly el )| <y eO(log3/4 D) pe(V".e.m). (4.14)
C.p

Remark. The implied constant in the <y~ could be made explicit if desired (in terms of the quan-
titative rationality of a basis for the spaces in #"’) but we have no need to do this.

Proof of Lemma 4.5. Given a set X C [D¢, D], write X := X N (D%+ D% forj =1,...,r.
Throughout the proof, we will assume that A is a set of integers and that (B,,),c0,13+ runs over all
partitions of A such that (4.8) is satisfied. In our new notation, this may be rewritten as

IBY| = 1 (w)|AD|, j=1,...,r, we{0,1}" (4.15)
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For each j, 1 < j < r, fix a linear projection P; : V; — V7, and set Q); := idy, —Pj, so that Qj
maps Vj to itself. Set

- {Z ST Piw) Y a(mod1):(4.15)is satisﬁed}

7=1 we{0,1}* acBY)
weVj
and
= {Z Z Q;(w Z a (mod 1) : (4.15) is satlsﬁed}
=1 wefo,1}* acBY)
weVj
Since §
Y eY =Y Y AW Y ary Y e Y e
we{0,1}F  a€By 7=t we{0,1}3* acBY J=1 we{o,1}* acBY
weVj weV;
it follows immediately from the definition of .%  ,(A) (Definition 4.3) that
Ly en(A)] < L7 (A)]- | 2°(A)]. (4.16)
We claim that
|.LF(A)| <y (log D) DXi=1 ¢ dm(Vi/Vi) (4.17)
and that
| LO(A)] < (O D) e, () @.18)

These bounds, substituted into (4.16), immediately imply Lemma 4.5.

It remains to establish (4.17) and (4.18), which are proven in quite different ways. We begin
with (4.18), which is a “combinatorial” bound, in that there cannot be too many choices for the
data making up the sums in Z?(A). For this, observe that (), vanishes on V! and hence is constant

on cosets of V/. Therefore the elements of .2“(A) are determined by the sets Usvew, v BY, over
J

all v, EV/V’ and 1 < j < r. By (4.15),

U B(J

wEvJ-H//

= U]—I—V)|A |

and by Lemma B.1 the number of ways of partitioning A into sets of these sizes is bounded
above by e®®P7IAY where p) = (1, (v; + V}))usev; vi- By Definition 3.3, H(p¥)) = H,,(V}).
Taking the product over j = 1,...,r gives
|.L9(A)] < eXi= Hyu; (VHIAD]
From the assumption that A € £ , where £ is defined in (4.9), we have
|AD| = (¢; — ¢j41) log D + O(log** D).
Using this, and the trivial bound H,, (V/) < log | Supp(y;)| < log(2¥), (4.18) follows.

Now we prove (4.17), which is a “metric” bound, the point being that none of the sums in
£ (A) can be too large in an appropriate sense. Pick a basis for Q* adapted to #”: that is, a
basis ey, ..., e, such that Vj = Span(ey, .. ., edim\/j’) for each j, and e; = 1. There are positive
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integers M, N = Oy (1) such that, in this basis, the e;-coordinates of P;(w) are all rationals with
denominator ) and absolute value at most /V.

Now for fixed j and w, if D is large then ZaEB(j) a < D% log D, since BU(Jj) C (D%+1, D%] and
by the assumption that A € &. Thus
Z P;(w) Z a€ { Z zie; € QY Mz, € Z, ]xi|ngchlogD(foralli)},

we{0,1}* aEB(E,” 1§i<dim(vj{)
weVj

and so
- Mz; € Z and |z;| < r>ND¢% log D
. . k. i il X
2. 2 B 3 ae{ > wme€Q b dimV! , <i<dimV’ and1<j<r }
J=1 we{o,1}* acBY 1<i<k J J

weVj

We must bound the number of different values that the expression Zle x;e; can take mod 1
when the coefficients x4, . .., z) are as above. Since e; = 1 and x1M € Z, given o, . ..,z there
are at most M possibilities for z; mod 1. In addition, there are

< (FPPMN) ' (log D)" D>i=1 ¢ 4m(Vj/Vio)

possibilities for xs, . . . , xy, thereby concluding the proof of (4.17) and hence of Lemma 4.5. [

A potential problem with applying Lemma 4.5 is that there may be infinitely many subflags 7"
to consider, and the constant implied by the <-symbol depends on #”. As we shall see in the next
Lemma, however, we may reduce the problem to consideration of a finite number of subflags, a
tool which will be used in several parts of this paper.

Lemma 4.6. For a given k, the set of all flags

V)=V <V <V < <V QF
may be partitioned into Oy (1) equivalence classes such that any two flags V', V" in the same
equivalence class satisfy dim V}-’ = dim V;-” for all j, and for any threshholds c satisfying ¢, >
¢y = -+ = ¢y and probability measures p supported on {0, 1}, we have H,, (V]) = H,,(V]')
forall jande(V' c,p) =e(V", c,p).

Proof. We say that two subflags ¥, 7" are equivalent if V/, V" have the same intersection with
{0,1}* and dim V] = dim V}, for all j = 1,...,r. There are clearly only Oy (1) equivalence
classes, and the desired properties hold for members of the same equivalence class by the definition
of H,,,(V/) and (¥, c, ). 0

Armed with Lemma 4.6, we immediately obtain from Lemma 4.5, applied to one representative
from each class, the following corollary.

Corollary 4.7. Let (¥, c, 1) be a system and suppose that A € E. Then

O(log3/* D . Ve,
|$7/707H(A>| < ¢Olos )71/1/15}/ DV em)

4.4. The upper bound in Theorem 7

We can now establish the upper bound in Theorem 7, that is to say the inequality 55 < ;.
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We start by applying Proposition 4.4. Together with Lemma A.5, it implies that
IP’(EI distinct Ay, ..., Ay C AN (D D] with equal sums)

< (log D)’ sup D= HEL, 6. Ly 0 u(A)] + O 5P,
(¥ ,e.m)
Here, the supremum is over complete systems (7, ¢, ) with ¢,1 = ¢, and we made the observa-
tion that for such systems we have

e(V,c,p) =c1+ - +cp,

an immediate consequence of the definition of (7, c, ) and the fact that H,,, (V;) = 0 for all j
and that dim V; = j + 1. Thus we may apply Corollary 4.7, concluding that

IP(EI distinct Ay, ..., Ay C AN (D¢ D] with equal sums) < Do) 4 O(e_% log!/2 Dy,

where

0= sup min (e(?',c,p) —e(¥,c,p)); (4.19)

(¥ ,c,p) s cry1=c VY

the supremum is over all complete systems (¥, c, u) with ¢,.; = ¢, and the minimum is over all
subflags 7’ < 7. Note that the minimum exists by Lemma 4.6, since we may restrict attention to a
finite set of subflags ¥”. Moreover, the supremum is realised, meaning there is a system (¥, c, i)
for which the right side of (4.19) equals 6. Indeed, there are O(1) choices for #', and with ¥ fixed
the quantities c, p range over compact subsets of Euclidean space, with the right side of (4.19)
continuous in these variables.

Now, if we assume that ¢ > <, then the definition of 7y, in Problem 3.7 implies that there is
no system (7', c, ) with ¢,; = c and that satisfies the entropy condition (3.4). Equivalently, if
Cr1 = ¢, then miny <y (e(¥’, ¢, ) — e(¥,c,pn))) < 0. In particular, we have § < 0. We have
thus established (4.1), as required.

Remark. In the above proof, (¥, c, ) is a complete system. However, for other aspects of our
problem it is not natural to focus on the completeness condition, for which reason we omit it from
the definition of ;.

5. THE LOWER BOUND [ = i
5.1. Introduction and simple reductions

The aim of this section and the next is to establish the lower bound 3, > ;. We begin, in
Lemma 5.3 below, by showing that we may restrict our attention to certain systems satisfying
some additional regularity conditions.

We isolate a “folklore” lemma from the proof for which it is not easy to find a good reference.
The authors thank Carla Groenland for a helpful conversation on this topic.

Lemma 5.1. Let V be a subspace of QF. Then #(V N {0, 1}F) < 2dmV,

Proof. We outline two quite different short proofs. Let d := dim V.

Proof 1. We claim that there is a projection from QF onto some set of d coordinates which
is injective on V. From this, the result is obvious, since the image of {0, 1}* under any such
projection has size 2¢. To prove the claim, let ey, . .., e, denote the standard basis on Q". Note
that if W' < Q" and if none of the quotient maps Q" — Q" /(e;) is injective on W, then W must
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contain a multiple of each ¢;, and therefore W = Q™. Thus if W is a proper subspace of Q" then
there is a projection onto some set of (n — 1) coordinates which is injective on WW. Repeated use
of this fact establishes the claim.

Proof 2. Suppose that #(V N {0, 1}*) contains 2¢ + 1 points. These are all distinct under the
natural ring homomorphism 7 : Z*¥ — F%, and so their images cannot lie in a subspace (over
[F,) of dimension d. Hence there are vy, ...,v411 € V such that w(vq), ..., 7(vgy1), are linearly
independent over F. The (d+ 1) x k matrix formed by these 7(v;) therefore has a (d+1) x (d+1)-
subminor which is nonzero in Fy. The corresponding subminor of the matrix formed by the v; is
therefore an odd integer, and in particular not zero. This means that vy, ...,v4.1 are linearly
independent over @, contrary to the assumption that dim(V") = d. U

We now record an immediate corollary of Lemma 4.6, which provides a “gap condition” on the
e-quantities.

Lemma 5.2. If the system (¥, c, p) satisfies (3.5) then there is an £ > 0 such that for all proper
subflags V",
(V' 0, ) > eV o) + <. (5.1)

For future reference, the next two lemmas record more information about optimal systems for
v and for vy, respectively.

Lemma 5.3. Let k € Z~5. We have that 7y, is the supremum of all ¢ > 0 for which there is a system
(¥, c, u) such that ¢, 1 = ¢, (3.5) holds and we further have:

@ l=c>cp>->cp1=c¢

(b) Hy, (Vj—1) > dim(V;/V;_1) for 1 < j <r —1land H, (V,_1) > p—— dim(V,/V,_1) ;
(¢) dim(V1/Vo) = 1;

(d) Supp(p;) =V; N{0,1}" forj =1,2,...,r;

(e) forall j and w, j1;(w) = p;(1 — w).

Proof. First of all, we show that we may assume that ¢ > 0 and that statement (d) holds. Indeed,
if a system (7, u, c) satisfies (3.5), then Lemma 5.2 implies that (5.1) holds for some ¢ > 0. As
the difference between the left and right sides of (5.1) is continuous in the quantities ¢; and y;(w),
we may increase c,41 (and possibly some of the other c;’s) a tiny bit and we may also adjust the
measures £¢; by a small amount, so that ¢, > 0, statement (d) holds, and we also have that

e(V'e,p) = eV, copu) +¢/2
for every proper subflag 7.

Next, we show that we may take ¢; = 1. Indeed, condition (3.5) implies that e(?”,c, u) >
e(¥,c,pn) > 0forall ¥ < ¥ by (3.3). Nowif ¢; < 1 and & = ¢;/c; for each j, then the
perturbed system (7, €, ) has a larger value of ¢, 1, and moreover also satisfies (3.5), since for
any subflag 7" we have

e(V',c,u) = (1/cr)e(¥' e, p).
Next, consider a system (¥, ¢, ) satisfying ¢; = 1 and ¢,;; = ¢ > 0, and consider the subflag
V(1) =V <V <o <V, where V)=V fori # j, and V] = V;_y; thatis, 77 has two
consecutive copies of V;_;. By assumption (Definition 3.2), we have V,_; # V}, and thus ¥" is a
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proper subflag of . Thus

(¢j = ¢jir) (Hyy (Vimr) — dim(V;/ Vo)) ifj <=1,
(¢ — )M, (Viq) — ¢ dim(V, Vi) if j =1
Since the left-hand side is positive, we conclude that (a) and (b) hold.

(c) Let d = dim(V;/V;). By Lemma 5.1, we have |V} N {0, 1}¥| < 24mV1 = 24+1 and hence
w1 is supported on at most 291 — 1 cosets of V; (since 1 € V}, the points 0 and 1 lie in the same
coset). In particular, by Lemma B.2, H,,, (V) < log(2?"! — 1). On the other hand, H,, (V;) > d
by statement (b). We must thus have d = 1, which is exactly statement (c).

6(7//, C, IJ’> - e(%7 ¢, IJ’) = {

(e) Assume the system (7, c, p) satisfies (3.5) and (a). For every j and w € V, we define

_on p(w) + (1 - w)
i (w) = 5 :

We then consider the system (¥, c, 1), and must show that it also satisfies (3.5). For this, it is
enough to show that

Hy, (V) > H,, (V) (5.2)
for all 5. Indeed, we then have, for every proper subflag 7",
e(V',c,pm) =z eV c,u) >e(¥,c,u) =e(¥,c, ).

To prove (5.2), write
HH]’ (V]’) = Z L(M](C))v Hﬁj(‘/},) = Z L(ﬂ](o))7
c c

where the sum is over all cosets C' of V; and L(t) = —tlogt. Thus, since —C'runs over all cosets
as C' does, we have

H,, (V) = 3 2@+ L (=0)

S 2

By the concavity of L, we have

Claim (5.2) then readily follows. 0

Lemma 5.4. Let k € Z~5 be such that v, > 0. Then we have that vy, is the supremum of all ¢ > 0
for which there is a system (¥, c, p) such that ¢, 11 = ¢, (3.4) holds and we further have:

@ l=c>c>-->cy1=c¢
(b) Hy,, (Vi—1) = dim(V;/ Vi) for 1 < j < = Land H,, (Vo) > —— dim(V; V) ;
(¢) dim(V1/Vp) = 1

(d) Ul_, Supp p; spans V; for j =1,2,...,r;
(e) forall j and w, j1;(w) = p;(1 — w).

Remark. As we will see in Part IV, we always have v, > 0.

Proof. The proof that we may take c¢; = 1 is the same as in Lemma 5.3.
Next, consider a system (¥, ¢, ) satisfying ¢; = 1 and ¢,;; = ¢ > 0, and consider the subflag
V(1) =V <V <o <V where V/ =V, fori <r—1,and V] = V,_;. Thus
e(/y//7 ¢, H) - e(%7 ¢, H’) = (CT - CT+1)HH’T(‘/’F—1) — G dlm(‘/r/v;“—l)
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Since the left-hand side is > 0 and we have assumed that ¢, ; = ¢ > 0 and that V,,_; # V., the
latter being true from Definition 3.2, we conclude that

¢ >y and H, (Viy) > ——— dim(V,/V,_,). (5.3)
Cr — Crq1
This proves part of statements (a) and (b). We shall now prove them fully.
(a) There are always indices 1 =11 < 1o < --- < i3 < 1541 = r + 1 such that

Ciy = =Ci-1 > ¢y, forg=1,...s.

Crucially, note that is.; = r+ 1 because ¢, > ¢,41 by (5.3). Next, we define the system (%, v, d),
where # is an s-step flag and, for all j € {1,..., s}, we have
m = ‘/;j_'.l—l? V] = l’[’ij+1—17 and dj = Cij_t,_l—l'

In particular, W, = V; ., _; = V, because i,4; = 7, and thus % is a non-degenerate flag system
as per Definition 3.2 (b). Clearly, 1 = dy > dy > --- > ds > ds41 = ¢, so in order to prove part
(), all that remains to show is that the system (%, v, d) satisfies the entropy condition (3.4). This
follows by a simple computation. Indeed, let " be a subflag of 7. We then define 7’ < ¥ by
letting V! = W; whenever 1; < m < ;4. Hence,

e(7', pn,c) = Z(Cm = Cmi1)H,, (Vi) + Z Cm dim(V,, Vi)

m=1 m=1

= (eiym1 — i H, (Vi) + ) ey dim(V) /V7 )

j=1 j=1

=e(#' v,d).
Consequently, since the system (7, u, c) satisfies condition (3.4), so does (%, v, d). This proves
that we may always assume condition (a).

(b) Consider a system (¥, c, ) satisfying (a). We then argue as in Lemma 5.3, by considering
the subflag ¥ with V! =V, for i # j, and V/ = V;_,. We then have

(¢j = 1) (Hyyy (Vioa) = dim(V;/Vi))  ifj <7 —1,
(¢ — cry1)H, (Viq) — ¢ dim(V, V) if j =1

Since the left-hand side is > O and ¢; — ¢j41 > Oforall j = 1,...,r, statement (b) follows.

e(V',c,u) —e(¥V,c,pu) = {
(c) Assuming statement (b), we may prove statement (c) by arguing as in Lemma 5.3.

(d) Suppose that (a) holds. Consider the flag ¥’ : (1) < V] < --- < V!, where

j
V] = Span (USupp(,uj)> (1<j<r).

=1
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It is easy to see from the definition of a system (Definition 3.2) that ¥ is a subflag of #". We have
H,,,(V}) = 0 for all j, and hence

(V' ¢ pm) = c;dim(V} [V )
i=1
=—c + ¢ dim(V)) + Z — ¢iyp) dim(VY)

> —c; + ¢, dim(V,) + Z — ¢ip1)dim(V;) = e(¥, c, ),

by (3.5). Since ¢; — ¢j41 > Oforall e <r —1, and ¢ > ¢r41 = 0, we must have that V/ =V for
all ¢, which is precisely statement (d).

(e) This statement is proven as in Lemma 5.3. [

The bound S, > 7, will now follow from the following proposition, as long as we can show that
the quantity 7 1s well-defined and positive. The latter will be accomplished in Section 9, where
we construct a system satisfying the strict entropy condition 3.5. An alternative construction is
given in Appendix C.

As usual, A is a logarithmic random set.

Proposition 5.5. Let ¢ > 0 and suppose that there is a system (¥, c, p) such that:

(1) 1=¢ >Co > > Crypl = C
(ii) There is some € > 0 such that (V"' c, ) = e(¥, ¢, u) + € for all proper subflags V" of V.
(iii) Supp(uj) =V; N{0,1}* for j =1,2,...,r

Let § > 0, and assume that D is large enough in terms of §,c and (¥, c, p). Then the probability
that A N [D¢, D) has k distinct subsets with equal sums is > 1 — 0.

The proof of Proposition 5.5 is perhaps the most difficult part of this paper, and will occupy this
and the next section. Throughout the remainder of this section and throughout the next section,
we will fix a system (¥, c, ) with ¢,;1 = c satisfying conditions (i)—(iii) of Proposition 5.5.
Constants implied by O— and < —symbols may depend on this system.

The main result, which we will prove in this section and the next, is Proposition 5.7 below.

Definition 5.6 (Nondegenerate maps). A map v : X — {0, 1}* is said to be nondegenerate if the
image of ¢ is not contained in any of the subspaces {z € Q" : z; = z;}.

The map ¢ is a “Venn diagram selection function”, that is, the value of () specifies which piece
of the Venn diagram of k& subsets X7, ..., X, of X that b belongs to. In the notation (4.6) of the
previous section, ¢)(a) = w means that a € B,,. The condition that ) is nondegenerate is equivalent
to Xy, ..., X} being distinct, and is similar to the property of a flag ¥* being nondegenerate.

Proposition 5.7. With probability tending to 1 as D — o0, there exists a nondegenerate map
Y AN (D% D] — {0, 1} such that Y-, _ 5 ap(a) € (1).

The map v will be constructed using the data from the system (7, c, it). Before we embark on
the proof of this result, we show how to deduce Proposition 5.5 from it.
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Proof of Proposition 5.5, assuming Proposition 5.7. By Proposition 5.7, we know that with proba-
bility 1—0p_o0(1) there is a nondegenerate map ¢ : AN(D¢, D] — {0,1}* suchthat y,_, av(a)
lies in (1), that is to say, it is a constant vector. We will show that this map induces & distinct sub-
sets of A with equal sums.

Lety; : AN (D, D] — Q,i=1,...,k, denote the projection of ) onto the i-th coordinate of
QF, so that ) = (31, ...,v%). Define A; := {a € A : ¢;(a) = 1}. These sets are distinct because
if A; = A;, then the image of 1) would take values in the hyperplane {z € Q" : z; = z,}, contrary
to the fact that v is nondegenerate. Moreover, for all 7, ; we have

Za— Za:Zawi(a)—Zawj(a):(),

acA; acA; a€A a€A

and so Ay, ..., A; do indeed have equal sums. 0
5.2. Many values of > © _, at/(a), and a moment bound

We turn now to the task of proving Proposition 5.7. We will divide the proof of Proposition
5.7 into two parts. The first and more difficult part, which we prove in this section, states that
(with high probability) > _, at(a) takes many different values modulo (1) as ¢ ranges over all
nondegenerate maps 1) : A N (D¢, D] — {0, 1}*. The precise statement is Proposition 5.9 below.
The deduction of Proposition 5.7 from Proposition 5.9 will occupy Section 6.

Let 0 < k < minj<j<.(¢; — ¢j41) — 2/ log D be a small quantity, which may depend on D. Let
Al ={ac A: D9t <q< DY /e} 1<j<r), A ::UAj. (5.4
j=1

The purpose of working with A’ rather than A is to ensure that some gaps are left for the subsequent
argument in the next section (based on ideas of Maier and Tenenbaum [20]), in which we show
that one of the many sums ) | _,, ay)(a) guaranteed by Proposition 5.9 may be modified, using the
elements of A N (D¢, D]\ A’, tobein (1).

Definition 5.8 (Compatible functions). We say that a map ¢ : A’ — {0, 1}* is compatible if, for
all j, a € AJ implies ¢(a) € V}.

Remark. Recall that Supp(p;) = V;N{0, 1}* for all j by condition (iii) of Proposition 5.5. Setting
BY = {a € AJ : ¢y(a) = w}, we see that 1) being compatible is equivalent to BY # () only if
pj(w) > 0, and is consistent with earlier notation (4.6).

Proposition 5.9. There exist real numbers k* > 0, p > 1 and t > 0 (which depend on the system
(¥, c, i) so that the following is true. Let 6 > 0 and suppose that D is sufficiently large as a
function of 0. Uniformly for 0 < k < k¥, we have with probability at least 1 — 0, that ,av(a
acA
takes at least )
(t0) p—1 D2 ¢ dim(V;/Vi-1)

different values modulo (1), as 1 ranges over all nondegenerate, compatible maps 1.

Remark. By (5.4), it clearly suffices to prove Proposition 5.9 for Kk = Kk*.
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We will deduce Proposition 5.9 from a moment bound. Firstly, define the representation function

TA’ . @k/<1> —>Rby
@)= Y walw)
P A'—{0,1}F
2aear ap(a)—ze(l)
where the summation is over all maps ) : A’ — {0, 1}*, and where
war(¥) =] [ (¥ ().

J=1lacAj
This weight function wa- is chosen so that it is large only when v is balanced, that is, when
for all j and w, the set A7 has about u;(w)|A;| elements a with ¢)(a) = w. Observe that if
Y(a) & Supp(u;) for some j and some a € A7, then wa/(1)) = 0, and thus only compatible v
contribute to the sum 74 (). However, wa (1)) might be non-zero for some degenerate maps v,
and these will be removed by a separate argument below.

The crucial moment bound for the deduction of Proposition 5.9 is given below.

Proposition 5.10. Let
&' ={AC D%, D] #(AN (y/e,y) < V5/100 (D°<y< D)}

There is a p > 1 and x* > 0 so that uniformly for 0 < k < k* and for all D > €'°°/¢ we have the
moment bound

E[lace: 3 ra(@)] < D7070E, 6 dm/ vy,

T

Proof of Proposition 5.9, assuming Proposition 5.10. Define also

’I:A/(l‘) = Z ZUA/(’Q/)).

A’ —{0,1}F
1) is compatible and nondegenerate

> acar app(a)—ze(l)
We have

, o,
Soat) -1 (Xw) 111~

7=1 w
for any A’. On the other hand, when v is non-compatible, then wa:(¢)) = 0 because we know
that Supp(y;) = V; N {0, 1}* for all j by our assumption of condition (iii) of Proposition 5.5. In
addition, if 1 is degenerate, then its image is contained in {z € Q" : z; = z;} N {0, 1}* for some
i # j. Since V, ¢ {x € Q¥ : z; = x,}, there must exist some w € V, N {0, 1}* = Supp(y,) that
is not in the support of ¥. Therefore,

Y @) =Far(@) < Y (1= p(w)A
x weSupp(pr)
Since ¢, > ¢, 41 by our assumption of condition (i) of Proposition 5.5, Lemma A.5 implies |A"| >
L(e, — ¢,41) log D with probability > 1 — O(e~(/92€'* D) " and thus the right side above is
o(1) with this same probability. The same lemma also implies that A’ € £* with probability
>1— 0(67(1/4)10g1/2D>‘
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Now fix a small 6 > 0. The above discussion implies that, with probability at least 1 — 6/2 (for
D sufficiently large), we have

1
ZfA/(x)>§ and A’ €& (5.5)

On the other hand, Markov’s inequality and Proposition 5.10 imply that, with probability at least
1 —0/2, we have

larces Z Far(z)? < 1arces Z ra(z)? < §—1p—(p=1) 2, ¢ dim(V;/Vj—1) (5.6)
By Holder’s inequality,
1A65* ZfA/<.I’) < | Supp(fA/)|1_1/p(1Aleg* ZfA/(l')p) 1/p‘ (57)

With probability at least 1 — §, both (5.5) and (5.6) hold, and in this case (5.7) gives
| Supp(7ar)| >, §7-T DX e dim(V/ Vi)
This completes the proof of Proposition 5.9. U
The rest of the section is devoted to the proof of Proposition 5.10.
5.3. An entropy condition for adapted systems
For reasons that will become apparent, in the proof of Proposition 5.10 we will need to apply

the entropy gap condition not only with subflags #” of ¥/, but with a more general type of system.

Definition 5.11 (Adapted system). Given a system (7, c, u), the pair (#,b) is adapted to (¥, c, u)
it W (1) =Wy < W; <--- < Wi is acomplete flag with Wy, < V,,and b = (by, ..., bs) satis-
fiesl > b; > --- > b, > 0 and the condition

Wi <V whenever bi > cji1.
We say that (%, b) is saturated if s = dim(V,.) — 1 and if for all j < r, there are exactly dim V; —1
values of ¢ with b; > ¢;1. Otherwise, we call (%, b) unsaturated.

Remark. For the definition of complete flag, see Definition 3.1. We make a few comments to
motivate the term saturated. Let

my = #{i:b; > cj 1} 0<j<r), (5.8)
so that the b;’s belonging to the interval (c;;1, ¢;] are precisely bmj 1415+ -+ bm;. Since W; <V
whenever b; > ¢;1, we infer that

W, <V, (1<j<7). (5.9)
Since # is complete, we know that dim(W;) = i + 1, and thus m; < dim(V;) — 1. In particular,
(# ,b) is saturated if, and only if, we have equality in (5.9) for all j. O

We need some further notation, which reflects that A’ is supported on intervals with gaps. For
1<y < let
]j = (Cj+1 + K, Cj]. (510)
Recall that we take x small enough so that each I; has length > 2/log D, that is, £ < min;(c¢; —
¢jt1) — 2/log D.
There is a natural analogue of the e-value (cf. Definition 3.5) for adapted systems.
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Definition 5.12. Given an adapted system (%, b), we define
e(#,b) =e(# bV c,p) = A[bis1,b] NV L)H,, (Wi) + > b,
i.j i

where A denotes the Lebesgue measure on R.

Finally, we define
5(b) = ma.X{Cj —b;: b; € [j}, (5.11)
Z7]

that is to say d(b) is the smallest non-negative real number with the property that
c]—cs(b)éb,éc] (1<]<T,Z€]])

Adapted systems (%, b) can, in a certain sense, be interpreted in terms of convex superpositions
of pairs (¥',c), ' < 7 a subflag. The next lemma gives us a strict inequality analogous to
condition (ii) of Proposition 5.5, unless #  is saturated and has a small value of d(b), which
corresponds to the convex superposition which gives rise to (%', b) having weight ~ 1 on the
trivial subflag (¥, c).

Lemma 5.13. Let (¥, p, ©) be a system satisfying conditions (i)—(ii) of Proposition 5.5. Let ¢ be as
in condition (ii). Suppose that (¥ ,b) is an adapted system to (¥, u, c) such that b; lies in some set
I; for each i. Suppose, further, that k is small enough in terms of €, and that k < % min;(¢; —¢j1).

(a) If (#',b) is unsaturated, then e(# ,b) > e(¥ ,c, u) + /2.
(b) If (#',b) is a saturated, then e(# ,b) = e(V,c, ) + €d(b) /2.

Proof. We treat both parts together for most of the proof. Let m; be defined by (5.8). In particular,
mo = 0 because c¢; = 1. Note that max;cy, (¢; — b;) = ¢; — byy,;, and let h be such that

(5(b) = Cp — bmh'
Without loss of generality, we may assume that b,,, < cp; the case b,,,, = c;, will then follow by
continuity.
Set b = b,,,, and note that

V, € [¢j41 + K, cj] when i € (m;_1,m;] and j # h,

e(#',b) = min ¢ e(#,b’) : U, € [b,cy] wheni € (my,_1,mp), b, =b,
Wb >0

The quantity (%, b’) is linear in each variable b; and the region over which we consider the above
minimum is a polytope. As a consequence, the minimum of e(#, b’) must occur at one of the

vertices of the polytope. In particular, there are indices ¢; € (m;_;, m;] for j = 1,...,r such that
Cj if mi—1 < 1< gj
e(#,b) = e(#,b"), where by = cjmi+r ifl; <i<my, j#h, (5.12)
b if Eh <1< my,.

In fact, note that we must have ¢}, < my, because b}, = b and we have assumed that b < cj,.
Using the linearity of e(#, -) once again, we find that

—b b— _
h e(# bWy 4 2T oy p@)y, (5.13)

Ch — Chy1 — R Ch — Ch41 — R

e(W,b") =
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where bgl) = b§2) =0bfforie {1,...,s}\ (bn, mp], bgl) = cpy1 + K fori € (¢, my] and b§2) =cp
for i € (¢y, my).
Fix b’ € {bM) b@}. In addition, define the indices i1, ..., i, by letting i; = £; when j # h or
b’ = b™), while letting i;, = m; when b’ = b(®). We then have
b — & ifmj_l <1< ij,
! Cj+1+li le] <i<mj.
A straightforward calculation implies that
e(#,b')=e(?" c,pu) + Sk + (m, —i,)cru1, (5.14)
where 7 is the subflag of ¥ with V/ = W, and

S = Z (m]‘ — ij — HM;(WZ]>)

(Note that ¥ is indeed a subflag since Wi, < Wi, < Vjby (5.9).)

If ¥/ = ¥, we must have that W, = Vj for all j. Since W;, < W,,, < Vj, we infer that
Wi, = Vj, as well as that i; = m; for all j. In particular, the flag (7', b) we started with must be
saturated and S = 0 (since i; = m; and H,,,(W;,) = H,,,(V;) = 0 for all j).

We are now ready to complete the proof of both parts of the lemma.

(a) By the above discussion, if (#, b) is unsaturated, then ¥’ = ¥ . Therefore, by assumption of
condition (ii) of Proposition 5.5, we have e(#,b’) > e(¥, ¢, u)+< forb’ € {b() b} Inserting
this inequality into (5.13) implies that e(#',b*) > e(¥,c,u) + € + O(k). Since e(#,b) >
e(# ,b*), the proof of part (a) is complete by assuming that « is small enough in terms of ¢.

(b) Assume that (%, b) is saturated. We can only have that ¥’ = ¥ if i;, = my,. Since ¢, < my,,
this can only happen when b’ = b(®). As a consequence, assuming again that # is small enough in
terms of £, we have that

G(W, b/) > e(%, c, IJ’> + 1b/:b<1) ’ 6/2
Inserting this into (5.13) yields the inequality
Cp — b S

W .,b*) >e(¥,c, _— -
e(#,b") = e(V,c u)+ch_ch+1_ﬁ 5
Since b = ¢, — d(b), 0 < ¢p, — cpy1 — £ < 1, and e(#',b) > e(#,b*), we find that e(#',b) >
e(?,c, ) + €d(b)/2. This completes the proof of part (b) of the lemma. O

5.4. Proof of the moment bound

In this subsection we prove Proposition 5.10. For a vector n = (ng, ny,na, ..., n,) with
O=mno<ny < <Ny,

define the event '
Sn)={A": #A'=n; —n;_1 (1<j<n)}
When A’ lies in S(n), we write

/
A" ={ay,as,...,a,,.}, ay > ag > ... > ay,,



EQUAL SUMS AND THE CONCENTRATION OF DIVISORS 33

so that '
a; € A if and only if nj_1 <t<n;. (5.15)
We may define, for any compatible 1), the auxilliary function
0:[n,]—V,n{0,1}*  suchthat  6(t) = ¥(a,). (5.16)

The salient property of 6 is that it is determined by the ordering of the elements in A7 and not
by the elements themselves. We denote by ©,, the set of compatible functions 6, that is, those
functions satisfying

6(t) € Supp(p;) whenever t<n;, 1<j<r. (5.17)

In the event S(n), if ¥ is an compatible function and 6 is defined by (5.16), we have

war(@) =wa®) =[] ] w0, (5.18)

Jj=1n;_1<t<n;

where the notation w,, (in place of wa ) reflects the fact that w only depends on €, and not otherwise

on A. In this notation,
T’A/(l’) = Z wn(e)

0e®y
> 0(t)ar—ze(1)

Writing 1, = 7“1;17“ A and interchanging the order of summation, it follows that if A’ lies in
S(n), then

p—1

S raler = (m(zate(w)) wnl6)

T 0c®n t

=2 ( > wn(f?’))plwn(@), (5.19)

0€®n ~0'cOn
(5.20)

where the inner summation is over all compatible functions ¢’ satisfying
> a(O'(t) - 0(t)) € (1). (5.20)
t

Similar to the argument in subsection 4.2, we find a flag " and special values of 7 which have
the effect of isolating terms in the relation (5.20). With 6, ', n fixed, let

Q=0Q0,0)={0't)—0(t):1<t<n,}
and
s = dim ( Span(1,Q)) — 1.

We now choose a special basis of Span(1, (). For each w € (2, let

K, =min{t: 0(t) — 0(t) = w},
and place a total ordering on ) by saying that w < ' if K, < K,/. Let w' be the minimum
element in 2\ (1), w? = min(\ Span(1,w)),...,w® = min(Q\ Span(1,w?’,... ,w*')), where
s is such that Q C Span(1,w!, ..., w*). Finally, let

W; = Span(1,w', ... ,w), T, = Ky (1<j<s),
70,0, n) = (1q,...,7s),



34 KEVIN FORD, BEN GREEN, AND DIMITRIS KOUKOULOPOULOS

and form the flag
W =w0,0,n) : Wo<W; <--- < W,
We note that in the special case § = ¢, we have s = 0 and # is a trivial flag with only one space
Wh.
Now we divide up the sample space of A’ into events describing the rough size of the critical
elements a,,. By construction,

a., = max{a; € A : 0'(t) — 0(t) = '}

J
Similarly to Section 4, for 1 <7 < s let
[loga,, —log D]
log D
The definition of A’ implies that for each 4, there is some j with b; € I; = (¢;41 + K, ¢jl.
Moreover, we have the implications

b =1+ sothat a,, € (D" /e, D"]. (5.21)

bi > Cj+1 —— T < n; e wi = 0(7}) — 6/(7'1') S V},
where we used (5.17) to obtain the second implication. Since b; > by > --- > b;, we infer the
stronger relation
b; > ¢ — W; < V. (5.22)
Therefore, the pair (%, b) is adapted to (¥, c, ).
Using the inequality (z + y)P~! < 2P~! 4 yP~! repeatedly, we may partition (5.19) according to
the values of #/(0,60') and (6, 0’), obtaining (still assuming S(n))

Sy (0% %mf@m

x Va 0'€On, (5.20)
# 0,0/ n)=+, 7(0,0' n)=7

We need to separately consider other elements of A’ that lie in the intervals (D% /e, D], and so
we define
B={b:1<i<s} and €= ()5, where = #(A'N(D"/e, D).

By assumption, >, ¢, > s. It may happen that b; = b, for some 4, in which case |B| < s. With
n, 7, b, £ all fixed, consider the event
E(b,7,n,¥£)

defined as the intersection of

e S(n);
e a,, € (D" /e, D¥] for all i
o |[A'N(D%/e,D%)| = ¢, forallb € B.

Taking expectations over A’, we get

E [1A’€S(n)ﬁ£* > ra (fb)p}

< E[ Y. wald) ( > wn(e'))p_llE(b,r,n,e)] :

W ,1,b,0,e 0'€B®n, (5.20)
£,<D"/2/100 VbeB W (0,0’ n)=H, T(0,0' n)=T
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where the condition that ¢, < D%?/100 comes from the fact that we taking expectations over

A’ € £*. By Holder’s inequality with exponents 15, 51, this implies that
E [1A,€S(n)mg* S ra (a;)P} < Y wa®P(E(b,T.n,£)"Px
T W ,T,b,0.L

£,<D%/2 /100 VbeB

x{ > wn(e/)P[E(b,r,n,z)A(s.zo)}}p_.

6'cOnp
W (0,0 n)=W'
7(0,0' n)=T1
(5.23)
Claim. Let ¢, < D"?/100 for all b € B. Then we have
P((5.20) | E(b,7,n,£)) < D™t tbe)edn o, (5.24)

Proof of Claim. Let us begin by analyzing the event (b, 7, n, £) we are conditioning on. Con-
sider the set | J,(D+ %%, D] \ {J,g(D"/e, D']. There is a unique way to write it as UM, I,
where the sets [, are intervals of the form (A, B] with their closures [, mutually disjoint. Now,

the event E(b, 7,n, £) is equivalent to there being mutually disjoint sets of consecutive integers
L, 1 <m< M)and 7, (b € B) such that:

e The sets Z,,, (1 < m < M) and J, (b € B) together form a partition of the set [n,];
e Forallm € {1,..., M}, we have a,, € I, ifand only if n € Z,,;

e Forall b € B, we have a,, € (D’/e, D] if and only if n € Jj;

o 7, € Jp, forall ¢;

o || =¥, forallb € B.

The above discussion allows us to describe the distribution law of A’ under the event F(b, 7, n, £):
given a choice of the intervals Z,,, and J,, we construct independent logarithmic random sets A,
on I,, and A, on (D®/e, D°] such that #A’ N I,,, = #I,, for all m and #A, = ¢, for all b. Then
A’ is the union of all A*’s and all A,’s.

Having explained how the distribution of A’ looks like under the event E(b, 7, n, £), let us now
prove our claim. We argue as in the proof of Proposition (4.4). Relation (5.20) implies

S

Zwian—l— > al0'(t) - 0(t) = apl

=1 t&{T1,...,Ts }
for some ay € Z. Since 1,w!', ..., w* are linearly independent, this uniquely determines their
coefficients ag, a,,, ..., a,, in terms of the other a;’s. For each b € B, let

my=#{i:b;=>} and N,=#(ZnN(D"/e,D"]) = (1—1/e)D"+ O(1).
Then, given A, for all m and b € B, there are at most

N, Nfb—mb 1-1 D)ol —m) Dbl—my)
( b ><( : _|<<€Z“-<( o)D)

gb — my gb — mb). gb' < gb‘

choices for Ab (since m;, of each elements are determined by the remaining ¢, — m; elements and
by the elements of the A*, that we have fixed), where we used that £, < ff < (1 —1/e)~%. In
addition, Lemma A4 implies that the probability of occurrence of a given set X;, C ZN(D"/e, D]
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as the set Ab, conditionally to the event that #Ab = {p, 1S

< 1/ Y sz 11 (1_%)<%

(EDb/e<m<Db xGXb Db /e<m<DPb

Putting the above estimates together, we conclude that

—(by+-+bs ¢
P((5.20) | E(b,7,n,£)) <<HDbmb = Dbl
beB
upon noticing that ), . myb = >, b;. This proves our claim that (5.24) holds. O

In the light of (5.24), relation (5.23) becomes
E |:1A’€S(n)05* Z TA’ (Z‘)p]

xT

p—1
< Z D—(p—l) 2250 BZbebE|: Z wn(Q) ( Z wn(H’)> lE(b,‘r,n,Z):| . (525)

W ,T.b,l 0€®n 0'€O@n
V(0,0 n)=W
7(0,0' n)=T1
To evaluate the bracketed expression, first recall the definition (5.18) of w,(#'), and note that the
conditions #(0,0',n) = #, 7(0,0',n) = 7 together imply that
O(t)—6(t)eW; (1<t <741, 0<i<s),
where we have defined 7 := 0 and 75,1 := n, + 1. For brevity, write
T’iJ: (nj_l,nj]ﬂ[Ti,Ti+1)mN, (Oézés, 1 éjir)

Some of these sets are empty. In any case, we have

Y wa@) < [T T w0 +wo). (5.26)

0 c®n 0<i<s  teTy
W (0,0' n)=W 1<g<r
7(0,0' n)=T1

From (5.18), and the fact that the discrete intervals 7; ; are dlS]Olnt and cover [n,|, we have

Q)ZHHW

ij teT;,

With these observations, we conclude that

T wnw)( 3 wn<e'>) < ST T o560 (W + 00))

€@y 0'c®n 0€®n 1,5 teT; ;
W (0,0 n)=W
7(0,0' n)=7
=[InG.j.p, #)", (5.27)
where
n(igip. W)= > pi(w)(Wi+w)P " (5.28)

wESupp (i)
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Substituting into (5.25), and summing over n, we get

E|lace 3 ra(@)’| < 3 D70 EL 3 Rl {1E(b,,,n,@ [InG.jp. W)'Tw'] . (5.29)
W ,b

T T,nf 1,J

If V; < W, then p1;(W; + w) = 1 for all w and thus (i, j,p, #) = 1. For all i, j, p, # we have
n(i, 7, p, #") < 1. Thus, we require lower bounds on |7 ;| in the case V; £ W;.

Claim. Assume that F(b, 7,1, £) holds. Given i such that b, < b; and j € {1,...,r}, define
M; j = (D+%% D% [e] N (D"+, D" /e]

Then
{t ay € Mi,j} C T’i,j- (530)

Proof of Claim. Let t be such that a, € M, ;. In particular, D*+! < a;, < D% /e. This relation and
the definition of b; in (5.21) imply that a,,,, < a; < a,, and hence 7; < t < 7,41, where we used
that a; > ag > -+ > a,,. In addition, since D%+1** < q, < D%, we have that a;, € A7. Thus,
n;—1 <t < n; by (5.15). This completes the proof of the claim. U

A direct consequence of (5.30) is that
T;5] > |A" N M.
Combining this inequality with (5.29), we get
E [1A’€€* Z TA/(x)p:| < Z Di(pil) Zj bi Z eZb EbE |:1E(b,‘r,n,l) H 77(27 j7p7 W)AmMi’j|:| :
T ¥ b n, 7.t %)

Fix b and 7/, and let E'(b, £) be the event that |A’ N (D°/e, D°]| = ¢, for all b € B. Given
A’ € E'(b, £), we have at most [ [, £, < e2»v choices for 7, . . ., 75. Hence,

>_"E {lmbm,@m(z’, oW )'A'”Mi’j}

n, 7.2
S Z 62 2 ng |:1S(n) 1El(b,€) H n@? j7 b, W)lA/mMi7j|:| :
n,f i,j
Since the events S(n) are mutually disjoint, we arrive at the inequality

E[lA/eg*ZTA/<$)p:| < ZD*(p’l)szj]E[HemAb'Hn(i,j,p, W)'A’”Mf»ﬂ]. (5.31)
T 7 .b

beB 2,]J

Next, we estimate the right hand side of (5.31). The intervals M; ; and (D°/e, D?] are mutually
disjoint by (5.30), hence the quantities |[A’ N M, ;| and |A,| are independent. Using Lemma A.3,
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we obtain

[H62|Ab| Hn (4, 7, p, W)|A/0Mi,j\]

beB
exp{z Y X -n 3 O
beB Db /e<m< Db meM;
<<eXp{Z(77(i,j,p,7/)—1) Z %}
,J meM; ;

Recall that [; = (¢j41 + K, ¢;], define
Gi = Gi(b) = (bit1, bil,

and recall that A denotes the Lebesgue measure on R. Then, by the definition of A; ;, we have

1
Y. —=ANG)logD+O(1).

mEMi’]’
Substituting into the definition of e() (Definition 5.12), this gives
E [1A/€8* > ra (a:)p] <Y DpEwsb), (5.32)
T W .,b
where
E(p,#,b):=(p—1) Zb ZZ n(t,j,p, W 1))\(IjﬂGi)
=(p— ZZ (i, §.p, ) = 1+ (p — DH,, (W)|MI; N Gy).

Recall the definition (5.28) of n(i,j,p, w). It W; > V,, then p;j(W; + x) = 1 whenever
x € Supp(x;), and so in this case 7(7, j,p, #') = 1. Since H,,, (W;) = 0 in this case, we have

n(i,j,p, ) =1+ (p— DH,, (W) =0 (V; < W;). (5.33)
For any fixed 7, j, #, we have

d
g0 3| = —H (W),
and so
We deduce from (5.32), (5.33) and (5.34) that
E(p,#.b) = (p—1)e(#.,b) = Y > MI;NG)O((p—1)*). (5.35)
4,5t ViEW;

To continue, we separate two cases.

Case 1. (W ,b) is unsaturated.
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In the above case, Lemma 5.13(a) implies that e(#',b) > e(¥, c, u) + £/2. Consequently,

By 7 b) > (0~ Vel e + L 0p 1)

(p—1e
YR

Z (p—De(¥,c,p) +
provided that p — 1 is small enough in terms of € (and k).

Since there are O(1) choices for % and log®™® D choices for b, the contribution of such flags
to the right hand side of (5.32) is

Z D~ E@7b) o p=(p=1e(V.en) (5.36)

(# ,b) unsaturated

Case 2. (W ,Db) is saturated. (Recall from Definition 5.11 that (%, b) is called saturated when
s = dim(V,) — 1 and for all j < r, there are exactly dim V; — 1 values of ¢ with b; > ¢;11.)

Fix for the moment a pair (i, j) such that
V; £ W, and AI;NG;) > 0. (5.37)
The second condition is equivalent to knowing that
bi > cj and biy1 < cj.

In particular, we have WW; < V; by (5.22). Note though that we have assumed V; £ W;. Therefore,
W; < Vj. Since dim(W;) = ¢ + 1, we infer that

i < dim(V;) — 2.
Since we have assumed that (%, b) is saturated, the above inequality implies that b; 11 > c¢;1.
Recalling the definition (5.11) of 4(b), we conclude that
bit1 = ¢; — d(b).
This implies that G; N I; C [c; — d(b), ¢;] for any pair (3, j) satisfying (5.37). As a consequence,
Y OMLNG)<d(b)  (1<j<).
i VigW;
Since we also have that e(#',b) > e(7, c, ) + £d(b)/2 by Lemma (5.13)(b), it follows that
E(p,#,b) > (p— 1)e(¥ ¢, ) +2(b)/2 + O((p — 1)%(b)
= (p—1)e(¥,c,pu) +i(b)/4,
provided that p — 1 is small enough compared to ¢.

(5.38)

Using (5.38), we see that the contribution of saturated flags to the right hand side of (5.32) is

Z D E@7.b) o p—p=1e(¥ ) Z Z D~ (p=1)=d(b)/4,

(# ,b) saturated s=0 by,...,bs

where we used that there are O(1) choices for #. Recall (5.21), which implies that the numbers
b; are restricted to the set {m/log D : m € N}. Thus the number of b with §(b) = m/log D is at
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most (m + 1)® and

zr: S Dveei/s ¢ Z S (m 1)t DA

5=0 by,...,bs s=0 m=>0
We thus conclude that
Z D E®7'b) o p=(p=De(Ven)
(7 ,b) saturated
If we combine the above inequality with (5.36) and (5.32), we establish Proposition 5.10. U

6. AN ARGUMENT OF MAIER AND TENENBAUM

The aim of this section is to prove Proposition 5.7. The reader may care to recall the statement
of that proposition now, as well as the definition of a compatible map (Definition 5.8). As in the
previous section, the system (¥, c, u) is fixed, and satisfies conditions (i)—(iii) of Proposition 5.5.
We also fix a basis {1,w', ... ,w?} of V; such that V; = Span(1,w!, ... wd™(i)=1) for each j
and such that w® € {0, 1}* for each i. Denote Q = Supp(p,.) =V, N {0, 1}*.

We begin with an observation related to the solvability of (4.12), which we recall here for the

convenience of the reader:
ZKjwj = —Zw Z a’ (mod 1). (6.1)
j=1 w  a'€B,
Let A denote the Z-span of 1,w?, ..., w? (that is, the lattice generated by 1,w?, ..., w?). Every
vector w € () is a rational combination of the basis elements 1,w?, ..., w? Hence, there is some
M € N such that Mw € A for each w € €. In particular, note that the right-hand side of (6.1)
lies generically in the lattice A/M = {x/M : x € A}. However, we must ensure that (6.1) is
solvable with K1, ..., K, € Z. Equivalently, the right-hand side of (6.1) must lie in A, which can
be guaranteed when the coefficients of all vectors w in it lie in MZ.

In this section, implied constants in O() and < notations may depend on the system (¥, c, )
and basis w', ..., w? in particular, on k, d and M.

6.1. The sets .Z;(A) and lower bounds for their size

The main statement of this subsection, Proposition 6.2, is a variant of Proposition 5.9, where we
stipulate that all elements lie in A. This will later ensure that (6.1) is solvable with K1, ..., K, € Z.

Fix k > 0 satisfying £ < %*, where <* is the constant from Proposition 5.9. In particular,
k < 1/2. We introduce the sets

L(D) = | (D, D00 =12, (6.2)
j=1
Thus each [;(D) is simply a union of r intervals in A, and we have the nesting
L(D)cC (D) c---C (D D].

For any w € V, we denote by @ the projection onto V, := V,/(1) = Span{w!,...,w?}. In
addition let ¢)(a) = v(a) for a € A.
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The reader may wish to recall the definition of nondegenerate (Definition 5.6) and compatible
(Definition 5.8) maps.

Definition 6.1. Write .%;(A) for the set of all >_,_, at)(a) that lie in A, where ¢ ranges over all
nondegenerate, compatible maps supported on [;(D).

Proposition 6.2. Let 6 > 0 and i € N, and let D be sufficiently large in terms of 6. Then with
probability at least 1 — ¢ in the choice of A N I;(D),

|.Z(A)] > e DU=r/1) 3¢ dim(Vj/ijl)7 (6.3)

where « is a positive constant depending at most on (¥, c, p).

Proof. Let

]Z((D) = U(D(Cj+1+fi*)(1—'€/i)’ ch(l—n/z‘)] C U(DC]'+1(1+H/2)’DCj(l—H/i)] C I;(D),
7j=1 7j=1
where the first inclusion follows by noticing that (¢; 1 + £*)(1 — £/i) > ¢j41(1+K/2) for cjq €
0,1, 0 < K < k*/2 < 1/2and i > 1. Write .Z/(A) for the set of all ) _, at(a), where ¢
ranges over all nondegenerate, compatible maps supported on I/(D), but without the stipulation
that the sum is in A. We now apply Proposition 5.9 with D replaced by D'~*/* and ¢ replaced by
/2 to conclude that
|.Z/(A)| > g p—r/1) 325 ¢ dim(V;/Vj—1)

with probability at least 1 — §/2, where « = 1/(p — 1) with p as in Proposition 5.9.

We now use the elements of A N (1;(D) \ I}(D)) to create many sums ., ¥(a) which do lie
in A. Let G := (Der+:(=#/3) §=1 Dert11=£/9)] "which is a subset of I;(D) \ I/(D). Let £ be the
event that A N G contains at least 2 elements that are = m (mod M) foreach m € {1,..., M}.
Lemma A.2 (applied with B ={b € ZNG : b=m (mod M)} and € = 1/3) implies that if J is
sufficiently small then P(€) > 1 — 6/2.

Assume now that we are in the event £. Let us fix a set £ C A N G that contains exactly 2*
elements that are = m (mod M) for each m € {1,..., M}. Take any nondegenerate, compatible
function ¢ : A — {0, 1}* supported on I/(D), and write

Z av(a) = ZwNw.
a€l(D) we

Recall that Supp(u,.) = V,. N {0, 1}* by condition (iii) of Proposition 5.5. Hence, for each w € (,
we may find an element a,, € K satisfying a, = —N,, (mod M). Setting ¥y(a,,) = w for each w,
and ¢y(a) = 9(a) for a € I(D), and 1)(a) = O for all other a € I;(D). We have

Z ayo(a) = Z(aw + N,)w € A,
aEL;(D) weN
since M|(a,, + N,,) for all w. Moreover, 1 is nondegenerate and compatible by construction.
Consequently, ) aty(a) € A (by removing the coefficient of 1). Since there are at most 2kl <
2M2" choices for {a, : w € Q}, the map from Zaelé([)) a)(a) to D achi(D) a)y(a) is at most
2M2* 151 We conclude that with probability > 1 — 0,
| L(A)] > 27M2’“|gi/(A)| > g pU=s/ ;e dim(V;/Vi-1)
the implied constant only depending on k, M and «, which are all fixed. U
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6.2. Putting Z;(A) in a box

In the last section, we showed that (with high probability) .Z;(A) is large. In this section we
show that with high probability it is contained in a box (in coordinates w', . .., w?); putting these
results together one then sees that .%;(A) occupies a positive proportion of lattice points in the
box, the bound being independent of D.

Fort € {1,...,d}, write j(t) for the unique j such that dimV;_; < ¢ < dim V. In addition,
let C' be the largest coordinate in absolute value of any element in V, N {0, 1}* when written with
respect to the base 1,w!, ..., w?. We then set

(@) . g-1 1—k/i)c;
N =6"t.C . DU and =1~ (6.4)

t=1

Lemma 6.3. Assume 0 > 0 is small enough so that re=2/% < 5. Then, we have

()
) C @ Ny N 6.5)
with probability at least 1 — 0 in the chozce ofA N L;(D).

Proof. This follows quickly from the fact that v is compatible and by Lemma A.6, the latter im-
plying that
Z a < 571D(17}<&/i)0j (1 < ] g 7,,)
acAn[2,D /%)

with probability > 1 —re™2/9 > 1 — 4. O
Proposition 6.4. Let 0 and « be as in Proposition 6.2 and in Lemma 6.3. With probability at least
1 — 28 in the choice of A N I;(D), Z(A) is a subset of the box @), [— NJ(EZ) Njgg)]wt of size
> (5d+aN(z‘)

Proof. This follows immediately upon combining Proposition 6.2 and Lemma 6.3 . 0
6.3. Zero sums with positive probability

Lemma 6.5. Let § and o be as in Proposition 6.2 and Lemma 6.3, and let D be large enough in
terms of § and (¥, c, ). Leti € Z.01 [1, (log D)'/3). In addition, let S ¢ @7, [— (EZ), N(E))]wt
with | S| > §4*N© and with S C A. Then

P(0 € L1 (A)| Z(A) = S) > g2t

Proof. We condition on a fixed choice of A N I;(D) for which .Z;(A) = S. Note that

Ii41(D)\ (D) = | J(DU=/De pU=r/G+Des) 5 | [N 100dN 7). (6.6)
j=1 j=1
Then it is enough to show that with probability > §24(4+®) | the set A contains 2d distinct elements
a; and aj, 1 <t < d, such that
> (aj—a)w'eS and  apa; € [N 100dN] for t=1,....d.  (6.7)

t
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To see why this is sufficient, let s = 3, (a; — a;)w’, which we know belongs to S = .Z;(A). In
particular, there is an compatible map ¢ supported on I;(D) such that Y~ _, aib(a) = s. Now,
consider the function ¢ : AN I;,1(D) — {0,1}* with ¢/ (a) = ¢(a) fora € AN (D), ' (a}) =
1—w'and ¢'(a;) = w' for 1 <t < d, and ¢'(a) = 0 for all other values of a € A N I;;1(D).
Notice that ¢/’ is compatible according to Definition 5.8 by the second part of (6.7). It is now
clear that 0 € ., ;(A). Hence, if the conditional probability that (6.7) holds is > 6%/, so is the
probability that 0 € %, 1(A).

To find a; and a; satisfying (6.7), let
"d3d+lN /lSH < 8 (d+01
The number of elements ), s,w’ € S with n|s; for some ¢ is

d . .
; ; . /72N®) N
< ; (NG /m+1) [T @NO@) +1) <ds (Z—+ )

n i
Yt min; N

as long as D is large enough in terms of 6 and (7', ¢, ). Thus, there is a subset S’ C S of size at
least |S|/2 and with n t s, for all t. We will choose the sets {a; : 1 <t < d}and {a,:1<t<d}
independently, by selecting a; = 0 (mod n) and a} Z 0 (mod n).

Note that

Ii+1(D) U (DU=r/Des pU=r/+e] 5 | JINE, 100N
=1 i1
provided that i < (log D)'/3. For each given ¢, i and j, the probability that the interval [4¢ N @ (4¢+

2)N ]( )] contains no element a; = 0 (mod n) of A equals
[I (-va<i-vn

4NV <a<(at+2)NV
a=0 (mod n)

for some small positive constant v = (d). Thus, the probability that, foreach ¢ = 1,2,...,d, the

set A contains some a; = 0 (mod n) in the interval [4tNJ(()) (4t + 2)Nj(2)] is > 1/n? > gdd+a),
Fix a choice of aq, . . ., ag as described above, and set
X ={(a1+51,...,aq+84) : 50" + -+ s’ € '} (6.8)

By construction, every coordinate of x € X is # 0 (mod n). Also,
(4) (4)
X c H (4t = NT, (4 + 3)N) . (6.9)
Now the intervals on the right-hand 51de above are d1sjoint and
S
1X| > 5] >>55HN“

Thus, by Lemma A.7, with probability > (6d+a) ,thereare a), ..., a), € Asuchthat(af,...,a}) €
X. The relation (6.7) follows for such a,, a}, which exist with probability > §¥(@+e) . pild+a) ]
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6.4. An iterative argument

To complete the proof of Proposition 5.7, we apply Lemma 6.5 iteratively. Let .% be the set
of sets S satisfying the assumptions of Lemma 6.5. We say that .Z;(A) is large if it satisfies the
conclusions of Proposition 6.4, or equivalently if .Z;(A) = S with S € .. Thus Lemma 6.5
implies that
P(0 € Zi(A)\ Z(A), Z(A) large) = S B(Z(A) = §)-B(0 € Z11(A)| Z(A) = S)

S large
0¢S

> §°P(Z(A) large, 0 ¢ Z(A)).
We conclude there is some £ = §°() such that
P(0 € %1 (A) | Z(A) large, 0 ¢ Z(A)) > e. (6.10)
For brevity, write F; for the event that 0 ¢ _%;(A), and F; for the event that .Z;(A) is large. In
this notation, (6.10) becomes
P(E{,|E:NF) >e. (6.11)
Moreover, Proposition 6.4 implies that
P(F;) > 1 — 26. (6.12)
Lastly, note that F; D Ey D - -+ because .£1(A) C % (A) C
We claim that P(E;) < 40 for some i < I := |(log D)"/ 3J Indeed, for each i < I, we have
P(Eit1) = P(Eia|E; 0 F)P(E; N F) + P(Ei B0 FY)P(E; N FY)
<(1—e)P(E;NF)+PE;NE) by 6.11)
= P(E;) — eP(E; N F))
< P(E;) — e(P(E;) — 26) by (6.12).
Thus, if P(E;) > 46, then P(E; 1) < (1 — ¢/2)P(E;). If this holds for all ¢ < I, then P(E;) <

(1 —¢/2)!71 < 44, a contradiction. Therefore, P(E;<) < 46 for some i* < I, as long as D is large
enough in terms of § and the (fixed) system (¥, ¢, it). This completes the proof of Proposition 5.7.
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PART III. THE OPTIMISATION PROBLEM

7. THE OPTIMISATION PROBLEM — BASIC FEATURES

In this section we consider Problem 3.7, the optimisation problem on the cube, which is a key
feature of our paper. We will give some kind of a solution to this for a fixed nondegenerate flag 7,
leaving aside the question of how to choose ¥ optimally.

Let us refresh ourselves on the main elements of the setup of Problem 3.7. We have a nonde-
generate, r-step flag
V)=V <Vi<Vh< - <V, <QF
of distinct vector spaces. In light of Lemma 5.4, we may restrict our attention to flags such that
dim(V1/Vp) = 1,

which we henceforth assume. With the flag ¥ fixed, we wish to find 4 ("), the supremum of
numbers ¢ > 0 such that there are thresholds 1 = ¢; > ¢ > -+ > ¢,41 = ¢ (we may assume
that ¢; = 1 by arguing as in Lemmas 5.3 and 5.4) and probability measures jy, . .. , i, on {0, 1}*
satisfying Supp(y;) C V; for each j, and such that the entropy condition (3.4) holds, that is to say

(V' c,pu) =e(¥,c,p) (7.1)
for all subflags 7" < #. We recall that

(V' e, ) == (¢ — ¢ Hy, (V) + Y ¢y dim (V) /V),).

j=1 j=1

Remarks. (a) It is easy to see that -y, (7') always exists by considering the following example with
¢ =0. Takec; = land ¢ = --- = ¢,41 = 0 and recall that dim(V;/V;) = 1. Suppose that
Vi = Span(1,w) with w € {0, 1}*. Thus, e(?,c, u) = 1 for any choice of p. If V/ = V; then
likewise we have e(7”, c, u) = 1, and if V{ = Vj thene(¥”, c, ) = H,,, (V5). Now Vo +1, Vi +w
and Vj + (1 — w) are three different cosets. Taking y1(1) = pq(w) = p1(1 —w) = 1/3 we have
e(?',c,u) = log3. Thus, (3.4) holds. As we shall see in this section, this choice of 1 is the
optimal choice for a very general class of flags, including those of interest to us.

(b) A simple compactness argument shows that the supremum is realised, that is, there is a
choice of ¢ and p satisfying the entropy condition 3.4 and with ¢, 11 = (7).

(c) As long as we can show that vy, > 0 (which will be taken care of in Part V), we can always
find an optimal system (7', c, pt) that also has ¢; > ¢, for each j (cf. Lemma 5.4(a)).

7.1. A restricted optimisation problem

It turns out to be very useful to consider a restricted variant of the problem in which the entropy
condition (7.1) is only required to be satisfied for certain “basic” subflags #”, rather than all of
them.

Definition 7.1 (Basic subflag). Given a flag ¥ : (1) = Vi < V; < --- < V,, the basic subflags
Vb’asic(m) are the ones in which V' = Vi,ingm,i), form = 0,1,...,r — 1 (note that when m = r we
recover ¥ itself).
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Here is the restricted version of Problem 3.7. Recall that a flag is non-degenerate if the top space
V. is not contained in any of the subspaces {x € R* : x; = x;}. The restriction to nondegenerate
flags ensures that the subsets Aj, ..., A in our main problem are distinct.

Problem 7.2. Let ¥ be a nondegenerate flag of distinct spaces in Q. Define 7i*(%) to be the

supremum of all constants ¢ > 0 for which there are measures fi1, . . ., g, such that Supp(u;) C Vi,
and parameters 1 = ¢; > - -+ > ¢,1 = c such that the restricted entropy condition
e(ﬂi/b/asic(m); ¢, /J’) 2 6(7/7 C, l'l') (72)

holds for allm =0,1,...,r — 1.

It is clear that

N (V) Zw(Y). (7.3)
In general there is absolutely no reason to suppose that the two quantities are equal, since after all
the restricted entropy condition (7.2) apparently only captures a small portion of the full condition
(7.1).
Our reason for studying the restricted problem is that we do strongly believe that

sup % ()= sup w(Y) =

¥ nondegenerate ¥ nondegenerate

One might think of this unproven assertion, on an intuitive level, in two (roughly equivalent) ways:

e for those flags optimal for Problem 3.7, the critical cases of (7.1) are those for which #” is
basic;

e for those flags optimal for Problem 3.7, and for the critical choice of the ¢;, y;, the restricted
condition (7.2) in fact implies the more general condition (7.1).

7.2. The p-equations, optimal measures and optimal parameters

The definitions and constructions of this section will appear unmotivated at first sight. They are
forced upon us by the analysis of subsection 7.5 below.

Let the flag 7 be fixed.

It is convenient to call the intersection of a coset = + V; with the cube {0, 1}* a cell at level i, and
to denote the cells at various levels by the letter C'. (The terminology comes from the fact it can
be useful to think of V; defining a o-algebra (partition) on {0, 1}*, the equivalence relation being
given by w ~ W' iff w — w’ € V;: however, we will not generally use the language of o-algebras in
what follows.)

If C is a cell at level 4, then it will be a union of cells C’ at level : — 1. These cells we call the
children of C, and we write C' — (".

Let p = (p1, ..., pr_1) be real parameters in (0, 1), and for each cell C' define functions f(p)
by the following recursive recipe:
e If C has level 0, then f(p) = 1;
o If (' has level 7, then
flor=">_ 1y, (7:4)

c—=C’

with the convention that pg = 0.
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Write
I, =V;n{0,1}*
for the cell at level ¢+ which contains 0. Note that
{0,1} =TycIhC---CT,.

Definition 7.3 (p-equations). The p-equations are the system of equations
flivi(p) = (f5 <p)>pj€dim(Vj+1/Vj)’ j=1,2,...,r—1. (1.5)
We say that they have a solution if they are satisfied with py, ..., p,—1 € (0, 1).

Example. Figure 7.1 illustrates these definitions for the so-called binary flag in Q*, which will be a
key object of study from Section 9 onwards. Here V; = {(z1, 29, v3,74) € Q' : 71 = 29, 13 = 24}
and V5 = Q. The p-equations consist of the single equation 2 (p) = (f11(p))*re?, that is to say
3P + 4.2 + 4 = 3P1e2. This has the unique solution p; ~ 0.306481.

In general the p-equations may or may not have a solution, but for flags #” of interest to us, it
turns out that they have a unique such solution. In this case, we make the following definition.

Definition 7.4 (Optimal measures). Suppose that ¥ is a flag for which the p-equations have a
solution. Then the corresponding optimal measure on p* on {0, 1}* with respect to ¥ is defined
as follows: we set u*(I';) = 1, and

W(C) 1 (p)r

1 (C) f<(p)
for any cell C' at level ¢ > 1 and any child C' — C’. We also set u*(0) = p*(1) = u*(Io)/2.
Lastly, we define the restrictions pf(w) = p*(T';) "' p*(w)lwer, for j = 1,2,...,7 (thus pu} =
w*). We call these’ optimal measures (on {0, 1}*, with respect to #). Finally, we write pu* =
(W1 15, 7).
Remark 7.1. (a) By taking telescoping products of (7.6) for i = r,» — 1,--- ,0, we see that p*
is uniquely defined on all cells at level 0, and these are the cell {0, 1} and singletons {w} for all
w € {0,1}*\ {0,1}. Since we also specified p*(0) = p*(1) = p*(I'y)/2, we see that p*(w) is
completely and uniquely determined by these rules, for all w. In particular, the p-equations (7.5)
are equivalent to

(7.6)

w (L) _ o~ dim(Vig1/Vj) fory=1,...,r—1,

(L)
and thus
pi(C) = e” mWa/Vm) (5> m > 1), (7.7)
In addition, we have
1 o—dim(Vi/V;)
p*(To) = p*(T) = . (7.8)

ST (p) Ty —1
(b) By construction, the measures y; satisfy statements (d) and (e) of Lemma 5.3 for all j:
Supp(p;) =T and p;(w) = p;(1 —w) Vw. (7.9

(c) At the moment, the term “optimal measure” is just a name. We will establish the sense in
which (in situations of interest) the measures y; are optimal in Proposition 7.7 below.

"Note that we have not said that the p; are unique. However, in cases of interest to us this will turn out to be the case.
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(d) Note that p* and p* are two different (but closely related) objects. The former is an r-tuple
of measures /.7, all of which are induced from the single measure ;.*.

Definition 7.5 (Optimal parameters). Suppose that ¥ is a flag for which the p-equations have a
solution. Let u* be the corresponding optimal measure on {0, 1}* with respect to #". Suppose
additionally that

Hye (Vi) # dim(Vips1/ Vi) (7.10)
form = 0,1,...,r — 1. Then the corresponding optimal parameters with respect to ¥" and the
solution p are the unique choice of ¢* : 1 = ¢} > ¢5 > --- > ¢y, > 0, if it exists, such that

e( b/asic(m)vl'l’*7C*> :e<7/7“*7(:*) form:()?lv"'ar_l' (711)

The equations (7.11), written out in full, are

T T
(¢ =) (V) = D ¢ dim(V;/Vis)  m=0,1,...,r— 1 (7.12)
j=m+1 Jj=m+1
By (7.10), this uniquely determines ¢}, ; € R in terms of ¢}, ,,,..., ¢y, ;. Hence, we recursively
determine ¢y, - - - , ¢, in terms of ¢, ;1. Since we must further have ¢; = 1, this implicitly determines

cr+1 as well, and thus the entire vector c*.
Remark. By Lemma 5.3 (i1), a stronger form of the condition (7.10) is required in order for the
entropy gap condition to hold, and so in practice this assumption is not at all restrictive.

We conclude this subsection with a characterization of the optimal measure p* and parameters
c*. Given an r-step flag ¥, there is an associated rooted tree .7 (¥"), which captures the structure
of the cells at different levels 0, . . ., 7 — 1. In particular, this tree always has exactly 2¥ — 1 leaves at
level 0, corresponding to the cell Ty = {0, 1} and the singletons {w} for eachw € {0,1}*\{0,1}.

Lemma 7.6. The optimal constant v;**(¥'), associated measures 1.} (C') and optimal parameters

¢! depend only on the tree 7 (V') and the sequence of dimensions dim(V;), 0 < j < r.

Proof. Let 7 and ¥ be different flags with the same tree structure, that is, .7 (7") is isomorphic
to .7 (¥), and with the same sequence of dimensions dim(V;) and dim(V}). By an easy induction
on the level and the definition of f€(p), if C € 7 (¥) and C € Z(¥) correspond, we find that
fCp)=f é(p). The statements now follow from Definitions 7.4 and 7.5. O

7.3. Solution of the optimisation problem: statement

Here is the main result of this section, which explains the introduction of the various concepts
above, as well as their names.

Proposition 7.7. Suppose that V' : 1 =V, < Vi, < --- <V, < QF is a nondegenerate flag such
that dim(V,/Vy) = 1 and the p-equations have a solution. Let p* be the corresponding optimal
measures, and suppose that the corresponding optimal parameters c* exist. Then

r—1 ;.
e (¥) = (log 3 — 1)/(10g3+2w>. (7.13)
i=1 !

Moreover, the optimal measures p* and optimal parameters c* provide the solution to Problem
7.2; in particular, c;_ is precisely the right-hand side of (7.13).
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For this result to be of any use, we need methods for establishing, for flags 7 of interest, that
the p-equations have a solution, and also that the optimal parameters exist. The former is a very
delicate matter, highly dependent on the specific structure of the flags of interest. Once this is
sorted out, the latter problem is less serious, at least in situations relevant to us.

7.4. Linear forms in entropies

In the next section we will prove Proposition 7.7. In this section we isolate some lemmas from
the proof.

Let ¥ : (1) = Vi < --- <V, < Q" be a flag. We use the terminology of cells C' at level 1,
introduced at the beginning of subsection 7.2.

Lemma 7.8. Lety = (yo,- - ,Yr—1) be real numbers with the property that all the partial sums
Yei = Yo + -+ + y;_1 are positive. If C'is a cell (at some level i), then we write
hC(y) =  sup ( 3 ymH“C(Vm)>, (7.14)

Supp(kc)CC N gm<r
where the supremum is over all probability measures (1o supported on C.

(a) The quantities h® (y) are completely determined by the following rules:
e If C has level 0, then h®(y) = 0;
e If C has level i, then

POy) =yailog (D W), (7.15)
crc—cr
(b) For any C, the maximum in (7.14) occurs for a unique measure pg, . Furthermore, all
of the ., are restrictions of the “top” measure ji, ‘= pf, o, that is to say ug ,(z) =
wy () /1y (C) for all v € C, and
Wa(C) eh /v<d)

w(C) ~ G (7.16)

Remark. As will be apparent from the proof, we do not use the linear structure of the cells C' (that
is, the fact that they come from cosets). We leave it to the reader to formulate a completely general
version of this lemma in which the cells at level ¢ are the atoms in a o-algebra .%;, with .%; being

a refinement of .%; . for all .

Proof. We prove both parts simultaneously. Let us temporarily write ﬁc(y) for the function defined
by (7.15), thus the aim is to prove that h(y) = h%(y), where h°(y) is defined in (7.14). We do
this by induction on 4, the 7 = 0 case being trivial since, in this case, all the entropies I, , (V,) are
zero because each cell of level O lies in some coset mod Vj, and thus in the same coset mod V/,, for
m=20,1,...,r—1.

Suppose now that we know the result for cells of level i — 1. Note that both A and he satisfy a
homogeneity property

he(ty) = th(y),  hC(ty) = th“(y).

This is obvious for h¢, and can be proven very easily for he by induction. Therefore we may
assume that y; = 1. This does not affect the measure 45, which does not depend on the scaling
of the parameters v,,.
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Suppose that C' is a cell at level i. A probability measure ;i on C' is completely determined by
probability measures pic on the children C” of C' (at level i — 1) together with the probabilities
e (C"), which must sum to 1, with the relation being that pcr (z) = pe(x)/puc(C”) forx € C'.

Suppose that 0 < m < 7. Let the random variables X, Y be random cosets of V,,,, V;_; re-
spectively, sampled according to the measure pc. Then X determines Y and so, by Lemma B.5,
H(X,Y) = H(X). The chain rule for entropy, Lemma B.4, then yields

H(X +ZIP’ H(X|Y =y).

Translated back to the language we are using, thls implies that

Hye (Vin) = Hye (Vier) + Z pe(C)Hye, (V).
C

Therefore
Z ymHuc (Vm) - + Z/JJC Cl Z ym uc/
0<m<s 0<m<1
(Here we used our assumption that y; = 1.) Since HMC(V ) = 0form >4, and H,_, (V;n) =0
for m > ¢ — 1, we may extend the sums over all m € {0,1,...,r — 1} thereby obtalmng
Z ymHuC (Vm) + ZH’C C/ Z ym Nc’
o<m<r o<m<r

Since the picv can be arbitrary probability measures, and H,, . (V;_1) depends only on the value of
uc(C"), it follows from the inductive hypothesis that

e (y —sup< 3 Y ) (7.17)

Ko os<m<r

—  sup (HMC(%_1)+Z pe(@) Y ymHMC,(Vm)> (7.18)
[el(CHNTICY c’ osm<r
g, (- i)

with equality when going from (7.18) to (7.19) when picr = pg , for all C’. Applying Lemma

B.3 with the p; being the 11:(C") and the a; being the A (y), and noting that H,,,(V;_,) = H(p)
(where p = (p1, po, - . . )), it follows that

sup (Mo (Vir) + Z po(CV (v)) =log (> W) =iC(y). (720
:U'C’(C/) C!-C—C!
In addition, Lemma B.3 1mphes that equality occurs in (7.20) precisely when p; = e% /> . e*,
that is to say when
h(y) (!
e 15 (C7)
ne(C) = TS w(0)
Do € 15 (C)
(Here we used again that y; = 1.) Recalling that ucr = pg, , for all C’, we see that the measure
pc for which equality occurs in (7.17) is the restriction of ug, = uf, , to C. This completes the
inductive step. 0
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7.5. Solution of the optimisation problem: proof

This section is devoted to the proof of Proposition 7.7. Strictly speaking, for our main theorems
we only need a lower bound on ;*°(%"), and for this it suffices to show that ¢}, is given by the
right-hand side of (7.13). This could, in principle, be phrased as a calculation, but it would look
complicated and unmotivated. Instead, we present it in the way we discovered it, by showing that
the RHS of (7.13) is an upper bound on ;*°(#’), and then observing that equality does occur when
1 = p* is the optimal measure (Definition 7.4) and ¢ = c* the optimal parameters (Definition 7.5).
We establish this upper bound using the duality argument from linear programming and Lemma
7.8.

To ease the notation, we use the shorthand d; := dim(V;) throughout this subsection. Let us,
then, consider the restricted optimisation problem, namely Problem 7.2. The condition (7.2) may

be rewritten as
T

Z (¢j — cjp1) (M, (Vin) + dm — dj) = crpa(dr — diy) O<m<r—1). (7.21)
j=m+1
This holds for m = 0,1, ...,r — 1. Therefore for any choice of “dual variables” y = (yo, 1, - - - ,
?Jrﬂ), Yo, - ,yr 1 = 0, we have

r—1
Z Ym Z C - Cj—i—l)(Huj (Vm) + dm - d]) 2 Cr41 Z ym(dr - dm)a (722)
Jj=m+1 m=0
which, rearranging, gives
D (e = ) Bi(y) + o Bra(y) 2 G (7.23)
j=1

where

Zym N? +d d)

forj=1,...,r,and

r—1
E?“-H(Y) =1- Z ym(dr - dm)
m=0

Since the ¢; — ¢j11,J = 1,...,r, and ¢, are nonnegative and sum to 1, this implies that
Cri1 < ygl(i)rg.ﬁ max{F1(y), -, B (y), Er11(y)} (7.24)
By Lemma 7.8, this implies that
ot < min max{E](y),++ EL(y), B (3} (1.25)
where
E(y) +Zym m—d Zym Vi) + d — dj), (7.26)

forj =1,...,r, and pup_ is the measure v supported onT; = V; N {0,1}* for which the sum
> UmH ( ) is max1ma1 as defined in Lemma 7.8.
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Now we specify a choice of y. To do this, we make a change of variables, defining p; =

Y<i/Y<is1- Note that for fixed yo > 0, choices of ¥y, -+ ,y,_1 > 0 are in one-to-one correspon-
dence with choices of pq, -, p,—1 with 0 < p; < 1. We must then have that
1 P1- Pi-1
log f€(p) = h(y/y<:) = ; h(y) = Thc(y') (7.27)
<t

for the cells C' at level 7, which may easily be proven by induction on the level ¢, using the defining
equations for the A¢ and f¢ (see (7.15), (7.4) respectively).

Now choose the p; to satisfy the p-equations (7.5). In virtue of (7.27), the j-th p-equation
frr(p) = (ff7(p))retn=
with j € {1,2,...,r — 1} is equivalent to
Ej(y) = Eja(y), (7.28)
with F(y) defined as in (7.26) above.
Recall that d; — dy = dim(V;/Vy) = 1. Thus, if we choose

Yo —1/(10g3+z as . )

a short calculation confirms that

Eri(y) = Ei(y) = yo(log 3 — 1). (7.29)
With this choice of y we therefore have, from (7.28) with j = 1,...,r — 1, (7.29) and (7.25),

r—1
dis — d;
cri1 < Ei(y) = (log3 — 1)/(log3 - Z p:rl—> (7.30)
i=1 !

In the above analysis, the p; and the ¢; were arbitrary subject to the conditions of Problem 7.2,
thus Supp(p;) C V;and 1 = ¢; > ¢3 > - -+ > ¢,41. Therefore, recalling the definition of 7;*5(7")
(see Problem 7.2), we have proven that

r—1
di1 — d;
(7)< A0 < g3 = 1)/ (log3+ 3, =),
i=1 ¢

Proposition 7.7 asserts that equality occurs in this bound when ¢; = ¢} and p; = pj, where
c* = (cf, -+, ) are the optimal parameters defined in Definition 7.5, and ;* and its restrictions
p; are the optimal measures defined in Definition 7.4. To establish this, we must go back through

the argument showing that equality occurs at every stage with these choices.

First note that (7.21) is equivalent (as we stated at the time) to e(”l/basm(m)7 c,pu) = e, c ).
The fact that equality occurs here when ¢ = c* and p = p* is essentially the definition of the
optimal parameters c* (Definition 7.5). That equality occurs in (7.22) and (7.23) is then automatic.

Working from the other end of the proof, the choice of y was made so that F'(y) = --- =
El(y) = E,;1(y). We claim that, with this choice of y,

W= phy (7.31)
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By (7.16), it suffices to check that
M*(C/) @hC/ (Y/y<i)

pF(C) — ehh/u
This follows immediately from (7.6) and (7.27).
Since y; 1s defined to be the restriction of x* to I';, it follows from (7.31) that uj = ,ui':j y»and
hence that E;(y) = E(y) forj =1,...,7.
Thus all 2r + 1 of the quantities E(y) (j = 1,...,7) and E;(y) (j = 1,...,7 + 1) are equal.
It follows from this and the fact that equality occurs in (7.23) that equality occurs in (7.24), (7.25)
and (7.30) as well. This concludes the proof of Proposition 7.7. U

8. THE STRICT ENTROPY CONDITION
8.1. Introduction

Fix an r-step, nondegenerate flag 7. In the previous section, we studied a restricted optimization
problem (Problem 7.2) asking for the supremum of ¢, ; when ranging over all systems (7, c, ut)
satisfying the “restricted entropy condition”

e(Pasicmy: € 1) = (¥, ¢, ) (m=0,1,...,r—1). 8.1

The aim of the present section is two-fold: we wish to establish, under general conditions, that an
“optimal system” with respect to (8.1) satisfies the more general entropy condition

e(V',c,u) = e(¥,c,u) (all 7" < ¥). (8.2)

In addition, we want to show that if we slightly perturb such a system, we may guarantee the strict
entropy condition (3.5), which is a version of (8.2) with strict inequalities for all proper subflags

v'of V.

Before stating our result, we need to define the notion of the automorphism group of a flag.

Definition 8.1 (Automorphism group). For a permutation o € S;, and w = (wi,...,wy) € QF,
denote by ow the usual coordinate permutation action cw = (wg(l), cee wa(k)). The automorphism
group Aut(¥) is the group of all ¢ that satisfy oV; = V; for all .

Proposition 8.2. Let V' be an r-step, nondegenerate flag of distinct spaces. Assume that the p-
equations (7.5) have a solution, and define the optimal measures p* on {0,1}* as in Definition
7.4. Furthermore, assume that:

(a) no intermediate subspace is fixed by Aut(¥'), that is to say there is no space W that is
invariant under the action of Aut(?') and such that V;_y < W < V; (the inclusions being
strict);

(b) the optimal parameters c* exist and they are distinct and positive, that is to say the system
of equations (7.12) has a unique solution c* satisfying 1 = ¢} > ¢ > --- > c; > 0;

(¢c) the following “positivity inequalities” hold:

() Hyr ,, (Vin) > dim(Viyi1 /Vin) for O <m <r — 1;
(ii) Hyx (Vin—1) — Hp= (Vi) < dim(Vip/ Vi) for 1 <m <i <.

Then, for every € > 0, there exists a perturbation ¢ of c* suchthat1 = ¢, > ¢y > -++ > Cpy1 =
¢r+1 — € and such that we have the strict entropy condition

e(V' e, u*) >e(¥,c,u) for all proper subflags V' < V. (8.3)
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We assume throughout the rest of the section that (a), (b) and (c) of Proposition 8.2 are satisfied,
and we now fix the system (7', c*, u*). For notational brevity in what follows, we write

e(V') =e(V' ¢, uh).
Our strategy is as follows. First, we show the weaker “unperturbed” statement that
e(V") = e(?) for all subflags 7' < 7, (8.4)

noting that we have strict inequality for certain subflags 7" along the way. Then, in subsection
8.8, we show how to perturb c* to ¢ so that the strict inequality (8.3) is satisfied. We also sketch
a second way of effecting the perturbation which is in a sense more robust, but which in essence
requires a perturbation of the whole proof of (8.4).

8.2. Analysis of non-basic flags

We turn now to the task of proving (8.4). We will prove it for progressively wider sets of subflags
¥, each time using the previous statement. In order, we will prove it for subflags 7’ which we
call:

(a) semi-basic: flags V' : Vo <V < Vo< <V 1 << Vg <V, <o <V, with
m > 1 (that is, 7" is like a basic flag, but there can be more than one copy of V,,,_1);

(b) standard: each V/ is one of the spaces V;

(c) invariant: this means that oV = V! for all automorphisms o € Aut(¥") and all ¢;

(d) general subflags, i.e. we assume no restriction on the V; other than that V/ < V.

Note that a semi-basic flag is standard, a standard flag is invariant, and of course an invariant
flag is general.

We introduce some notation for standard flags. Let J C N be the set of all r-tuples j =
(j1,-++,Jjr) such that j; < --- < j, and j; < i for all i. Then we define the flag 7} = (;.1’“.7%)
to be the one with V;/ = V}.. This is a standard flag, and conversely every standard flag is of this
form. If we define

basic(m) := (1,2,...,m—1,m,...,m)

then basic(m) € J, and %/

basic(m) agrees with our previous notation.

8.3. Semi-basic subflags

In this subsection we prove the following result, establishing that (8.4) holds for semi-basic
subflags, and with strict inequality for those which are not basic.

Lemma 8.3. (Assuming that (a), (b) and (c) of Proposition 8.2 hold) we have e(V") > e(¥') for
all non-basic, semi-basic flags V.

We begin by setting a small amount of notation for semi-basic flags. We note that the idea of a
semi-basic flag, which looks rather ad hoc, will only be used here and in subsection 8.5.

Definition 8.4 (Semi-basic flags that are not basic). Suppose that 1 < m < r—1andthatm < s <
r—1. Then we define the element semi(m, s) € Jtobej = (1,2,...,m—1,m—1,...,m,...,m)
suchthat j; =ifort <m—1,5;, =m —1form <i < sand j; = mfori > s.

It is convenient and natural to extend the notation to s = m — 1 and s = r, by defining

semi(m, ) = basic(m — 1), semi(m, m — 1) = basic(m). (8.5)
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One can think of the semi-basic flags as interpolating between the basic flags.

Example. When r = 3 there are three semi-basic flags 7; that are not basic, corresponding to
J =semi(1,1) = (0,1,1),
J =semi(1,2) = (0,0,1),
J =semi(2,2) = (1,1, 2).

Proof of Lemma 8.3. Assume that #” is semi-basic but not basic. We will show that
(7/, (m,s) ) > e(% i(m, s+1)) (86)

= 7/basic(m—1)
To prove (8.6), we simply compute that
(7/5231111 (m,s) ) - e( s/emi(m,s—f—l)) = (C:+1 - C:+2) [HM5+1 (Vm> - Hus+1 (Vm—l) + dlm(vm/vm—l)]

whenm < s <r — 2, and
( Sl/3m1 (m rfl)) (ngml (m,r) ) = (C: - C:+1) [Hur<vm> - H#T(Vm,1> + dlm(Vm/mel)}
+ dim(V,, /Vi—1)cr .-

In both cases, the result follows from part (ii) of condition(c) of Proposition 8.2; in the second
case, we also need to use our assumption that ¢y ; > 0. O

form < s <r —1. Since ¥’ is basic, this establishes Lemma 8.3.

semi(m,r)

8.4. Submodularity inequalities

To proceed further, we make heavy use of a submodularity property of the expressions e().

Suppose that ¥, ¥ are two subflags of ¥. We can define the sum ¥’ + ¥ and intersection
¥’ N Y by
(V' + V)= V4V
and
V' Ny =V NV
Both of these are indeed subflags of 7.

Lemma 8.5. We have
(W +e(¥V)ze(V' + V") +e(¥V' 0NY).

Proof. We first note that the entropies H,, (V) satisfy a submodularity inequality. Namely, if
W1, W, are subspaces of QF and . is a probability measure then

H, (W) + H, (W) > H, (W7 N W) + H, (W7 + Ws). (8.7)
To prove this, consider the following three random variables:
e X is arandom coset of W} 4+ W5, sampled according to the measure ;

e Y is a random coset of 1/}, sampled according to the measure /;
e / is arandom coset of W5, sampled according to the measure .

Then, more-or-less by definition,
H(X) = H,(Wi + Ws), H(Y)=H,(W1), H(Z)=H,(W2).
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Note also that Y determines X and so H(Y) = H(X,Y), and similarly H(Z) = H(X, Z). Finally,
(Y, Z) uniquely defines a random coset of W, N W5, and so

H, (Wi nW,) =H(Y,Z) =H(X,Y, Z).
The inequality to be proven, (8.7) is therefore equivalent to
H(X,Y)+H(X,Z2) > H(X,Y, Z) + H(X),
which is a standard entropy inequality (Lemma B.6; usually known as ‘“submodularity of entropy”
or “Shannon’s inequality” in the literature).
Lemma 8.5 is essentially an immediate consequence of (8.7) and the formula
dim(W7) 4+ dim(Wsy) = dim(W, N Wa) + dim(W; + Wh).

(It is very important that this formula holds with equality, as compared to (8.7), which holds only
with an inequality.) 0

This has the following immediate corollary when applied to standard subflags. Here, the max
and min are taken coordinatewise.

Corollary 8.6. Suppose that 31,32 € J. Then
(7)) +e(75,) Z e(Vaxirg2) T €(VtinGir )

max _11 _72 min .11 g2
8.5. Standard subflags

Now we extend the result of the subsection 8.3 to all standard subflags.

Lemma 8.7. (Assuming that (a), (b) and (c) of Proposition 8.2 hold) we have e(V") > e(¥') for
all standard, non-basic subflags V' < V.

Proof. Let j € J with j non-basic, and let ¥ = ¥;. Then r > 3, since when 7 < 2 all standard
flags are basic. We proceed by induction on |||, the case ||7 ||C>o = 1 being trivial, since then ¥’
is semibasic and we may invoke Lemma 8.3. Now suppose we have proved e(7#”) > e(¥') for all
non-basic standard flags ¥’ = 7 < m, and let j € J with ||j|l.c = m. We apply
Corollary 8.6 with j; = j and j, = basic(j,. —1). Noting that max(j, basic(j, —1)) = semi(j,, $),
where s is the largest index in 7 such that j, < j,., we see that

e<7/j,> + e<7/b,a51c (Jr—1) ) = (7/, ) + e(/Vs:eml (Gr, s))? (88)

where
J« := min(j, basic(j, — 1)).

Suppose that both of the flags on the right of (8.8) are basic. If semi(j,, s) is basic then it must
be basic(j,), which means that s = j, — 1. But then 5, = (j1,...,7s,Jr — 1, j — 1) which,
if it is basic, must be basic(j, — 1); this then implies that j; = i for 1 < ¢ < s, and hence that
j = basic(j,), a contradiction. Thus, at least one of the two flags j.,semi(j,, s) on the right of
(8.8) is not basic. Since [|j«||oc < ||7]|cc = m, the induction hypothesis together with Lemma 8.3
implies that e(¥") > e(¥), as desired. O

8.6. Invariant subflags

Now we extend our results to all invariant flags, but now without the strict inequality.

Lemma 8.8. (Assuming that (a), (b) and (c) of Proposition 8.2 hold) we have e(V") = e(¥) for
all invariant subflags V' < V.
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Proof. We associate a pair (i, (), i > ¢, of positive integers to #”, which we call the signature, in
the following manner. If #” is standard, then set (i, ) = (—1, —1). Otherwise, let i be maximal so
that V' is not a standard space V;, and then let £ be minimal such that V' < V;. The fact that ¢ < ¢
is immediate from the definition of a subflag. We put a partial ordering on signatures as follows:
(¢, 0") 2 (i,0) iff i/ < i,orifi = iand ¢ < ¢. We proceed by induction on the pair (i, /) with
respect to this ordering, the case (i,¢) = (—1, —1) handled by Lemma 8.7.

For the inductive step, suppose 7#” is nonstandard with signature (4, ¢). By submodularity,

e<7//) + e(%asic(éflﬂ > e(%> + e(%)7 (89)
where
7/1 =7'N 7/b/asic(ﬁ—1)7 7/2 =7 + b/asic(é—l)‘
Suppose that 77, #; have signatures (i1, (1), (i2, {2), respectively. We show that
(7:1,61) é (Z,g) and <i2,£2> é (’l,€> (810)
Both 7] and %, are invariant flags. Thus, if (8.10) holds, then both flags on the right-hand side of
(8.9) have strictly smaller signature than #”, and the lemma follows by induction.

Finally, we prove (8.10). Note that if j > i, then V] is a standard space V,,, and thus so are
(71); and (#2);. In particular, ¢; < ¢ and i, < i. We have that (%), contains V;_4, is not equal
to V,_1, and is contained in V;. But (7%3); is invariant, and hence by our assumption that (a) of
Proposition 8.2 holds, (#3); = V;. Consequently, i5 < ¢ if ¥ is nonstandard. In the case that 7] is

nonstandard, we also have that /; < ¢ because every space in the flag 7] is contained in V;,_;. This
proves (8.10). ]

8.7. General subflags

In this section we establish (8.4), that is to say the inequality e(#”) > e(¥) for all subflags ¥,
of course subject to our standing assumption that (a), (b) and (c) of Proposition 8.2 hold. We need
a simple lemma about the action of the automorphism group Aut(%’) on subflags.

Lemma 8.9. Let 0 € Aut(?') and let V' be a subflag of V. Then one may define a new subflag
a(V"), setting o(V"); := o(V/). Moreover, e(a (V")) = e(¥").

Proof. Since 7' is a subflag, V/ < V;. Applying o, and recalling that V; is invariant under o, we
see that o(V/) < V;. Therefore o(7#”) is also a subflag. To see that e(c(¥")) = e(¥”), recall
Lemma 7.6, which implies that x; is invariant under o, since the trees .7 (¥”) and 7 (o (7))
are isomorphic and we have dim(V}) = dim(co(V})) for all j. It follows that, for any subspace

W < QF,

This completes the proof of the lemma. U
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Proof of (8.4). Let m be the minimum of e(#”) over all subflags ¥ < ¥/, and among the flags
with e(¥") = m, take the one with ) ., dim V; minimal. Let 0 € Aut(¥’) be an arbitrary automor-
phism. By Lemma 8.9, e(¥”) = e(o(¥”)), and hence submodularity implies that

(V") Ze(V'+o(V)+e(¥V Na(V")). (8.11)

In particular, we have e(? Na(¥”)) = m (and also e(¥”’ + o(?¥")) = e(¥), but we will not need
this). Moreover, by the minimality of ZZ dim V/,

> dim(V/ no(V))) =) dimV;
which means that ¥ is invariant. Invoking Lemma 8.8, we conclude that m = e(¥”) > e(¥). O
8.8. The strict entropy condition

In this section we complete the proof of Proposition 8.2 by showing how to perturb (8.4) to the
desired strict inequality (8.3).
First argument. Consider first the collection I/ of all subflags #” which satisfy, for some 1 < j <
r — 1, the relations

V=V (i#4), Via <Vy <V
These are flags which differ from 7 in exactly one space. Our first task will be to establish the
strict inequality
e(7") > e(¥) (8.12)

for all ' € U, by elaborating upon the argument of the previous subsection. We already know that
e(?") = e(7), so suppose as a hypothesis for contradiction that e(¥”) = e(?) for some ¥’ € U.
Amongst all such flags, take one with minimal > dim(V}’). By submodularity, we have (8.11) and
hence e(?’' No(?")) = e(¥') for any automorphism o € Aut(?). But

V' No(¥) = Vi, ., Vi, Vi N o(V)), Vi, ., Vi)
is evidently in ¢/ as well, and by our minimality assumption it follows that dim(V; N o(V})) =
dim(V}). Thus, 7" is invariant, and by assumption (a) of Proposition 8.2, it follows that V = V;_;.

Thus, ¥ is a standard flag, which is not basic since j < r — 1. Hence, e(¥”) > e(¥') by Lemma
8.7. This contradition establishes (8.12).

Let1 < j < r—1andletV be aspace satisfying V;_; < V < Vj. Let 7’ be the subflag
(1) =Vp <... V.1 <V < Vg <--- < V. Then one easily computes that
e(7") = e(¥V) = (¢j — ¢jur) (Hy, (V) — dim(V;/V)),
and so (8.12) implies that
H,, (V) > dim(V;/V). (8.13)
Now let £ > 0 be sufficiently small and consider the pertubation ¢ given by
L 1

7—1
=1 ¢&=c 22# 2<j<r+1).
(=1



60 KEVIN FORD, BEN GREEN, AND DIMITRIS KOUKOULOPOULOS

Evidently, 1 = ¢, > ¢ > -+ > ¢41 > ¢}, — €, as needed. For any proper subflag 7" < 7/,

. 1
o (B, (V) = dim(V; /V))) + 5(e + € 4o + ) dim(V,/ V).
Let J = min{j : V/ # Vj}. If J = r, then dim(V;./V}') > 1 and the right side above is at least
£/24 O(e"), which is positive for small enough e. If J < r — 1, then V;_; < V] < V; and we see
that the right side above is at least

(V') = e(¥) + &’ (H,, (V) — dim(V;/V))) + O(e"),
which is also positive for sufficiently small € by (8.4) and (8.12).

Second argument. We now sketch a second approach to the proof of Proposition 8.2. The idea is
to introduce a small perturbation of our fundamental quantity e(), namely

e)\(“f/’7 ¢, IJ’) = A Z(Cj-H - Cj)HMj (‘/],) + Z Cj dim(‘/;',/‘/j/—l)v
j=1 j=1

where A ~ 1. Note that e;(?’,c,u) = e(?’,c,pu), and also that e,(?',c, ) does not de-
pend on A, since all the entropies H,, (V) vanish. Define the A-perturbed optimal parameters
c*()\) to be the unique solution to the A-perturbed version of (7.11), that is to say the equations
ex(Masicimy: € (A), ) = ex(¥,¢*(A), n), m = 0,1,...,r — 1. By a continuity argument, these
exist for \ sufficiently close to 1 and they satisfy lim,_,; ¢*(\) = ¢*(1) = c*.

Now, assume that \ is close enough to 1 so that 1 = ¢j(\) > ¢5(A) > -+ > ¢, (A) > 0 and
we have the following “positivity inequalities”:

(1 )\HM%H(Vm) > dim(Vyq1/Vip) for0 <m < r — 1,

(i) A- (Hu;(Vm—ﬁ — H“;(Vm)) < dim(V,, V1) for1 <m < i < r.
These conditions can be clearly guaranteed by a continuity argument and our assumption that they
hold when \ = 1. For a parameter A satisfying (i) and (ii) above, the proof of (8.4) holds verbatim
for the A-perturbed quantities e,, allowing one to conclude that

ex(77,e"(A), ) Z ex(V, " (A), )
for all subflags ¥ of 7.
Now suppose that A < 1. Then we have

e(/y//a c, l’l’*) > e/\</yla C, l’l’*)7

with equality if and only if ' = ¥ because Supp(x;) = V; N {0, 1}* for all j. Therefore if ¥ is
a proper subflag of 7" we have

e(7',c"(A), ") > ex(V',c"(A), u7) Z ex(V, <" (N), ") = e(V, " (A), w7).
Taking ¢ = c*(\) for A sufficiently close to 1, Proposition 8.2 follows.
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PART IV. BINARY SYSTEMS

9. BINARY SYSTEMS AND A LOWER BOUND FOR [y,

In this section we define certain special flags 7 on QF, k = 27, which we call the binary systems
of order r. It is these systems which lead to the lower bound on [ given in Theorem 2, which is
one of the main results of the paper.

In this section we will define these flags (which is easy) and state their basic properties. The
proofs of these properties, some of which are quite lengthy, are deferred to Section 10.

We are then in a position to prove part of one of our main theorems, Theorem 2 (a), which we
do in subsection 9.2.

For the convenience of the reader, recall us here the three parts of Theorem 2, as stated at the
end of subsection 1.3:

(a) Showing that for every r > 1, 8or > 6, for a certain explicitly defined constant 6,.;
(b) Showing that lim, _, 0" exists;
(c) Showing that (1.1) has a unique solution p € [0, 1/3] and that p = 21lim, ., oL

9.1. Binary flags and systems: definitions and properties

Definition 9.1 (Binary flag of order 7). Let £ = 2" be a power of two. Identify Q* with Q"]
(where P[r] means the power set of [r] = {1,...,7}) and defineaflag ¥, (1) = Vo < V) <--- <
V, = QI as follows: V; is the subspace of all (zg) scpr for which xg = gy forall S C [r].

Remark. We have dim(V;) = 2%, and V, = QPV], so the system is trivially nondegenerate. Note
that we have been using the letter  to denote the number of V; in the flag 7/, throughout the paper.
It just so happens that, in this example, this is the same r as in the definition of £ = 2".

One major task is to show that optimal measures and optimal parameters, as described in Section
7, may be defined on the binary flags. Since we will be seeing them so often, let us write down the
p-equations (7.5) for the binary flags explicitly:

i) = fH(pyrie”, j=12,.... ©.1)
Proposition 9.2. Let V' be the binary flag of order r. Then

(a) the p-equations (9.1) have a solution with 0 < p; < 1 for 1 > 1, and consequently we may
define the optimal measures p* on {0, 1}* as in Definition 7.4,
(b) the optimal parameters c* (in the sense of Definition 7.5) exist.

We call the binary flag #" (of order r) together with the additional data of the optimal measures
i = p* and optimal parameters ¢ = c*, the binary system (of order ). We caution that for fixed ¢
(such as ¢ = 2) the parameters ¢; do depend on r, although not very much.

The second major task is to show that the binary systems satisfy the entropy condition (3.4),
or more accurately that arbitrarily small perturbations of them satisfy the strict entropy condition
(3.5). In the last section we provided a tool for doing this in somewhat general conditions, namely
Proposition 8.2. That proposition has four conditions, (a), (b), (c)(1) and (c)(ii) which must be
satisfied. Of these, (b) (the existence of the optimal parameters c*) has already been established,
assuming the validity of Proposition 9.2. We state the other three conditions separately as lemmas.



62 KEVIN FORD, BEN GREEN, AND DIMITRIS KOUKOULOPOULOS

Lemma 9.3. Suppose that V;_; < W < V; and that W is invariant under Aut(¥'). Then W is
either V;_1 or V;. Thus, the binary flags satisfy Proposition 8.2 (a).

Lemma 9.4. We have HMLH(Vm) > 2™ for 0 < m < r — 1. Thus, the binary flags satisfy
Proposition 8.2 (c)(i).

Lemma 9.5. We have H,+ (V1) — Hy: (Vi) < 277" for 1 < m < i < 1. Thus, the binary flags
satisfy Proposition 8.2 (c)(ii).

The proofs of these various facts are given in Section 10.

9.2. Proof of Theorems 2 (a) and 7

We are now in a position to complete the proof of Theorem 2 (a), modulo the results stated
above. First, we define the constants 6,.

Definition 9.6. Let p;, po, ... be the solution to the p-equations (9.1) for the binary flag. Then we

define 4
0, = (log3 — 1)/<log3+z 21 )

Proof of Theorem 2 (a). By Proposition 7.7, 0, is equal to c;_ ;, where c* are the optimal parame-
ters on the binary flag " of order r, the existence of which is Proposition 9.2 (b) above.

Fix 6 € (0,6,/2]. By Proposition 8.2 (the hypotheses of which are satisfied by Lemma 9.3,
Proposition 9.2 (b) and Lemmas 9.4 and 9.5), there exists a perturbation ¢ of ¢c* such that 1 = ¢; >
Co > "> Cq1 2 Cyqy—06 =0, —6>0and (¥,c, u*) satisfies the strict entropy condition
(3.5). By Lemma 5.2, there exists some € > 0 such that the “entropy gap” condition (5.1) holds.
Finally, by Remark 7.1 (b), we have that Supp(p}) = I'; for all j. Hence, Proposition 5.5 implies
that Bor > ¢,.1 = 60, — J. Since 0 is arbitrary, this proves Theorem 2 (a). O

Proof of Theorem 7. The upper bound [, < <4 is established in Section 4. The lower bound
Br = v follows by Lemma 5.3, Proposition 5.5 and the fact that there exists at least one system
satisfying the strict entropy condition (3.5), as per the proof of Theorem 2 (a) above. U

9.3. Remarks on Theorem 2 (b)

Theorem 2 (b) is a problem of a combinatorial and analytic nature which can be considered
more-or-less completely independently of the first three parts of the paper.

To get a feel for it, and a sense of why it is difficult, let us write down the first two p-equations
(9.1) for the binary flags. The equation with j = 1 is
f2(p) = f(p)e. 9.2)
This has the numerical solution p; ~ 0.306481.

To write down the p-equation for j = 2, one must compute f12(p), and without any additional
theory the only means we have to do this is to draw the full tree structure for the binary flag ¥ of
order 3 (on Q®). This is a tractable exercise and one may confirm that

f13(p) = (37 +4-2°1 4+ 4)P2 4 8(2-2° 4 4)P2 + 16 - 4P + 8- (27 +2)7 + 3222 + 16.
The p-equation with j = 2 is then
2 p) = f2(p)et,
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where (recall from Figure 7.1) f12(p) = 37 + 4 - 2°* + 4. This may be solved numerically, with
the value p, ~ 0.2796104 . . ., using Mathematica.

Such a numerical procedure, however, is already quite an unappetising prospect if one wishes to
compute ps.

Consequently, we must develop more theory to understand the p; and to prove Theorem 2 (b).
This is the task of the last two sections of the paper.

10. BINARY SYSTEMS: PROOFS OF THE BASIC PROPERTIES

In this section, we prove the various statements in subsection 9.1.
We begin, in subsection 10.2, by proving Lemma 9.3. This is a relatively simple and self-
contained piece of combinatorics.

In subsection 10.3 we introduce the concept of genotype, which allows us to describe the tree
structure induced on {0, 1}* by the binary flag #". In subsection 10.4 we show how to compute the
quantities f¢(p) in terms of the genotype.

We are then, in subsection 10.5, in a position to prove Proposition 9.2 (a), guaranteeing that the
p; exist and allowing us to define the optimal measures p*.

In subsection 10.6 we establish the two entropy inequalities, Lemmas 9.4 and 9.5.

Finally, in subsection 10.7 we prove Proposition 9.2 (b), which confirms the existence of the
optimal parameters c*.

10.1. Basic terminology

Throughout the section, #* will denote the binary flag or order r, as defined in Definition 9.1.
That is, we take k = 27, identify Q* with QP and take V; to be the subspace of all (zg) scppy for
which zg = xgny; forall S C [r].

In addition, we will write 0;, 1; for the vectors in {0, 1}7] consisting of all Os (respectively all
1s). We call these (or any multiples of them) constant vectors.

Finally, we introduce the notion of a block of a vector v = (xg)scpy] € QP For each A C [i]
we consider the 2" ~'-tuple

(A1) == (Tavar) Arc{it1, r}-
We call these the ¢-blocks of x.

Remark 10.1. (a) One should note carefully that the i-blocks are strings of length 2"~%. In this
language, V; is the space of vectors z, all of whose i-blocks are constant.

(b) If we put together the coordinates of the i-blocks x(A, i) and x(AA{i}, i), then we obtain
the (i — 1)-block (AN [i — 1],7 — 1).

In order to visualize the structure of the flag #" and of the partition of {0, 1}”"! by the cosets
of Vj}, it will be often useful to write elements of {0,1}”" as strings of Os and 1s of length 2"
When we do this we use the reverse binary order, which is the one induced from N via the map

f(S) =2 ees 2"
Example 10.2. For concreteness, let us consider the case » = 3. In this case, the ordering of the
coordinates of x is

(g, T3}, T(2}, 2,3} T{1}, T{1,3}, T{1,2}, T[3])- (10.1)
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If z = 01001110 then its 2-blocks are 01, 00, 11, 10, and its 1-blocks are 0100, 1110.
10.2. Automorphisms of the binary system

Proof of Lemma 9.3. We begin by defining some permutations of P[r] for which, we claim, the
corresponding coordinate permutations give elements of Aut(%’). Suppose that 1 < j < r and
that A C [j — 1]. Then we may consider the permutation 7(A, j) defined by

P(A5)(S) = {SA{j} ifSN[—1]=4,

S otherwise.

To visualize the action of this permutation on the coordinates of a vector z, it is useful to order
its coordinates as we explained above. The action of (A, j) is then to permute the two adjacent
j-blocks x(A, j) and (A LI {j},7), which together form the (j — 1)-block x(A,j — 1), as per
Remark 10.1(b). More concretely, below are some examples of the action of the permutations
m(A, 7) in the setting of Example 10.2:

w({2},3)
o Ty [Ty [Tes]| oty Tam tpzy o 2
w(0,2)
[To Ty [T Tesy| Ty Tpsy o Tpey o 2R
T({1},2)
T Ty Ty Ty Ty Tasy| [Ty 7
m(0,1)
2o T T Tesy| [Ty Ty Taey o T

If the readers wish, they may translate the arguments below in the above more visual language.
Claim. 7(A, j) preserves V; for all 7, and therefore (A, j) € Aut(¥).
Proof. Suppose that x = (z5)sc[,) € Vi and let us write for simplicity 7 instead of 7(A, 7).
Suppose first that j > 4. Then 7(S) N [i] = S N [é] for all S, and so

Tr(s) = Ta(S)N[i] = Tsnli] = Xs-
where the first and last steps used the fact that x € V;. Thus the claim follows in this case.
Suppose now that j < 7. Let¢ > 4. Then the conditions (SA{t})N[j—1] = Aand SN[j—1] = A
are equivalent. Hence, if S N [j — 1] = A, then we find that
Tr(safty) = Tsa{tya{iy = Lsafjy = Tn(s)s
where we used that = € V; and that ¢ > i at the second step. Similarly, if SN [j — 1] # A, then

Tr(SA{t}) = TSA{t) = TS = Tx(S)-
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In all cases, we have found that z(sa{1}) = Tr(s). Since this is true for all £ > 1, 7(x) indeed lies
in V;. This completes the proof of the claim. 0

Suppose now that 1/ is an invariant subspace of 7 satisfying the inclusions V;_; < W < V.
We want to conclude that W = V;. To accomplish this, we introduce some auxiliary notation.

For each A C [i — 1], we consider the vector y* = (y5)sc € Vi that is uniquely determined
by the relations 34 = 1, yﬁu i = —1and y4 = 0 for all other S C [i]. There are 2:~* such vectors

y?. They are mutually orthogonal, hence linearly independent. In addition, together with V;_,
they generate all of V;. Since V;_; < W <V}, there must exist A C [i — 1] such that yA e W.

Now, it is easy to check that for any 7 < ¢ and any A C [¢ — 1], we have
r(AN[j—1],j)y" = gV

From the above relation and the invariance of W under Aut(?), it is clear that if ' contains at
least one vector y** with A C [i — 1], then it contains all such vectors. Since we also know that
Vicy < W < V;, we must have that W = V;, which completes the proof of Lemma 9.3. O

Remark. A minor elaboration of the above argument in fact allows one to show that the subspaces
of QP invariant under Aut(¥) are the V;, the orthogonal complements of V;_; in V;, and all
direct sums of these spaces. However, we will not need the classification in this explicit form.

10.3. Cell structure and genotype

The cosets of V; partition {0, 1}7") into sets which we call the cells at level i. Our first task is
to describe these explicitly.

Consider w,w’ € {0,1}7I"], Tt is easy to see that w — w’ € V; (and so w, ' lie in the same cell at
level ¢) if and only if for every A C [i] one of the following is true:

(a) Both w(A, i) and w'(A, 1) are constant blocks (that is, they both lie in {0,_;,1,_;}).

(b) w(A,i) = w'(A,1), and neither of these blocks is constant (that is, neither is 0,._; nor 1,_;).
Thus a cell at level 7 is completely specified by the positions A of its constant i-blocks, and the
values w(A, i) (for an arbitrary w € C') of its non-constant i-blocks.

Example. With r = 3 and w = 01001110, the level 2 cell that contains w is the set
{w,01111110, 01000010, 01000010}.

Its constant 2-blocks are at A = {2} and A = {1}. Its non-constant 2-blocks are at A = () (taking
the value w(A,2) = 01) and at A = {1,2} (taking the value w(A,2) = 10). The level 1 cell
containing w is just {w}.

The positions of the constant :-blocks play an important role, and we introduce the name geno-
type to describe these®.

Definition 10.1 (Genotype). If C' is a cell at level 4, its genotype g(C') C PJi] is defined to be the
collection of A C [¢] for which w(A, i) € {0,_;,1,_;} forallw € C. We refer to any subset of P|i]
as an i-genotype. If g, g’ are two i-genotypes, then we write g < ¢’ to mean the same as g C ¢'.
We write |g| for the cardinality of g.

Example. If C is the cell at level 2 containing w = 01001110, the genotype ¢(C') is equal to
{{2},{1}}. (We have listed these sets in the reverse binary ordering once again.)

8The term genotype is appropriate, as each component in g acts like recessive gene with respect to child cells.
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Definition 10.2 (Consolidations). If g is an i-genotype, then its consolidation is the (i — 1)-
genotype g* defined by g* := {A"' C [i — 1] : A’ € g, A U {i} € g} (cf. Remark 10.1 (b)).

Let us pause to note the easy inequality
1 . i
slal =g’ > 19l =277, (10.2)

valid for all 7-genotypes.

The genotype is intimately connected to the cell structure on {0,1}* induced by ¥, as the
following lemma shows.

Lemma 10.3. We have the following statements.

(a) If C is a cell, we have |C| = 219(©),

(b) Suppose that g is an i-genotype. There are (2¥ " — 2)? 19| cells (at level i) with g(C) = g.

(©) If g(C) = g, and if C" is a child of C, then g(C") < g*. In particular, |g(C")| < 3]9(C)|.

(d) Suppose that g(C') = g. Suppose that ¢' is an (i — 1)-genotype and that ¢ < g*. Then
number of children C" of C with g(C") = g is 291-1971=19'I,

(e) Suppose that C'is a cell at level i with g(C) = g. Then the number of children of C' (at level
i—1)is 2l9l-2lg"I3le7],

Proof. (a) This is almost immediate: for each of the A C ¢(C) of constant blocks, the are two
choices (0,_; or 1,._;) for w(A,1).

(b) To determine C' completely (given g), one must specify the value of each of 2t — |g| non-
constant i-blocks. For each such block, there are 22" — 2 possible non-constant values.

(c) Aset A’ C [i—1] can only possibly be the position of a constant block in some child cell of C'
if both A" and A’ U {i} are the positions of constant blocks in C, or in other words A, A'U{i} € g,
which is precisely what it means for A’ to lie in g*.

Note that the child cell C’ containing w only does have a constant (i — 1)-block at position A’ if
w(A’,i) = w(A" U {i}, 1), which may or may not happen.
The second statement is an immediate consequence of the first and (10.2).

(d) Let A € g. We say that A is productive if A’ := AN [i — 1] € g*, or equivalently if A’
and A’ U {i} both lie in ¢ (or, more succinctly, AA{i} € g). These are the positions which can
give rise to constant (i — 1)-blocks in children of C'. There are 2|g*| such positions, coming in |g*|
pairs. To create a child C’ with genotype ¢’, we have a binary choice at |g*| — |¢'| of these pairs: at
each of them either w(A’, i) = 0,_; and w(A’ U {i},7) = 1,_;, or the other way around. There are
|g| —2|g*| non-productive positions A € g, and for each of these there is also a binary choice, either
w(A,i) = 0,_; or w(A,i) = 1,_;. The total number of choices is therefore 2\9"1=19'l x 2l9=2l9"],
which is exactly as claimed.

(e) This is immediate from part (d), upon summing over ¢’ C g*. U
10.4. The f¢(p) and genotype

T 7pr—1)

We begin by recalling from (7.4) the definition of the functions f¢(p). Here p = (p1, -
= 1, whilst for

is a sequence of parameters, and we define py, = 0. If C has level 0, we set f°(p)
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C atlevel ¢ > 1 we apply the recursion

o)=Y r“(py.

c—=C’

Proposition 10.4. The quantities f¢ depend only on the genotype of C, and thus for any i-genotype
g we may define F(g) := f°(p), where C'is any cell with g(C') = g. We have the recursion

F(g) = Z ngl—lg*l—lg’lp(g’)m—l‘ (10.3)
g

/gg*

Remark. The F'(g) depend on p, as well as on ¢ (where g is an i-genotype) but we suppress explicit
mention of this. For example, it should be clear from context that g on the left is an i-genotype,
but the sum on the right is over (7 — 1)-genotypes, since ¢g* is an (i — 1)-genotype by definition.

Proof. This is a simple induction on the level i using the definition of the f¢(p), and parts (c) and
(d) of Lemma 10.3. [

Let us pause to record two corollaries which we will need later.

Corollary 10.5. Suppose that gy, g2 are two i-genotypes with g1 < ga. Then F(g1) < F(g2).

Proof. Note that g7 < g3, and also that |g1| — |g7| < |g2| — | g5, since
gl = lg*l = lg"| + #H{A CPli = 1] : #({A, AU {i}} Ng) = 1}
Hence, by two applications of Proposition 10.4,

F(g) = 9lgrl—lg7] Z 2—\9’\F(g/)p1:_1 < 91921931 Z 2_|QI|F(9/)P1'—1 = F(gs). 0

9’91 9'<9;
Recall that T'; is the cell at level ¢ containing 0. Note that g(T";) = P[i].

Corollary 10.6. If C # T'; is a cell of level i, then f€(p) < fTi(p).

Proof. This is simply the special case g, = P[i| of the preceding corollary. The inequality is strict
because if g < P[i], then g* < P[i — 1]. O

10.5. Existence of the p;

In this section we prove Proposition 9.2 (a), which asserts that for the binary flags there is a
unique solution p = (py, po, ... ) to the p-equations (9.1). In fact, we will prove the following
more general fact which treats the jth p-equation in isolation, irrespective of whether the earlier
ones have already been solved.

Proposition 10.7. Let j € Nand let py, ..., p;j—1 € (0,1). Then there is a unique p; € (0,1) such
that the jth p-equation for the binary flag, f'i+1(p) = ¥ fLi(p)Pi, is satisfied.

Remark. We will prove in the next section (Lemma 11.2) that for the solution py, ps, . . . to the full
set of p-equations we have p; < p; = 0.30648 ... for all j. For a table of numerical values of the
p;» see Table 1 in Section 12.

Before beginning the proof of Proposition 10.7, we isolate a lemma.



68 KEVIN FORD, BEN GREEN, AND DIMITRIS KOUKOULOPOULOS

Lemma 10.8. Fix a (j — 1)-genotype ¢'. Then
Z 919" — 2—2"7172"’1—\9’\’

99729’
where the sum is over all j-genotypes g.

Proof. In order to determine g, we must determine for each A C [j — 1] whether A and/or AU {j}
lie in g. Since we are only summing over g whose consolidation g* contains ¢’, we must have
that A and A U {j} belong to g for all A € ¢’, so the membership of A and AU {j} to g is fully
determined for all A € ¢’. Forany A C [j — 1] with A ¢ ¢/, we have four choices, according to
whether A € g and whether AU{j}. If both of these conditions hold, then we further have A € ¢*;
in the other three cases, we have A ¢ g*. We conclude that

Yoo =2 ]2t +3- 270 =22 "7l
9:9*2g Aeg Agg'

This completes the proof. U

Proof of Proposition 10.7. For j = 1, the equation to be satisfied is 3°* + 4 - 2°1 + 4 = 2371, It
may easily be checked numerically that this has a unique solution p; ~ 0.306481 ... in (0, 1). One
may also proceed analytically as follows. Define

G(z) = Gi(z) == €®3" — (3" +4-2°+4) =3"(¢” — (1 +4- (2/3)" +4/3")),

In particular, the roots of G are in correspondence with the roots of H(x) = e® — (1 +4-(2/3)* +
4/3%). This is clearly a continuous and strictly increasing function. In addition, H(0) = e>—9 < 0
and H(1) = e* — 5 > 0. Thus, H has a unique root p; € (0, 1), and so does G.

Now assume 7 > 2. It turns out that much the same argument works, although the details are
more elaborate. Assume that 0 < p; < 1 for 1 <7 < j. Define

G(z) = Gyz) = ¥ (7 (p)" = f1 (o1, -, o, @).
Proposition 10.4 implies that

G(x) = ¥ (F(P[j])" =D 2%l F(g) (10.4)

where

Hiz) = @ =28 3" 27 (F(g) /F(PLj]))”

and the sums over g run over all genotypes g C PJj] at level j. Since (by an easy induction)
F(P[j]) > 0, it follows that G and H have the same roots. The latter is a continuous and strictly
increasing function because Corollary 10.6 implies that F'(g)/F(P[j]) < 1, with equality only

when g = P[j]. Moreover, H(0) = ¢? — 3% < 0. Therefore to complete the proof it suffices to
show that H (1) > 0.

To show this, we use (10.4). First note that
F(Plj]) = (vV2)” > _279F(g), (10.5)
g/

where the sum is over all genotypes ¢’ of level (j — 1).
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Next, by Proposition 10.4 and Lemma 10.8 we have

ZQIQ\F ZQ\QIZQ\g\F

gCPlj] g g9'<g*
= Y 27Ip(gye Y 2Tl = (7/2) 1214 9P (g (10.6)
g'CPli—1] g:g*=g’

Putting (10.4), (10.5) and (10.6) together we obtain
H(1)- F(P]) = (ev2)* Y 27 W1p(g)r— — (V14)¥ Y 14711 R (g~
g g

Since e? > 7, we have v/14 < ev/2, and thus H (1) > 0. This completes the proof. O
10.6. Entropy inequalities for the binary systems

We begin with a lemma which will be used a few times in what follows.

Lemma 10.9. Let C' be one of the children of T';, thus C" is a cell at level (i — 1). Then

1(C") < pa(Timy) = 727,
and equality occurs only when C' = T';_;.
Proof. We showed in Corollary 10.6 that f¢'(p) < fTi-1(p), for any choice of p = (p1, ..., pr_1)-
and for any child C’ of I'; with C” # T";_;. Now that we know that the p-equations have a solution,
it follows immediately from the definition of the optimal measures p* in (7.6), applied with C' =
[, that p;(C") < ps(T'i-1), again for any child C’ of T'; with C" # T';_;. Finally, observe that
1i(Lisq) = e~ by (7.7). O

Proof of Lemma 9.4. This follows almost immediately from Lemma 10.9 with : = m + 1. Indeed
since fi,11(C) < e2" for all cells C at level m, w1th equality only for C' = T',,,, we have

Mm+1 Z Um+1 IOg > 2™ Z Mm+1 = 2™,

,um+1

This concludes the proof. U
Proof of Lemma 9.5. Let p = p; with m < ¢ < r. We must show that
H, (Vi) — H, (V) < 2m=1, (10.7)

Let C denote a cell at level m and C” a child of C' at level (m — 1). In addition, let the notations
g(C) and g(C')* refer to the genotype of C' and its consolidation, as defined in Definitions 10.1 and
10.2. By the definition of entropy, Lemma 10.3 (e), and the concavity of L(z) = —zlogx we find

that

C c’

Zu ) log(#C")

— Z“( ) log [2‘9 )I(3/4)lo(0)" '} (10.8)
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Now by (10.2) we have |g(C)*| > |g(C)| — 2™, whence
219()N(3/4)l9(C)°1 < 219(ON (3 /4)l9(@)=2"" — (3 /2)l9(C)l(4/3)2" (10.9)
Since we also have that |g(C')| < 2™, we infer that
209N (3/4)l9()T < 3
This and (10.8) already imply the bound
H,(Vino1) — H, (V) < 2™ og 3,
which is only very slightly weaker than Lemma 9.5.

2m1

(10.10)

To make the crucial extra saving, write S for the union of all cells C' at level m with |g(C)| >

%Qm. ‘We claim that

1(S) < % (10.11)

We postpone the proof of this inequality momentarily and show how to use it to complete the proof
of Lemma 9.5.

Observe that if C' is not one of the cells making up S, that is to say if |¢(C)| < %2m’ .
IOg [2'9 (3/4)‘9 i| < log [(3/2)|g(0)\ (4/3)2nz—1i|

3
< (§log(3/2) + 10g(4/3)> 2m—1
<0.9.2m71

where we used (10.9) to obtain the first inequality. Assuming the claim (10.11), it follows from
this, (10.8) and (10.10) that

H, (V1) — HL(Vi) < 277 (log 3)u(S) +0.9- 2" (1 — w(S)) < 2",
which is the statement of Lemma 9.5.

It remains to prove (10.11). Recall that 1 < m <7 < r

When 1 < < 2, the only integer in (ZQm, 2™] is 2™. Hence, if a cell C' at level m satisfies
the inequality ] g(C)| > 22™, we must have |g(C)| = 2™. The only cell with this property is T,.
Since we have p(T,,) = €2 < e~ by (7.7), our claim (10.11) follows in this case.

Assume now that m > 3. Let S be the union of all children C of I'; (thus these are cells at level
i — 1 > m) which contain a cell C'in S. By repeated applications of Lemma 10.3 (c) we have
g(C)| > 2-1-m(32m) = 3211 for any such C. Lemma 10.3 (d), applied with C' = T';, implies

that the number of such cells C'is at most
Z (2;1> 92" —h < 9§21l o(5/4)27 !
h>(3/4)2i—1
By Lemma 10.9 and our assumption that 7 — 1 > m > 3, it follows that
1(S) < u(S) < (2%4/e)* " < 0.35.
This completes the proof of the claim (10.11) and hence of Lemma 9.5. 0
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10.7. Existence of the optimal parameters c*

Proof of Proposition 9.2 (b). We have Supp(,u;f) = I'; by Remark 7.1 (b), and hence | Supp(,u;f)| =
22 by Lemma 5.1. By Lemma B.2, when j > m + 2 we deduce the inequality

H,e: (Vin) < log | Supp(p)| < 27 log2 < 27 — 2. (10.12)
Now recall (Definition 7.5) that the optimal parameters should satisfy the conditions (7.12) (which

are the fully written out version of (7.11)). We wish to show that there is a solution with 1 = ¢} >
¢5 > -+ >ty > 0. Rearranging (7.12) and recalling dim(V;) = 27, we find that

(C:~L+1 - C;kn+2) (Hufnﬂ (Vm) - Qm)

r

— Z (27 —2m — Hu;(vm))(0§ —Ciq) + (2" =27y

j=m+2
for 0 < m < r — 1. By Lemma 9.4 and (10.12), we may apply a downwards induction on
m=r—1,r—2,.-- to solve these equations with 0 < ¢}, < ¢} < --- < ¢}. Rescaling, we may
additionally ensure that ¢] = 1. U

11. THE LIMIT OF THE p;

In the last section we showed that there is a unique solution p = (p1, p2, . . .) to the p-equations
(9.1) for the binary system with 0 < p; < 1 for all j. In this section, we show that the limit
lim;_, p; exists.

Proposition 11.1. p = lim;_,, p; exists.

11.1. p, is the largest p;

The estimates required in the proof of Proposition 11.1 are rather delicate, and to make them
usable for our purposes we need the following a priori bound on the p;.

Lemma 11.2. Forall j > 1, we have p; < p; = 0.30648 . ..

The reader should recall the notion of genotype g (Definition 10.1) and of the function F'(g)
(Proposition 10.4).

The next lemma is a stronger version of Corollary 10.5, whose proof uses that result as an
ingredient.

Lemma 11.3. Forany j > 1 and g, < g at level j, we have

];83 . (%)lml—lgll (g)lg’ﬁ—lg’f'
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Proof. We have

F(go) = 2lo2-les] Z 279! Z 2719 (g U ¢g')Pi (by Proposition 10.4)
9<97 9'<95\97
> 2lo2l=los] Z 2l Z 27191 R (g)Pi- (by Corollary 10.5)
9<97 9'<g95\97
— 9lg2l—lg5| Z 2l F(g)ri-1(3/2)le31-lsi] (by the binomial theorem)
9<97]
= F(gy)2/92171911(3/4)loz1=lsil (by Proposition 10.4).
This concludes the proof. U

Proof of Lemma 11.2. We begin by observing that
ST = T ( 3o ab) (14 2e1 + 2ep)? (11.1)
g<P[j] AC[j—1] a,be{0,1}

The p-equations (9.1), translated into the language of genotypes, are F'(P[j + 1]) = e? F(P[j])*
Therefore, by Proposition 10.4 (with g = P[j + 1]) followed by Lemma 11.3 (with go = P][j]), we
have

e F(PU)" = PP +1]) =27 3 27¥F(g
g<Plj]
<22 3 2 Wl p(plj)e {(1/2)” o (4/3)2 " 11"
g<Plj]
:22f(1/3)2j‘1pjp(73[j])pj Z 2(pj—1)\g\(3/4)pjlg*\.
g<Plj]

Dividing through by F(P[j])?/, and applying (11.1) with ¢; = 2°~! and ¢, = (3/4)?7, we find
that

e? < (4/3pj)2j’1 (1427 + 220j—2(3/4)pj>2j_1
= (4/30 +42/3)% +1)”

Therefore

3P < A+4-20 + 30,
However, the first p-equation (9.2) is precisely that

3 =4 +4-20 + 30,
The result follows immediately (using the monotonicity of the function 1+4(2/3)" +4(1/3)" - see
the proof of Proposition 10.7). 0
11.2. Preamble to the proof

In this section, we set up some notation and structure necessary for the proof of Proposition 11.1.
Since we wish to let » — o0, it is convenient to embed all binary r-step systems into a universal
infinite binary system. To this end, and with a slight abuse of notation, we let

Vi ={(za)acpm) : 14 € Qand x4 = z4np;) forall AC P(N)} forj=0,1,....
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Clearly, V; ~ Q” for all 7, and the flag 7" : Vj < V; < --- <V, is isomorphic to the flag of the
r-step binary system.
In this notation, we have
Fj:{wEQ:wEO(mod V])} forj=0,1,...,
where
Q = {w = (wa)acpw) : wa € {0,1} forall A C P(N)}
is the discrete unit cube. We further set

7=0

Lastly, for each j > 0, we say that C' is a cell at level j if ' C ' and there exists some
= (xa)acpm such that x4 € Q for all Aand C' = QN (z + V;). We may easily check that the
collection of cells lying in I',. forms the tree corresponding to the r-step binary system.

We may now define the functions f¢ for our infinite binary flag. It is convenient to reverse the
indices in f¢. Specifically, let x = (x1,7,...) € [0,1]N. If C'is a cell at level j > 0, then we
define

P(x) :=log fO(x;_1,...,21).
In particular, 1) (x) = 0 when j = 0, and ¢/ (x) = log |C' \ {0}| when j = 1.

In the special case C' = I'; we define also

¢j(X) = 2_j¢rj (X) = 2_j 1Og frj (mj—h T 7‘731)'
Thus ¢ (x) = 3log3 and ¢o(x) = 1 log(3™ + 4 - 271 +4).
Note that 1), ¢; are increasing in each variable. Moreover we have the following simple bounds.

Lemma 11.4 (Simple bounds). We have % log3 < ¢;(x) < log2.

Proof. For the upper bound, note that f17(x) < f'(1). By the definition of f¢ (see (7.4)), we
have that f17(1) is equal to the number of children of I'; at level 0, which, in turn, is equal to

22 _ 1. This proves the claimed upper bound on ®;(x).
For the lower bound, observe that f1i(x) > f17(0). Using again the definition of £, we find

that f'7(0) equals the number of children of I'; at level j — 1. Thus f'9(0) = 3¥ " by Lemma
10.3. This proves the claimed lower bound of ¢;(x), thus completing the proof of the lemma. [

The p-equations (9.1) may be expressed in terms of the ¢; in the following simple form:

1
Gjr1(pjs Pjts ) = §(Pj¢j(f0j—17ﬂj—2a L)+ 1), (11.2)

11.3. Product structure of cells and self-similarity of the functions ¢;

There is a natural bijection 7 : Q7™ x Q7™ — QP® defined by 7((z,2’)) = y, where
ya = xa—1 and ypyua = @/y_y, forall A C {2,3,...}. Here, we write A — 1 for the set
{a —1: a € A}. There is a finite version of this map that can be visualized as a concatenation
map. For each r, let 7, : QPI'=1 x QP11 — QPIl defined by 7 ((x,2")) = y, where ys = x4_1
and y(yua = 2’4y, forall A C {2,3,...,r}. If we place the coordinates of x and 2’ in reverse
binary order, as per the map {2,...,r} D A — 3 _,2"7%€{0,1,...,2"! — 1}, then m, is the
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concatenation map that generates y by placing first all coordinates of x, followed by all coordinates
of 2.

Now one may easily check that 7(V;_; x V;_) =V, for all j = 1,2,... Therefore if C;, C;
are two cells at level (j — 1) in the infinite binary system, then 7(C} x C3) is a cell at level 7, and

conversely every cell of level j is of this form. The children C’ of C' are precisely 7(C] x C%)
where C; — C7, Cy — CY.

The product structure established above manifests itself in a self-similarity property ¢; ~ ¢;_1.
In this section, we will establish the following precise version of this.

Proposition 11.5. Let o € (0, 1] and consider a vector x = (11, 2o, ...) € [0, a]N. In addition, let
C =m(Cy x Cy) be a cell of level j > 2. Then we have

PO (x) + P2 (x) < YO (x) <P (x) + 2 (x) + ol log 2. (11.3)
In particular, taking C =T'; = n(I'j_y x I';_1), we have

6110 < 05000 < 0y 1) + (/252 (11.4)

Proof. We proceed by induction on j. When ;7 = 2, we proceed by hand. Notice that at level 1,
there are three different types of cells, having 4, 2 and 1 elements, respectively. There is only one
cell with 4 elements, the cell I'y; it splits into three cells at level 0: one with two elements, and
two unicells (singletons). All other cells at level 1 split into unicells at level 0. Hence, at level 2,
there are six different types of cells C' = 7w(C} x Cy) corresponding to the six possibilities for the
unordered pair {|C}|, |C2|}. Their subcells are in 1-1 correspondence with the cells 7(C] x CY%),
where (] is a subcell of C'; (at level 0) and C} is a subcell of C; (also at level 0).

The three cases with max(|C4[, |Ca|} < 2 are trivial, because we then have that all the cells at
level 1 are unicells, and thus we readily find that f¢ = f<1 f©2 = |Cy] - |Cs].

The two other cases with |C}| < 2 and |Cy| = 4 (so that Cy = T'y) are only slightly harder:
if |C] = 2, then fO(x) = 2-2% + 4, f& = 2, f©> = 3 and so the desired inequalities are
log6 < log(2 - 2% + 4) < log6 + 1 log 2, which are immediately seen to be true for all z; > 0.
Similarly, if |C}| = 1, then f€(x) = 2%1 42, f¢1 = 1, f©2 = 3, and so the desired inequalities are
log 3 < log(2™ + 2) < log 3 + x4 log 2, which are again true for all z; > 0.

A little trickier is the case |C| = |Cy| = 3, corresponding to C' = 'y = 7(I'; x I';). In
this case fC(x) = 3%t +4 -2 + 4, fO1 = f© = 3, 50 the desired inequalities are 2log 3 <
log(3* +4 - 2% +4) < 2log3 + xlog2. The lower bound is evident. For the upper bound, we
must equivalently show that g(z) := 5-2* —3* —4 > 0 for 2 € [0,1]. Since g(0) = 0 and
g'(z) =5log2-2" —log3-3" > 0 for z < 1, the desired inequality follows.

Now suppose that j > 3, and assume the result is true for cells at level (j — 1). By the recursive
definition of f€, if C is a cell at level j, we have the recurrence

V00 = 37 v, (11.5)
c—cr
where T'x denotes the shift operator

Tx = (xg,x3,...).
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For the upper bound, note that
) = T eI N eI R R el ek,

Cc—C’ C1—C
CQ—>C§

Recalling that 1 < «, we conclude that
00 < 2aj71< Z ewai(Tx))( Z exlwcé(Tx)> 9l CL(x) 2 (%)
C1—>Ci CQ—>C§

The lower bound is proven similarly. The result thus follows. U
11.4. Derivatives and the limit of the p;.

Because of the implicit definition of the parameters p;, the self-similarity property (11.4) is not
enough for us by itself. We will also require the following (rather ad hoc) derivative bounds.

Here, and in what follows, 0, F(y1,...) = %(yl, ...), that is to say the derivative of the
function F' with respect to its mth variable. Thus, for instance,

OV (Tx) = 0 [v°(Tx)]. (11.6)

8xm+1

Proposition 11.6. Set A, := Sup,., SUPycoz1 [Om@;(X)| Then Ay < 0.17, Ay < 0.05,
Zm>3 A, < 0.01 and A,,, < 0.155™.

The proof of this proposition is given in subsection 11.5. Let us now show how this proposition,
together with (11.4), implies Proposition 11.1.

Proof of Proposition 11.1. Write ¢; := p;y1 — p;, © = 1,2,3, ... The p-equation at level (j + 1) is

1
Gjr2(pjt1s Pjs---) = §<pj+1¢j+l(pjapj—l> L)+

by (11.2). Recall that that p; < p; < 0.31 for all j, by Lemma 11.2. Hence, two applications of
(11.4) (with a = 0.31) yield the asymptotic formula

1 .
@j+1(pjt1, Pjs ) = §(Pj+1¢j(f)jaﬂj—1a ...) +1) +0(0.155).

Subtracting (11.2), the p-equation at level 7, from this gives
@j+1(pjt1: Pjs - - ) — Gir1(Pss Pj-1, - - )
= jTH(%(Pj, Pi-ts--.) = Gi(pi—1, pj-2,...)) + Ej%(mapj—l, ...)+0(0.1557). (11.7)
Now by the mean value theorem,
|@i+1(pit1s £js - ) = bja(pjs pjmry )| < Adlggl + - 4+ Qe (11.8)
and
|65 (pj> pi—1, ) = Gi(pj-1, pj—2: - ) < Adlgja] + -+ Ajale]. (11.9)
Therefore, from (11.7), the triangle inequality and the fact that % < %1 < 0.155, we have
1
|€j| (§¢j(pj,pj_1, .. ) — A1> < (AQ + 0.155A1)‘6j_1‘ + (Ag + 0.155A2)|6j_2| + -

+0(0.1557).

(11.10)
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Now by Lemma 11.4 and Proposition 11.6,

%gzﬁj(pj, Pi—1,-..) — Ay > %Llog?) —0.17 > 0.104.
Also, by Proposition 11.6 we have

(Ag + 0.155A) + (Az + 0.155A5) 4 - - - < 0.096.
Assuming that j > jo, with jo large enough, (11.10) implies a bound

|6j‘ < Cl‘é‘j_l‘ + CQ|€j_2| + -+ Cj_1‘€1| + 2_j, (1111)
where ¢y, ¢, . .. are fixed nonnegative constants with ) . ¢; < % < 0.93 and, by Proposition

11.6, ¢; < 27 for all i > i for some iy. It is convenient to assume that i, j, > 10, which we
clearly may.

We claim that (11.11) implies exponential decay of the €;, which of course immediately implies
Theorem 11.1. To see this, take 6 € (0, ;) so small that 0.94(1 — 6)~" < 0.99, and then take
A > 100 large enough that |¢;| < A(1 — §)7 for all j < jo. We claim that the same bound holds
for all j, which follows immediately by induction using (11.11) provided one can show that

;1 1 J
;Ci(l_é) +Z(m) <1 (11.12)
for j > jo. Since § < % and A > 100, it is enough to show that Zi>1 ci(1 —0)7" < 0.99. The
contribution to this sum from i < i is at most 0.93(1 — 5)_i0, whereas the contribution from
i > ig is (by summing the geometric series) at most ., 27(1 —§)™" < 2-27(1 = §)™™ <
0.01(1 — &) ‘. Therefore the desired bound follows from our choice of 4. U

11.5. Self-similarity for derivatives

Our remaining task is to prove Proposition 11.6. Once again we use self-similarity of the ¢;, but
now for their derivatives, the key point being that 0,,¢; ~ 0,,¢,;_1. Here is a precise statement.

Proposition 11.7. Suppose that C = 7(C x Cy) is cell at level j > 1. Let o € [0,1) and m > 1,
and suppose that x € [0, . Then we have
0 < 3 (x) < 2559 (9,,0 (%) + 02 (x) + a? 2 1og 2).

In particular, taking C =T'; = m(I';_; x I';_1), we have

0 < Db (x) < 251977 (amqu_l(x) n (%)J 10522) (11.13)

Proof. The lower bound follows by noticing that 1)“ is increasing in each variable. For the upper
bound, we may assume that m < j — 1, for when m > j, 0,,¢;(x) is identically zero. We proceed
by induction on m, first establishing the case m = 1. Differentiating (11.5) gives

e’ 09,C (x) = Z e (Tx)ex“pc/ (Tx)
c—c
By two applications of the upper bound in Proposition 11.5 (to C" = 7w(C] x CY)), we obtain

e¢C(x)al¢C(X) < 97! Z (1/}01 (Tx) + p°2(Tx) + o/ 2 log 2)€zl(w01 (TX) 442 (T)) (11.14)

01%01
CQ—)Cé
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On the other hand, for 7 = 1, 2 we get by differentiating the recurrence

DD (11.15)
with respect to x; that
Moi(x) = Y YH(Tx)e w1y i(Tx) (11.16)
C;—=C!

Substituting (11.15) and (11.16) into (11.14) gives
¥ (x) al¢0 (X) < 2011'71 (alwcl (X) + aleg (X) 4 ijf? iOg 2)61/,01 (x)+C2 (x)'

Finally, Proposition 11.5 implies that ¥ G)+¢2(x) < ¢¥“®)_ Dividing both sides by ¢*“®) gives
the result when m = 1.
Now suppose that m > 2. Differentiating (11.5) with respect to x,, and applying (11.6) gives

0,0 (x) = > my et Tl (Tx), (11.17)
cC—C’
By the inductive hypothesis, if C' = 7(C] x C%) we have
O tbC (Tx) < 2520’ (am_1¢01 (TX) + Oyt (Tx) + a?~ log 2) . (11.18)

Also, by the upper bound in Proposition 11.5, we have
W (Tx) < P (Tx) + 12 (Tx) + o’ 2 log 2. (11.19)
Substituting (11.18) and (11.19) into (11.17) and using the assumption that 0 < 71 < «a gives
¥¢ (x) Ot (x) < 2551

Z T |:8m,1wci(TX) _i_amileé(TX) _i_aij iOg2 ezl(wci(Tx)erCz(Tx)).

C1—>Ci
Cz—)Cé
(11.20)
Now, differentiating the recurrence (11.15) with respect to z,,, (using (11.6)) gives, for: =1, 2,
DO (x) = > TR O (Tx). (11.21)

C;—C!

Substituting (11.15) and (11.21) into (11.20), and using once again that z; < «, gives
P09, (x) eV ) L 92X <8mwcl (%) + Dt (x) +a’?log 2) VTR0
Again, Proposition 11.5 implies that e?"* )+¢72() < ¢¥“() and so by dividing both sides by
e¢c(x), we obtain the stated result. O

Before proving Proposition 11.6, we isolate a lemma.
Lemma 11.8. For 0 < 1 < 0.31 we have 0 < 40, ¢o(x) < 0.481.
Proof. We have ™) = 3% + 4 .27 + 4, and thus

log3- 3" +log2 - 42"
1010203 = = e 4
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The lemma is therefore equivalent to ;(log3 — 0.481)3" + (log2 — 0.481)2"* < 0.481. The
left-hand side here is increasing in x; and, when x; = 0.31, it is equal to 0.480052 - - - . O

Proof of Proposition 11.6. Henceforth, set o := 0.31 and fix two integers m > 1 and j > 2.
Our goal is to bound 9,,¢(x) uniformly for x € [0,a]N. We may assume that j > m + 1, as
Om®j(x) = 0 when j < m.

Now, let us define

L gm—1 Lot +am !
A,, ;= oitatta and B, :=2 .

Then, if we apply (11.13) ¢ times, we obtain
-

0< a ¢j( ) Aa] m..pqi—m—(— 1) qb é ].Og Z a] m ... pqi—m—k (g)]—k‘
X Um m i —
k=0

2

ai—m—(e—1) log 2 qi—m—k (Q\ITF
< By, Om@j—e(x) + o2 ZBm (E)

k=0
< BYT (am g (-) —) 11.22
m i)+ =5 (3 1—a/2 (11.22)
Here, we observed that all the Bf,f terms in (11.22) have ¢t > s + 1 — m; bounding them all above
by BQSH " then allowed us to sum a geometric series.

Let us fix some s € {1,2,...,m + 1} independent of j. Then the number j — s lies in
{0,1,...,7 — 1}. Hence, applying (11.22) with £ = j — s, and then taking the supremum over all
j>m+ landallx € [0, a]", we find that

s m 10g2 s 1
A< B , 112
(o, om0l 250 (5) a) 129

When m = 1, we take s = 2. Then Lemma 11.8 and relation (11.23) give

Al < 2042/(1—04) (0481 i OélOgQ ) < 017’

4 8(1—a/2)
as required. When m > 2, we take s = m. Then 0,,¢, = 0 and so (11.23) degenerates to
log 2 m+1 1
A, < B228 (-) . (11.24)
a? \2 1—a/2

This gives Ay < 0.05, and also confirms that A, < 0.155™. To bound Zm% A,, we use (11.24)
and the uniform bound B,, < 2Y/(1=%°  obtaining

a?log 2 2
A, < ———2—__20/(1=)" ( 01.
Z 16(1 — a/2)?
m=3

This completes the proof of Proposition 11.6. U

12. CALCULATING THE p; AND p

In this section we conclude our analysis of the parameters p1, ps, . .. for the binary flags. The
situation so far is that we have shown that these parameters exist, are unique and lie in (0, 0.31).
Moreover, their limit p = lim;_, ., p; exists (Proposition 11.1).
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None of this helps with actually computing the limit numerically or giving any kind of closed
form for it, and the objective of this section is to provide tools for doing that. We prove two main
results, Propositions 12.1 and 12.2 below. Recall the convention that py = 0.

Proposition 12.1. Recall the convention that py = 0. Define a sequence (a; j)i>1,1<j<i+1 by the
relations a;; = 2, a;2 = 2+ 2"~ and

a/z’,j - ai]'*l + azpiilf]_l - a?fili;_g (3 < j < 'l + 1) (121)
Then

i1 = ale? T fori=2,3,... (12.2)

In practice, these relations are enough to calculate the p; to high precision. Indeed, a short
computer program produced the data in Table 1. (We suppress any discussion of the numerical
precision of our routines.)

Pj J Pj
0.3064810093305 | 7 | 0.2812113502101
0.2796104150767 | 8 | 0.2812113496729

0.2813005404710 | 9 | 0.2812113496974
0.2812067224539 | 10 | 0.2812113496963
0.2812115789381 | 11 | 0.2812113496964
0.2812113387071 | 12 | 0.2812113496964

TABLE 1. Table of p;

NN AW - S

Using Proposition 12.1 we may obtain the following reasonably satisfactory description of p,
which is equivalent to the statement of Theorem 2 (c).

Proposition 12.2. For eacht € (0, 1), define a sequence a;(t) by

ar(t) =2, as(t) = 2+ 2", a;(t) = a;1(6)> + a;—1 (1) — a;2(t)* (j = 3). (12.3)
Then the limit p = lim;_,, p; is a solution (in the variable t) to the equation
1 1 (t
lim 08%(®) (12.4)

1—t/2  jos 202
Furthermore, p is the unique solution to (12.4) in the interval 0 < t < 1/3.

Remark. This is easily seen to be equivalent to Theorem 2 (c), but we have introduced ¢ as a
dummy variable since p now has the specific meaning p = lim; ., p;, and this will avoid confusion
in the proof.

Before starting the proofs of Propositions 12.1 and 12.2, let us pause to observe a simple link
between the sequences a; ; and a;(t) defined in (12.1) and (12.3) respectively.

Lemma 12.3. For each fixed j > 1, the limit lim;_,, a; j exists and equals a;(p).

Proof. The existence of the limit follows by induction on j, using Proposition 11.1, noting that the
result is trivial for j = 1 and immediate from Proposition 11.1 when 7 = 2. The fact that the limit
equals a;(p) then follows immediately by letting ¢ — oo in (12.1) and comparing with (12.3). O
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12.1. Product formula for f©(p) and a double recursion for the p;

Proposition 12.1 is a short deduction from a product formula for F'(g), or equivalently for f¢(p),
given in Proposition 12.5 below. Whilst is would be a stretch to say that this formula is of inde-
pendent interest, it is certainly a natural result to prove in the context of our work.

Before we state the formula, the reader should recall the notion of genotype g (Definition 10.1)
and of the function F'(g) (Proposition 10.4). We require the following further small definition.
Definition 12.4 (Defects). Let i, m € Z- and let g be an i-genotype.

(a) If m < i, then we define the mth consolidation

g™ ={ACli—-m]: AUX cgforal X C {i—m+1,...,i}}.
Otherwise, if m > i + 1, then by convention we define ¢(™ to be empty.
(b) For m > 1, we set
A™(g) = |g" V] = 2|g"™)|.
Remark. Note that g©) = g, g1) = g* and g™ = (¢(™~Y)*. Itis easy to see that A™(g) is always

a nonnegative integer. Observe that A" (g) = 0 unless g = P][i], in which case A"!(g) = 1, and
that A™(g) = 0 whenever m > i + 1.

Proposition 12.5. Let ¢ € N and suppose that g is an i-genotype. Then
i+1
Am
F(g) = H ai7m(g)7
m=1

with the a; ., defined as in Proposition 12.1 above.

Proof of Proposition 12.1, given Proposition 12.5. Note that A" (P[i]) = 1,41 for 1 < m
i+ 1. Together with Proposition 12.5, this implies that F'(P[i]) = a; ;1. Thus f1i(p) = F(P[i])
a;i+1. The equation (12.2) is then an immediate consequence of the p-equations (9.1).

O /A

Before turning to the proof of Proposition 12.5, we isolate a couple of lemmas from the proof.

Lemma 12.6. Let « € R and i € N. Let g be an i-genotype, and suppose that k is an (i — 1)-
genotype with k < g*. Then

Z a9 = (14 )2 0 (1 + 20)\97 =Kl 21k,
9'<g
(9")" =k
Proof. Wehave g = {A C [i —1]: AegtU{A C [i—1]: AU {i} € g}. Hence, if we let
X={AcC[i—-1:Aecg, AU{i} ¢gtandY ={AC[i—1]: A¢ g, AU{i} € g}, then we
have |g| = 2|¢g*| + | X| + |Y|, and thus Al(g) = | X]| + |Y].
Now, in order to choose ¢’ < g with (¢')* = k, we must decide independently for each A C

[i — 1] whether A € ¢’ and/or AU {i} € ¢'. The condition that ¢’ < ¢g means that if A ¢ g (resp.
if AU {i} ¢ g), then we are forced to have A ¢ ¢ (resp. AU {i} ¢ ¢’). Let us now examine all
admissible options for the conditions “A € ¢ and “A U {i} € ¢

e A€ k:since (¢')* = k, we are forced to have A, AU {i} € ¢

e A€ g*\ k: we know in this case that A, AU {i} € g, so the condition ¢’ < g imposes no
further restrictions on the membership of A and of A U {i} in ¢’. On the other hand, we
know that A ¢ k = (¢')*, and thus at most one out of A and of A U {i} may belong to ¢'.
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e A € X: the condition ¢’ < g implies the restriction that A U {i} ¢ ¢/, and we may then
choose freely among the two options of having A € ¢’ or A ¢ ¢'.

e A € Y the condition ¢’ < g implies the restriction that A ¢ ¢/, and we may then choose
freely among the two options of having AU {i} € ¢ or AU {i} ¢ ¢'.

By the above discussion, we have

Z al9l = o2k H (1+a+a)H(1+a)H(1—|—a).

g'<g Aecg*\k AeX Aey
(9")=k
Since | X| + |Y| = Al(g), the proof is complete. O
For a = (ay, as, . .. ), and for some (i-)genotype g, write
i+1
= [ e (12.5)

(Note that the a,, here are just parameters, not related to the recursion (12.3), which does not
feature in this subsection.) If § € R, define

Dy.alyg Ze'gl 91 P, (g (12.6)

l<g
Lemma 12.7. We have the functional equation

(I)g a( ) = (9 + al)A (1)92+2a16 Ta(g*)-
As before, T'a denotes the shift operator Ta = (as, ag, - ).

1

l<g
|%| lg']
— pldl ) P <_>
Z a2 Ta 0
k<g* g'<g
(g')*=k
The result now follows from Lemma 12.6 and a routine short calculation. OJ

We are now in a position to prove Proposition 12.5.

Proof of Proposition 12.5. Let a;,, be as in the statement of Proposition 12.5, and write a; =
(a;1,a;2,...). In the notation introduced above (cf. (12.5)) the claim of Proposition 12.5 is then
that

F(g) = Pa,(9). (12.7)
We proceed by induction on . Let us first consider the base case when 7 = 1.

e If g = P[1], we have F(g) = fI*(p) = 3. On the other hand, Py, (P[1]) = a;2 = 3 in this
case by the convention that py = 0.

e If ¢ & P[1], then g* = {) and thus A'(g) = |g| and A*(g) = 0. So we conclude that
Py, (g) — 2191, On the other hand, for all such genotypes, the corresponding cell contains
2191 elements that all split into unicells at level 0. Consequently, F'(g) = 219 = P, (g) in
this case too.
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Next, suppose that we have the result for (i — 1)-genotypes for some i > 2, and let g be an
1-genotype. We know from (10.3) that

F(g) = Z 2|9|*|g*|7|g/|F(g/)pFl'

g'<g*
By the induction hypothesis, we have F'(¢')—' = Pagizl(g’ ) for all ¢ < g*, where a7} is
shorthand for (a}}';,af"}';,. .. ). Hence, it follows immediately that
1 *
F(g) = QA (g)(I)ZafiEI (g ) (128)

with ® defined in (12.6). The fact that the right-hand side of (12.8) is a product P,(g) is now clear
by an iterated application of Lemma 12.7. To get a handle on exactly which product, suppose that
the result of applying Lemma 12.7 7 — 1 times is that

J
Flg) = (TT 050 ) @, om0, (12.9)
m=1
Thus b;; = 0,1 = 2, and we have the relations
bijr1 = 0+ ai7 (12.10)
and
Oi 41 = 07 + 2al"7,0; 5 (12.11)

for j € {1,...,i}. We claim that b; ; = a,; for all j < ¢+ 1. This will complete the proof of
Proposition 12.5, because we may then apply (12.9) with j = 7 + 1 to show that
i+1 i+1
F(g) - ( H @im, (g)>q)9¢,2‘+1,T”1(af:1)<g( +1)) - H Qi;m o
m=1 m=1
because g1 = () for all i-genotypes g.

Let us now prove our claim that b; ; = a, ; for all j < ¢ 4+ 1. We shall use induction on j. We
have that b; ; = 2 = a;;. In addition, b, » = 2 4 2°i-* = q, 5 by (12.10) with j = 1 and by the fact
that 6, ; = 2. Now, assume that we have proven that b; ; = a; ; for some j € {2,...,4}. Relation
(12.11) applied with 5 — 1 in place of j implies that

2pi— i— 2
Oij+ a1 = (i1 +ai554)"
The right-hand side equals b?, i = f ; by applying (12.10) followed by the induction hypothesis.

Thus, 0;; = a% i a?f ' j_1- Inserting this relation into (12.10) and using the recursive formula

(12.1) shows that b; ;11 = a; j+1. This completes the inductive step and thus the proof of Proposi-
tion 12.5. U

12.2. A single recurrence for p

In this section we deduce Proposition 12.2 from Proposition 12.1 by a limiting argument.

To carry this out, we will need the following fairly crude estimates for the a; ; and the a;(t),
defined in (12.1) and (12.3) respectively.

Lemma 12.8. We have

a1 <ai; forl<j<i (12.12)

Z7j
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and

212

377 Cay <aky <4¥T for2<<itl (12.13)

Proof. Since p;—1 < 1 forall i > 1 (cf. Lemma 11.2), we have a;», < 4 = ail. Hence, the

inequality (12.12) follows from a simple induction using (12.1).

Using another simple induction, we readily confirm the inequality a; ; < a?VjQ_Q in (12.13).

For the lower bound in (12.13), we know from (12.10) and (12.11) and from the fact that b; ; =
a; ; forall 7 <7+ 1 that

a1 = 05+ aj); (12.14)
and that
Oi 501 = 07, + 20770, 5 (12.15)

for j € {1,...,i}. By a simple induction, these formulas imply that a; ; > 1 and 6, ; > 0 for all
j<i+1,andthus 6, ;. +1 > (0;;+1)*forj =1,2,...,i. By yet another induction, we find
0;; = 327 1. Finally, the lower bound on the a; ; in (12.13) follows from this and (12.14). [

Lemma 12.9. Let t € (0,1). We have
aj1(t) < a;(t)* forj>1 (12.16)

and
3¥77 Cai(t) as(®)? T <4¥T forj =2 (12.17)

Proof. The inequality (12.16) follows from a simple induction using (12.3), and the upper bound
in (12.17) follows with a further induction.

For the lower bound, we first set up relations analogous to (12.14) and (12.15), defining 6,(t)
for 7 > 1 via the relation
Q41 (t) = Qj (t) + Cl,j(t)t. (1218)
We then note that we also have
0;41(t) = 0;(t)* + 2a,(t)"0,(t). (12.19)
Indeed, on the one hand, we have
0j41(t) = ajia(t) — a1 (t)' = a1 (t)* — a;(t)*
by (12.3). On the other hand,

0;(t)% + 2a;(1)0;(t) = (8;(t) + a;(1))” — a;()* = azi1 (t)? — a;(t)*
by (12.18).

Having proven (12.19), we now proceed analogously to the proof of Lemma 12.8. We have
a;(t) > 1and #;(¢t) > 0 for all j > 1, by a simple induction using (12.18) and (12.19). Therefore,
from (12.19), we have that 6,,1(t) + 1 > (6,(t) + 1)2. By induction, this implies that 6,(t) >
377 1. Finally, the lower bound on the a;(¢) in (12.17) follows from this and (12.18). O

We are now in a position to prove that the relation
L gy o)
1—t/2  jooo 2072

(12.20)
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holds with ¢ = p, which is one of the main statements of Proposition 12.2. Tterating (12.2) gives
—2Pi—

A i+1 _exp(2l 1) a;_ 11 _exp(2l 1+p1 122 2) a;_ 21— 1 =
= exp (2i’1 + Z(PH’ e pi)270T l)aflz o

By Proposition 11.1 , we have p; — p. In addition, by Lemma 11.2, we have 0 < p; < p; < 0.31
for all 7. Thus, taking limits as = — oo gives
. logai i p P\? 1
lim “EHEL 1y Dy (D) -
m + -+ 5 + YD)

1—>00 2i_1 2
We now derive another expression for the left-hand side of (12.21). A telescoping argument
gives

(12.21)

log a; Lo ij

O8G0 4 > ——log (“ ’J;l) . (12.22)
- - a?,

The terms on the right-hand side of (12.22) are rapidly decreasing. Indeed, by (12.12) we have

1> a1/ afyj for all ;7 > 1. On the other hand, by (12.1) (with j replaced by j + 1 there) and by

(12.13), we have
2p1 ; j—1
» ;" i QPi—1 N 27
G- aiso((5) )

a;; a;; 3
forall j € {2,...,4}. Since p;—; < p; < 0.31, we have 27-1 /3 < 1/2. In conclusion,
log (Z;“) =02 (12.23)
7

forall j € {1,...,i}. By a simple limiting argument using relation (12.22) and Lemma 12.3, we
thus find that

1 1,1 . 1 1
lim —8 %%+l +1 10g4+z (%H(p)) = lim qu—m_

i—00 9i— (;0)2 00 2j—2

Here, we used (12.23) to bound the terms with j large. Comparing this with (12.21) confirms that
indeed (12.20) is satisfied with t = p.

We turn now to the final statement in Proposition 12.2, the statement that (12.20) has a unique
solutionin ¢ € |0, ] (which must, by the above discussion, be p). This is a purely analytic problem.

Write ) | (0
oga;(t
- : W(t) .= lim W;(t
i e V0= W)
We must show that there is only one solution to W (t) = 0. We already know W (p) = 0, so it
would suffice to show that W is strictly increasing in [0, 1/3]. This would certainly follow if we
could show that

W;(t) :=

W;(t') = W;(t) = Z(t' =)

S| =
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forall j > 2and all 0 < t < ¢’ < 1/3. Since the derivative of ——
[0, 3], it is enough to establish the derivative bound

d (logay(t) <1
e\ 22 ) 73

forall j > 2 and all ¢t € (0, %) The remainder of the section is devoted to proving this bound,
which it is convenient to write in the form

- t =i is bounded below by % on

L2, (12.24)

where ¢;(t) := a;(t)/a;(t).
We begin by observing that, since ¢ € (0, ) we have ay(t) < 2 + 2% and so we may upgrade
the upper bound in (12.17) to _

a;(t) < (242137 (12.25)
for j > 2. Note also that, by induction using (12.18) and (12.19), both @, (¢) and 6, () are increasing
functions of ¢. In particular, a;(#) is an increasing function of ¢ so the derivative a’;(#) is positive.

Differentiating (12.3) gives
a’ a’
ahyy = 2a;a; + (a§ loga; — 2a ylogaj_q) + ta’ =~ — 2ta2t i1 (12.26)
a; ta;

j—1

where here and in the next few lines we have omitted the argument (¢) from the functions for
brevity. The term in parentheses is non-positive by (12.16), and the final term 275(1J 1@; 1 is
negative since the derivative a’;_, is positive. It follows from (12.26) that

a’;
j+1 < 2aja + ta§ aj
A little computation using (12.3) shows that this may equivalently be written as
1 ta’
Uiy < 2@( — TR . ), (12.27)

i—2
L+a?—a? a2 2a;0

where we used our notation ¢; = a;/a;.
Denote

1 ta;(t)" )
= su + . (12.28)
. te[og] (1 +a; ()2 —aj1(0)*a;(t) 72 2a;14(2)

Then (12.27) implies that ;. (t) < 2¢;(t)¢; forall t € [0,1/3] and all j > 2. Telescoping this
inequality gives ‘
(1) < (ba(t)éabs -~ &) - 2772

We have
2t og 2 o log 2

ly(t) = <
) =50 STy o
forall ¢ € [0,1/3]. Hence, in order to obtain the desired bound (12.24), it is enough to show

§283- - &1 < 1.2. (12.29)

The &; tend to 1 exceptionally rapidly, and crude bounds (together with a little computation) turn
out to suffice, as follows.

< 0.268
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First, by (12.17) and the fact that ay(t)* = (2 + 2%)>~* < 9 for ¢ € [0, 1] (a calculus exercise),
we have . .
a; ()7 = (ap(t)72)* T 297 forj =2 (12.30)
Second, by the lower bound in (12.17) and by (12.25) we have
a; 1 (1) a; (1) < (242797 PEY 2 <67 forj >3,
We may also check by hand that a;(¢)* /ay(t)* = (2'7' +1)"2 < 1/6 for all ¢ € [0,1/3]. Hence,
aj_1 ()% a;(t)2 < 6% forj>2. (12.31)
Third, again by the lower bound in (12.17) and by (12.25), we have

(1) (2423 N
a;(t) < (( 2]._>1 ) < (—) for j > 2. (12.32)
a;j+1(t) 3

6
Substituting (12.30), (12.31) and (12.32) into the definition (12.28) gives

1 1\ 2
fj < 1+ (%)2]‘—2 — (%)2]'—2 + <6) for j > 2.

Using this bound, one may check the bound H;’;Q ¢; < 10/9, which is stronger than the desired

bound (12.29), on a pocket calculator or even by hand. For example, we have &:&5 < Joro2%2 and

can use a very crude bounds for the higher terms. Since ﬁ + % <e*for) <z <0.1, taking

z=6"2" gives _
& <exp(2-6727)
for j > 4. Therefore

o (o ¢] 1
[I& <exp (2 ) @) = /56 < 1.002.
j=4 i=4

This concludes the proof of the final statement in Proposition 12.2.
12.3. Proof of parts (b) and (c) of Theorem 2

To conclude this paper, we complete the proof of parts (b) and (c) of Theorem 2, as defined in
the end of subsection 1.3. In fact, all of the ingredients have already been assembled and we must
simply remark on how they fit together.

First, recall from Definition 9.6 that

Now, it is an easy exercise to see that if 1, z9, . .. 1s a sequence of positive real numbers for which
x = lim;_,, z; exists and is positive, then

) T 1/r
rlggo (Zl REE xz> = max(x, 1).

Applying this with x; = 2/p; gives, by Proposition 11.1, that
: 1/r — /_)
im0, =5

This, together with Proposition 12.2, completes the proof of Theorem 2.
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APPENDIX

APPENDIX A. SOME PROBABILISTIC LEMMAS

Throughout this section, A C N will be a random set, with P(i € A) = 1/i and these choices
being independent for different values of .

Lemma A.1. For any finite subset B C Z~, and any k € Z,, we have

(1 2y =1

min B

)Mg]P’(#(AmB):k)gM,
where i
1 1 1
M:ﬁ(n;—m_l) EB@—E)-

Proof. The result follows by a standard inclusion-exclusion argument. We have

P(#ANB) =k = ) 1k 11 (“%)

a1<--<a me{a,...,ax }
1 > 1
= 1— = <M
WEIB ( m a1,.§eB (ap —1)--(ap — 1)
a1 <---<ag

For the lower bound, we note that

H%ﬁ)‘ Y e TmoD

at,...,ay€B
Ji<j with a;=a;

1/(a —1)* < 1/(min B — 2)? < 4/(min B)?, the proof is complete. O

Since

acB
Lemma A.2. Uniformly for B C Nwith A := 3" _p1/m > 1and0 < e < 1, we have
IP’(]#(A NB)— A > 5)\> < exp(—<2)/3).

Proof. This follows by the upper bound in Lemma A.l with standard bounds on the tails of the
Poisson distribution, e.g. Norton’s bounds [ 5, Theorem 09]. 0

Lemma A.3. For any x > 0 and finite set B C N,

1
Ez#AMB) < exp ((x —-1) Z _.)'

jeB
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Proof. The random variable # (A N B) is the sum of independent Bernouilli random variables and

thus
SO (=)
jJEB J
Note that all factors are positive because > 0. The lemma now follows from the inequality
1+ y < €Y, valid for all real y. 0

Lemma A4. Let k € N, and let B and G be finite sets such that B C G C Z>4 and

Bl =k < Y0 m;n(G) L

meG
Then
K1+ 0(—g§f L)
P(ANG=B|#ANG)=k) = 5 1m 11 H<1——)
meG beB mEG
Proof. Since |B| = k, we have
P(ANG = B)

IP’(AHG:B]#(AHG):k):P(#<AQG):]€).

The denominator is estimated using Lemma A.1, whereas for the numerator we simply note that

IP’(ADGzB)zH%H(l )H H( )

beB  meG\B mGG

This completes the proof of the lemma. U
Lemma A.5. Given 0 < ¢ < 1 and D > ¢'°/¢, the probability that A C (D¢, D] satisfies

#(AN (D, D) = (8- a)logD| < (log D)’' (c<a< /<) (A1)
is > 1 — O(e~ (/g D)2y

Proof. It suffices to bound the probability that
‘#A N (D%, D] — (B — a) logD‘ > (log D)¥/* — 2 (A.2)

whenever alog D, Blog D € N. The random variable N = N(«, ) := #(A N (D%, D?)]) is the
sum of Bernoulli random variables and has expectation EN = M + O(1), where

M= (8 —a)logD.
By Lemma A.3, EAY < ¢*~VEN. Thus, for y = (log D)** and \; = 1 + (=1)/ ;%5 we have
P(N > M +y) <
P(N < M —y) < E}\JIV—M—H; < )\1—M+y€()\1—1)M < ¢~ (1/3)(log D)!/2
Summing over all possible «, 5 completes the proof. U

Lemma A.6. Uniformly for X > 2 and K > 2 we have

Z a < KX

a€AN[2,X]

E )\;vfoy < A;Mfy(E(Az—l)M < 67(1/3)(logD)1/27
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with probability > 1 — e K.

Proof. We use Chernoff’s inequality, often called Rankin’s trick in this context:

P( > a>KX)<e® Z 2, X] = A')ek Suewo

acAN[2,X] C[2,X]
K Z H (1 - _) H o/ X
C[2,X] 2;;;[)( acA’

a/X
K e
- 1—=)(1
2<a<<X

- H< =)

e F1+2/X)F <X
because e < 1+ 2t forall ¢ € [0, 1]. This concludes the proof. O

Lemma A.7. Let ) € [0,1] and let Jy, ..., J; C N be mutually disjoint intervals. Suppose that
X C Jy x -+ x Jyisaset of size n | [, max J;. If min, |J;| is sufficiently large in terms of ) and d,
then with probability > (1/4)¢, there are distinct elements a; € A with (ay, ..., a4) € X.

Proof. Let M; = max J; for each i. We will prove the lemma by induction on d.
The case d = 1 follows by direct calculation: Suppose that X C J; has size > nM;. Then
PAANX =0)=JJ(1—1/n) <AL —1/M)"™ < e <1—1p/2.
neX
Let us now assume we have proven the lemma for d — 1 intervals, and let us prove it for d intervals
Ji,...,J4. Foreach j; € J;, we set
le = {(j27"'7jd) € J2 X X Jd : <j17j2)"'7jd) € X}
LetY = {j; € Ji : |Xj,| = (n/2)M;}. Then |Y| > (n/2)M,, because otherwise we would have
| X| < nll, M;, a contradiction to our hypotheses. By the case d = 1 (just described), A NY is
nonempty with probability > 7/4. Fix some a; € ANY". Then, by the inductive hypothesis and the
fact that the J; are disjoint, with probability > (1/4)9~1, independent of the choice of a;, there are
elements a; € AN J;, i =2,...,dwith (as,...,aq) € X,,, and therefore (a4, ...,aq) € X. The
disjointness of the .J; of course guarantees that the a; are all distinct. This completes the proof. []

Lemma A.8. If X; Y live on the same discrete probability space for 1 < j < k, and furthermore
X1, ..., Xy are independent, and Y1, . . ., Y}, are also independent then

drv((X1,.. . Xi), (Y, Y Zdw i Y5)

Proof. We begin with the following identity

al"-am—by'-bm:Z(aj—bj)HaiHbi.
J=1

1<j i>7
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Denoting €2 the domain of (X7, ..., X,,), and writing a; = P(X; = w;), b; = P(Y; = w;), we then
have

1
2
1
=3 Z g am — by - by

1
32Tkl 3 TIa]]s
=1 wj (i£7) 1<Jg 1>7
=2 lay by
=1 wj

APPENDIX B. BASIC PROPERTIES OF ENTROPY

The notion of entropy plays a key role in our paper. In this appendix we record the key facts
about it that we need. Proofs may be found in many places. One convenient resource is [!].

If X is a random variable taking values in a finite set then we define
ZIP’ = 2)log(P(X = x)),

where the log is to base e and the summation runs over the range of X.
If p= (p1,...,pn) is a vector of probabilities (that is, if p1,...,p, = 0andp; +---+p, = 1),

then we write .
—> pilogpi.
i=1

There should be no danger of confusing the two slightly different usages.
Our first lemma gives a simple upper bound for multinomial coefficients in terms of entropies.

Lemma B.1. Let n,nq, ..., ny be non-negative integers with > n; = n. Then
n!

where p = (p1,...,pg) With p; :== n;/n.

Proof. The right-hand side is (n/nq)™ - - (n/n;)™. Now simply observe that
n! n!
(nl/n) (nk/n)nk < Z —(nl/n)k’l . (nk/n)k’" -1 0

(na)! - (ng)! ke k!

Our next lemma is a simple and well-known upper bound for the entropy.

Lemma B.2. Let X be a random variable taking values in a set of size N. Then H(X) < log N.
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Proof. Follows immediately from the convexity of the function L(x) = —xlogx and Jensen’s
inequality. See [I, Lemma 14.6.1 (i)]. ]

The next lemma is simple and has no doubt appeared elsewhere, but we do not know an explicit

reference. In its statement, we use the notation (a,p) = > | a;p;.

Lemma B.3. Let p = (p1,...,pn) be a vector of probabilities, and let a = (aq,...,a,) be a
vector of real numbers. Then

n

H(p) + (a,p) < log (Ze“f),
j=1
and equality occurs if and only if p; = €% /" | €% for all j.
Proof. Let us begin by recalling that if ¢;,...,¢, > 0 are such that t; + --- 4+ ¢, = 1, then the
concavity of the logarithm implies that
tilogzy + -+ tylogz, <log(tixy + -+ + thzy) (B.1)

forall x,--- ,z, > 0. In addition, equality occurs in (B.1) if and only if z; = - - - = x,,. One may
also prove this fact by induction on 7, and by noticing that the case n = 2 is equivalent to having
u' <tu+1—tforallu > 0andallt € (0, 1), with equality occurring if and only if u = 1.

Let us now proved the lemma. If p; = 1 for some j, then H(p) + (a, p) = a;. If n = 1, then this
is equal to log(} "7, e*), whereas if n > 2, then we have a; < log(>_"_, e*), so that the lemma
holds in both cases. Assume now that p; € (0, 1) for all j. We then have

H(p) + (a,p) = ij log(e® /p;)-

We may then use (B.1) with ¢; = p; and z; = €% /p, to complete the proof of the lemma. U
The next lemma, known as the chain rule for entropy, is nothing more than a short computation.
Lemma B.4. Let X,Y be random variables taking values in ﬁnite sets. Then

H(X,Y) = +Z]P’ HXY =y).

Remark. The sum over y is usually written H(X |Y") and called the conditional entropy.

We will apply the preceding result together with the following observation.
Lemma B.S. Suppose that X, Y are random variables with finite ranges and that Y is a determin-
istic function of X. Then H(X,Y) = H(X).

Proof. This follows from Lemma B.4 with the role of X and Y reversed, since all the entropies
H(Y|X = x) are zero. O
The next result, known as the submodularity property of entropy, is a crucial ingredient in our
paper.
Lemma B.6. . Let X, Y, Z be any random variables taking values in finite sets. Then
H(X,Y)+H(X,Z) > H(X,Y, Z) + H(X).

Proof. This is [I, Lemma 14.6.1 (iv)]. [
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APPENDIX C. MAIER-TENENBAUM FLAGS

The purpose of this appendix is to say a little more about the bound (3.12), which corre-
sponds in the language of this paper to [22, Theorem 1.4]. Numerically, this bound is or >
(0.12885796477 . ..)", which is a little weaker than the bound leading to Theorem 2, which is
For > (0.140605674848 . ..)". What is interesting, however, is that the flags #* which lead to
(3.12) are completely different to the binary flags which have been the main focus of our paper.
The fact that these very different flags — the “Maier—Tenenbaum flags” — lead to a result which
appears to be within 10 % of optimal suggests that they will have a key role to play in any future
upper bound arguments for these questions.

Definition C.1 (Maier—Tenenbaum flag of order r). Let £ = 2" be a power of two. Identify
QF with QP and define a flag 7, (1) = V, < Vi < --- <V, < QP as follows: V; =
Span(1,w!, ... w'), where wh = 1;c5 for S C [r].

Remark. We have dim(V;) = i + 1 and in particular V;. is much smaller than QF, in contrast to the
situation for binary systems. We leave it to the reader to check that #” is nondegenerate.

Recall that ¥ gives rise to a tree structure, with the cells at level ¢ being the intersections of
cosets x + V; with the cube {0, 1}’“ (cf. subsection 7.2). It is easy to check that this tree structure
has a very simple form, with the cell I'; = V; N {0, 1}* being {0,1,w!, 1 —w!, ... wi 1 — wi},
this dividing into three children at level i — 1; the cell I';_; together with two singletons, {w*} and
{1 —wi}.

The recursive definition of the quantities f¢(p) (see (7.4)) therefore becomes fI'1(p) = 3,

ff(p) = Y (p) +2. (C.1)
In addition, the p-equations (7.5) become
frr(p) = e(f5 (p))". (C.2)

On the one hand, iterating (C.2) yields that log f*i(p) = p1 -+~ p;_1log 3 + Zg;g pj—1 -+ pj—; for

all j > 1. On the other hand, combining (C.1) and (C.2), we find that p; log f1i(p) = log?2 —

log(e—1), and thus p; - - - p; log 3+Z§:§ pipj—1 - pj—i =log2—log(e—1)forall j > 1. Hence,

we obtain the formulas

log2 — log(e — 1) log2 — log(e — 1)
= ) P2=p3 =" "=

= K.

P "~ log2+1—log(e—1)

log 3
Let us also note that the above discussion implies that

_ log2 —log(e —1) log 3 ifj =1,
- Pj log2 —log(e—1)+1 ifj > 2.

log f"(p)

(C.3)

Now, assuming that the conditions of Proposition 7.7 hold, we therefore have

=(#) = (log3 — 1) / (1og3 + p%(l + % TR ;2)) -(1- 10;3>/4"‘1.

Now it can be shown by explicit calculation that the conditions of Proposition 7.7 do hold. The
optimal measures ;. are all induced from the measure ;* in which

. i : . 1 lel=r ifj =1,
M(WJ)ZM(1—w])=M(Fj)‘fT(p)={2__1€j_r L
2e :
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In addition, we have

M*(O> _ M*(]-) _ IU*(QFO) _ éel—r‘

We may then prove by a slightly lengthy computation whose details we leave to the reader that the
optimal parameters c* are given by

1l re—k 1 4 1
e B ()
“a 97\ log 3 oo G log 3 "

It can also be shown that v;*(7#") = (%), by showing that the full entropy condition (3.6) follows
from the restricted conditions (7.11). This is a little involved, but a fairly direct inductive argument
can be made to work and this is certainly less subtle than the arguments of Section 8. In this way
one may establish the bound

> (1o 1 log2 —log(e —1) \"' (0.131810543...)" (C.4)
e log3 /) \log2+1—log(e —1) ' I '

Finally, a relatively routine perturbative argument yields the same bound for 7,-.
It will be noted that (C.4) is strictly stronger than (3.12), the bound obtained in [22]. This is
because, in essence, Maier and Tenenbaum chose slightly suboptimal measures and parameters on

the system ¥, roughly corresponding to p1(w?) ~ 3'~"~!, which then leads to ¢; ~ (%)j
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