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Abstract

We determine the exact order of growth of N (x,y), the number of in-
tegers n < x divisible by a shifted prime p — 1 > y, uniformly for all
=2y >4

1 Introduction

Let N(z,y) be the number of integers n < z divisible by some number p — 1,
where p > y is prime. The problem of bounding N (x, y) originated in 1980 with
Erd6s and Wagstaff [2], who proved the upper bound

(1 N(z,y) < L, some constant ¢ > 0,
(log y)°
uniformly for x > y > 10, and applied this estimate to the study of denominators
of Bernoulli numbers.
In [7], the following improved estimates were shown. Here log, z = log log z,
1+lo,

logs x = logloglogxand d =1 — % = 0.08607 .. ..

Theorem A ([7]). (i) If 3 < y < z, then
xr

(log y)°(logy y)'/2’
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N(z,y) <

1
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and for every € > 0 there is an 1 > 0 so that for 3 < y < z exp{—(logz)' ™"},

x
N —_—.
9 gy
.. a logs ©
(ii) If y = x/ exp{(log x)*}, and 1024 <a<l-— 10§Zz’ then
N(ZI} y) _ 1’(10g2 x)O(l)

(10g x)&-l—a—l—(log a)/log2”

(iii) If y = x/ exp{(log x)*}, and 0 < a < @, then

The authors remark (Remark 2.12 of [7]) that they can very easily establish
the following with their methods: For any ¢ > 0, if y > x/ exp{(log z)'/>~¢}
and z/y — oo, then

zlog(r/y) '

N(z,y) ~ og 2

The authors also claim in [Remarks 2.11][7] that they can sharpen (iii) to N (z,y) =<

z log(z/y)
logx

estimate. As we shall see below, this is a delicate matter.

by taking more care of the “singular series” factor coming from a sieve

In this paper, we determine the correct order of magnitude for N(z,y) uni-
formly for all z, y and show an asymptotic for N (z,y) in most of the range (iii)
of Theorem A. As in [7], define «v implicitly by y = z/ exp{(log z)*}, so that
0 < a < lintherange 1 < y < x/e. Near the threshold value o = @, define

0 by
1 0

o = + .
10g4 A /log2q;

Theorem 1. We have (i) For 3 < y < x'7¢, where ¢ > 0 is an arbitrary fixed

constant,
x
N(z,y) =. )
(logy)?(log, y)1/2
(ii) When @ <a<l-— % (the upper bound is equivalent to y > x'/?),
then
N(z,y) = =

max(1, 6)(logx)d+a-1-(loga)/log2"

(iii) If x/y — oo and 0 — —oc (in particular, 0 < o < @), then
xlog(x/y)

N(z,y) ~ og 2
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Uniformly in the slightly larger range x/ exp{(log x)Y/1°84} <y < /2, > 10,

we have (/1)
xlog(x/y
N, y) = 080,
og T
Remarks. In part (ii) of Theorem 1, if @ < a < 1is fixed, then =

\/log, .

Our proof of Theorem 1 parts (i1) and (ii1) refines the method offered in [7].
To prove the lower bound for part (i), we do not follow the method from [7]
(which is based on the theory of the Carmichael A-function), but rather use a
technique which is similar to that used in part (ii). The reason that this works is
described in the next section.

Notation w(n) and €2(n) denote the number of prime factors of n and the
number of prime power factors of n, respectively. Q(n, t) is the number of prime
power divisors p® of n with p < t. Q*(n, t) is the number of prime power divisors
p® of n with 2 < p < t. PT(n) and P~ (n) denote the largest and smallest prime
factors of n, respectively.

2 Heuristic discussion

The quantity N (x,y) counts integers with a particular type of divisor, thus results
about the distribution of divisors of integers, say from [6, Ch. 2] or [3], may be
relevant to the problem. To bound the density of integers possessing a divisor
in an interval (y, z|, the right “measuring stick” for the problem is sum of the
densities of the integers which are divisible by each candidate divisor, namely
the quantity n := > _, . 1/d ~ log(z/y). When 7 is very small, the “events”
d|n for the various d are essentially independent and the likelihood of an integer
having such a divisor is about n; this independence persists below a threshold

1-log4

value of about n = (logy) . As n grows, however, these events become

more and more dependent and when 1 ~ 1, the likelihood that an integer has a
divisor in (y, z] has dropped to about (log y)~(log, i) ~*/%; moreover, the most
likely integers to have such a divisor are those with lfogT22y + O(1) prime divisors
< v, and also these prime factors must be “nicely” distributed (if not, then the
divisors of n are highly clustered and there is a much lower probability of having

a divisor in (y, z]). When n = (logy)~?, with 0 < 8 < log4 — 1, most integers

_ 148
" log2

with a divisor in (y, z] have Q(n, y) log, ¥ + O(1); a heuristic explaining
this may be found in §1.5 of [3].
For N (z, y) the analogous “measuring stick” is the quantity v = > _ . p+1'

When 22 < y < 2/ exp{(logx)/ ¢4}, (log(x/y))'7'*6* <« v < 1 and this
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roughly corresponds to the “short but not too short interval” case for unrestricted
divisors, with v replacing 1 and x/y replacing z (because z/y is roughly the
size of the smaller factor of n in this case, and that is the deciding quantity).
One might guess that the density is then given by Theorem 1 of [3], but this
is not quite the case. Because the interval (y, z] in the unrestricted case is gen-
uinely very short, integers with typical distribution of their prime factors have
very non-uniform divisor distribution (lots of tight clusters), and this makes it
highly unlikely to have a divisor in (y, z|. Thus, most integers with a divisor in
(y, z| have an atypical prime factor distribution. In the case of shifted prime fac-
tor divisors, the interval (y, x] is very long, and this issue does not affect whether
(y, x] has a shifted prime divisor and the actual likelihood is therefore a bit larger
(by roughly a factor of log, y). This also makes it much easier to obtain sharper
bounds for N(x,y), as delicate divisor distribution issues do not need to be dealt
with.

The techniques of this paper may be easily adapted to obtain sharp estimates
for the number of integers n < z divisible by an integer £ > y which comes
from an arbitrary set S which is “thin”, in the sense that that sum of reciprocals
of elements of S diverges very slowly like that of primes, and for which the set
has nice distribution in arithmetic progressions (in order to apply sieve methods
and obtain, e.g. analogs of the Timofeev bounds from the next section).

3 Tools from the anatomy of integers

Beginning with the work of Hardy-Ramanujan (1917), and continuing with work
of Erdds and others in the 1930s and beyond, it is now well-known that the prime
factors of integers, viewed on a log log-scale, behave like a Poisson process. In
particular, the number of prime factors which are < z behaves roughly like a
Poisson random variable with parameter ~ log, z as z — oco.

Lemma 3.1. For any fixed 6 > 0, we have uniformly for x > 4, 0 < k <
(2 — ) log, x that

Z 1 (logyz)*
n %k

Proof. This is a corollary of a classical result of Selberg (see [9, Theorem 11.6.5])
about the distribution of Q2(n). O

The next two lemmas are due to Halasz [4], with an extension of Hall and
Tenenbaum [6, Theorem 08].



Integers divisible by shifted primes 5

Lemma 3.2. Fix § > 0. Uniformly forx > z > 3and 0 < m < (2 — 9)log, z,

we have

' B z(logy 2)™
#{n <z :Qn,z) =m} <5 “mllogz

1 1 1 m
S L, lour g2

J |
n logz  m!

n<e
Q(n,z)=m

Uniformly for x > z > 3and 0 < m < (3 — §) log, 2,

. O* _ x(logQZ)m
#{n <aQ(n,2) = mp <5 = RE

1 1 1 mn
S 1, loar (g9

J |
n logz  m!

n<e
Q*(n,z)=m

Lemma 3.3. Fix 0 > 0. Uniformly for v > z > 3 and with m in the range
dlogy z <m < (2 —0)log, 2, we have

z(logy 2)™

#{n <z:Qn,z) € {m,m+1}} > m!logz

The next two lemmas, due to Timofeev [10], state that the prime factors of
shifted primes have roughly the same distribution as prime factors of integers
taken as a whole.

Lemma 3.4. Fix 0 > 0. There is a constant ¢1(8) so that uniformly for x > z >
c1(0) and 0 < m < (2 — 6) log, 2, we have

#Hp<x:Qp—1,2) =m} < z(logy 2)™

m!(log z)(log z)’
z(logy 2)™
m!(log z)(log )

#rp<z: V(p—1,2) =m} <

Proof. This is a special case of Theorem 2 of [10]. O

Lemma 3.5. Fix § > 0. There is a constant c3(0) so that uniformly for v > z >
c2(0) and §logy z < m < (2 — 0) log, 2,

1 m
#{pgzQ(p—l’z)e{m’m+1’m+2}}>>6 ZE(ngz)

m!(log z)(log z)

Proof. This is essentially a special case of part of Theorem 3 of [10], except that
in the cited theorem it is stated that we must have z — oo as * — oo. This
condition does not make sense in light of the uniformity claimed in the theorem,
and in fact this stronger hypothesis on z (which comes into play when dealing
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with a set &/ of primes, which in our application is taken to be the set of primes
in [2, z]) is never used in the proof. Indeed, in the place where it is claimed to
be needed, prior to [10, (18)], no hypothesis is needed at all on the set F, since
E(z/t) < E(x) for any set £ and (18) follows immediately. O

Lemma 3.6. Uniformly for e> < z < x, k < 1.8logyz, 0 < € <
0 < ¢ <10, we have

1 n \° logz (log, 2)*
2 (¢<n>) <<10§Z< RS
Pt(n)<z '
Q(n,z)=k

5loga’

Proof. We follow the proof of Theorem 08 of [6] with small modifications. Note
that £ < 0.1. Thus, since 29 > 1.86, for any complex v with |v| < 1.8 we have

> S () "0 () o))

Pt(n)<z P2

Now (L)C =1 —|—O(1/p) andpE =1 +O(§10gp> since ¢ < 1 < 1

p—1 5log x 5logp”
So
Q(n,z) ¢ 1
> e (o) ~T(epro(72))
Pt(n)<z " o(n) p<z p p
1 1
< 1] <1+—+O(g ng))
2<p<T p p
1
< (log z)™ 8T
log 2z

Letr = k/log, z and v = re’ where 0 < 6 < 2x. Then, as in [6],

S (Y ek [T xS (e,
1—¢ k 1—¢

P+(n)<zn o(n) 27k Jo prones " o(n)
Q(n)=k

logz (log, 2)* /27r heoso
COS d@
< logz  kF 0 ‘

logz (log, 2)*

—= O
logz k!

Our next tool is a hybrid of the classical theorem of Hardy-Ramanujan and

the Brun-Titchmarsh inequality.
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Lemma 3.7 ([1], Theorem 1.1). Uniformly forx > 1,k > 0, ¢ € Nand (a,q) =
1with1l < g < x we have

k—1

gy 10/0)
> G loali0 )

n<x
n=a (mod q)
w(n)<k

Finally, we need crude estimates for partial sums of the Poisson distribution.

Lemma 3.8. Letv > Oand v /2 <\ < % Then

e—vQ(1-X) e~ vR(1-A)

’Uk Uk
< 3 D I
| |
Vo B, Wa

(1-XN)v—=1/A<k<(1-A)v

and
e_vQ(1+>‘) Uk ka e_UQ(l"')‘)
_‘ —

VRPN

(12 v<k<(1+A)v+1/A ’ k(14w
where Q(y) = ylogy —y + 1.
Proof. These may be found, e.g. in Norton [8, §4]. O

Useful corollaries of these bounds include bounds on the “tails” of the distri-
bution of Q(n, z) and Q*(n, 2).

Lemma 3.9. Fix 0 > 0 and suppose z is sufficiently large in terms of 9.
(i) Uniformly for x > zand 1 < A\ < 1 — 9, we have
x

(log 2)@0+Y max(1, \\/log, z)

(it) Uniformly for x > zand 1 < w < 2 — 9, we have

#{m <2 :Qm,z) > (14 N)logy 2} <

T
(log 2)Q0+Y max(1, \\/log, z)

Proof. Without loss of generality, suppose § < 1/10. First, the number of inte-

#H{m < x: Q(m,z) = (1+ A\ logy 2} <5

gers m < x satisfying Q(m, z) > (1 + \) log, z is bounded above by

Z #{m < Q(m, z) _j}+z (2— 5/2) (m,2)=(2-6/2)logy 2

(14X) logy 2<j<(2—6/2) logy 2 m<z

the second sum being an upper bound for the number of m < x with Q(m, z) >
(2 — 9/2) log, z. The terms in the first sum are estimated with the first part of
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Lemma 3.2 together with Lemma 3.8. The second sum is dealt with using stan-
dard estimates for sums of multiplicative functions, e.g. [6, Theorem 01], and

one obtains

2(2 . 5/2)Q(m,z)f(276/2) log, z < x(log Z)fQ(275/2)’

m<zx

which is smaller than the other term, since ()(u) is an increasing function for
u > 1.

Part (i1) is proved similarly, using the second part of Lemma 3.2, and by
breaking up the sum at j = (3 — §/2) log, 2. O

4 Tools from sieve methods

Lemma 4.1. We have #{n < z : P*(n) < y} < we~05080)/ 108y ypiformly for
rzy=2

Proof. Standard. See e.g., [9, Theorem IIL.5.1]. ]

Lemma 4.2. We have #{n < x : P™(n) > z} < o= uniformly for x > 2z > 4.
The upper bound holds uniformly for x > z > 2.

Proof. Standard. Use the asymptotic formula [9, Theorem 11.6.3 and (22)] when
x is large and x/z is large, the prime number theorem for z/z bounded, and
Bertrand’s postulate for small x. [

Lemma 4.3. Suppose that p a non-negative integer valued multiplicative func-
tion with p(p) < min(k,p — 1) for every prime p, and that for any prime p, €2,

is some set of p(p) residue classes modulo p. Then

#{1<n<z:Vpn modp%Qp}<<,{xH<1—@).

p<T

Proof. This is a standard application of Montgomery’s Large Sieve, see e.g. [9,
Corollay 1.4.6.1], together with an estimate for the denominator in the sieve
bound, e.g. [5, Lemma 4.1]. It does not seem to appear explicitly in the liter-
ature anywhere, to the authors knowledge. ]

Lemmad.d. Let z > 2, x > 2z, and suppose B and C' are distinct, even, positive

integers. Then

x B xlog,(2B)
(log 2)(log ) ¢(B) — (logz)(logz)’

#{h < x: P (h) =z Bh+1 prime} <
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and the number of positive integers h < x with P~ (h) > z, Bh + 1 prime and

Ch + 1 prime is
T p p
 (log 2)log? ) p|Bcl(_J£—C> p—1 p|<1;,[0) Pl
z(log, BC)?
(log 2)(log* z)
Proof. Completely routine exercise using Lemma 4.3. If z = 2 or log z > log z,
these follow from classical literature, e.g. [5, Theorem 2.2]. O

5 Proof of Theorem 1: upper bounds

The upper bound in part (i) is proven in [7, Theorem 1.2].
The upper bound in part (iii) is very easy. Mertens’ theorem implies that

N(w,y) < Y ——= = a(log, s — log, y + O(1/ logy)).

Yy<psx

log(z/y)

If #/y — oo, the right side is ~ z=F % o

side is O(x%).

Finally, we prove part (ii). Let z = z/y, v =

. In the larger range y < x/2, the right

1
alog4

and w = |vlog, z].
The hypotheses on « imply that w < log, z. Consider first integers n < z with

2*(n, z) > 2w. By Lemma 3.9, the number of such n is

T i
< =

(log )M /log, z  (log z)d+e—1-lega/log2, flog, ~

Next, consider integers of the formn = (p — I)m withm < 2, Q*(p— 1,2) =1

and Q*(m) = j, where i + j < 2w. With ¢ and j fixed, we may use Lemma 3.4,
provided that + < 1.99 log, 2, together with Lemma 3.2, to bound the number of
such n by

z(log, 2)’ x(logy 2)"*
< mz; i!m(log x)(log 2) < i'j!(log x)(log z)’

Q*(m)=jy

Summing over all possible ¢ and 7, and using Lemma 3.8, the total number of
integers counted is

- (logy )™
< (log x)(log 2) Z ily!

1+j<2w
T (2log, 2)"
<
(log z)(log 2) h%% h!
T
<

(IOg I)é—&—a—l—loga/ log 2 max<17 9) )
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If i > 1.991og, z, then j < 0.01log, z. Then n has the form n = (p — 1)m with
*(m, z) < 0.01log, z. The number of such integers n is bounded above by

> oremenn Tog

m<z m<z
Q*(m,z)<0.01log, z Q*(m,z)<0.01log, z
€T
0.014-0.011log 100

< (log )01 +0-0los

log x
< °

(log )09

using Lemma 3.2, which is much smaller than the bound for the other cases. This
completes the proof of the upper bound in part (ii).

6 Proof of Theorem 1 (iii) lower bound when 0 —
—00

Here we prove the lower bound claim in part (iii) of the theorem, except in the
case where @ is positive and bounded. We begin with a lemma, which is similar
to Lemma 3.9.

Lemma 6.1. Uniformly for z sufficiently large and 0 < \ < 0.7, we have

<< .
prames  Om) T max(1,2/log, 2)

Q(m)>(1+X) log, 2

Proof. Letw = (14 \) log, z. We use Lemma 3.6 to take care of the summands
with w < Q(m) < 1.8log, z and a simple “Rankin trick” for the rest, as in the
proof of Lemma 3.6. We obtain

1 log, z)?
Y ooe Y tmiy s
PH( o(m) <j<1.81 ' +
m)<z w<j<1.8log, 2 Pt(m)<z
Q(m)>w

1'89(m)—1.8log2 z

Use Lemma 3.8 for the first sum. The second sum equals

1.8
1 —1.8log 1.8 1
(log 2) H + P +

psz

1.82
p(p —

1 + - ) < (log z)1=@18),

which is smaller than the bound claimed. ]

Let z = x/y. First assume that & < 1/3. Let r(n) be the number of ways
to write n = (p — 1)m where y < p < z is prime and m is any integer. Note
that m < z is very small. By the upper bound calculation, M; := )

n<e T(n) ~
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log z

Liogz
ogw

if z — oo (and M; > x% in the larger range y < x/2). The quantity
My =37, . r(n)* —r(n) counts solutions of (p; — 1)m; = (po — 1)my with
p1 # pa. Puta = (mq,mg), my = ab, my = ac, g = (p1 — 1,p2 — 1), so that
p1 —1 = gcand p, — 1 = gb. Note that abc < 2> < x'/1°. By Lemma 4.4, given

(logy 55)

a, b, ¢ the number of choices for g is O(= abelog” 7

). Hence

2 2
My < 2(logy )7 > 1 2lomn)” o(M).

log? z ool abc — (log x)?=3«
By simple inclusion-exclusion, N(x,y) > M; — M} bgz if z — o0, and in
the larger range y < z/2 we have N (z,y) > M; — M} > xlogz

logz*
Now assume that o > 1/3. It follows easily from § — —oo that z — oo

as well. Let r(n) be the number of ways to write n = (p — 1)m, with p prime,

p >y, and max(Q(m), Q(p — 1, 2)) < w, where w = |log, z — (6/2)/log, z].
The hypotheses on « imply that log, 2 < w < 1.7log, 2. We have

2)
M, = Z (m(z/m)—#{p < z/m: Qp—1,2) > w})—O( Z W(x/m)>

m<z m<z

Q(m)>w
Applying Lemma 6.1, we quickly find that the big-O term in (2) is
1 1 1-Q(w/logy 2) 1
x Z _<<x(ogz) :O(x ogz>‘

< log x m (—0)log x log x

m<z
Q(m)>w
Next, consider a prime p < z/m with Q(p — 1, z) > w. The number of primes
with P*(p — 1) < zis, by Lemma 4.1, O(z/(mlog'® x)). If P*(p — 1) > 2,
let £ be the largest factor of p — 1 which is composed only of primes < z, so
that £ < x/mz and Q(k:) > w. By Lemma 4.4, the number of such primes p is,

for a given k, O( Thus the total number of such primes is, using

mao(k) log zlog z )
Lemma 6.1, bounded above by

T Z z(log z)~@w/log2 2) _, T
mlog z(log z) ng( ) (—=@)mlogz \mloga )’

Pt(k)<
(k)>w

We also have that

xlog z
Z (w/m) ~ long_N logx ’

m<z
and therefore conclude from (2) that

xlog z

log
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Arguing as in [7], My := 3 _ 7(n)* — r(n) counts the number of solutions
of (p1 —1)my = (pa — 1)ma with Q(p; — 1, 2) < w, Q(m;) < wfori = 1,2, and
p1 # po. We may assume p; < pp. Again put a = (mq, my), m; = ab, mg = ac,
g=(pr—1,ps —1),sothatp; — 1 :gcandpg— 1 = gb. Let g = dh, where
P*(d) < z < P~(h). Observe that d < 249 < 2 < '/ Given a, b, ¢, d, we
bound the number of h with hcd + 1 and hbd + 1 both prime using Lemma 4.4,
and get

M/ (log2 Z) Z L

(log® z) log 2 wde abcd
Q(abed)<2w

We bound the quadruple sum over a, b, ¢, d with another application of the Rankin

trick. Since

1 22w—Q(abcd) 2—Q(abcd)
— < e A —
Z abcd Z abcd Z abcd
a,b,c,d<z a,b,c,d<z P+ (abed)<z
Q(abed)<2w
-4
= 2% H (1 - —) < 2%%(log 2)?
p<z
< (log 2)?*°8% exp{(log 4)(—0/2)+/log, 2},
we get
M Plorz (o820 ) s o (log 4)(—0/2)/log, 2}
0 ex 0 0
2 log log 7 g2 % p g g2 %
xlog z

= Togs (logzz)QeXp{ (log4) < logy  + 3 10g22>}=0(M1)

as § — —oo. The theorem now follows upon comparing with (3).

7 Proof of Theorem 1 lower bounds (i), (ii), and (iii)
when —0 is bounded

This portion of the argument utilizes the second part of the sieve bound in Lemma
4.4. Complicating the analysis are the product factors in the conclusion of the

lemma, which have the shape [ ] ; ¢ for certain numbers C;. We need to esti-

mate accurately averages of these type of products over particular sets of integers,
which have the shape

1 d \* b c b—c
SeYiwd) = D, G (5@) 30 90 369
PH(d)<y
Q(abed)<w
b>c
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b—c
P(b—c)*

Lemma 7.1. Suppose that = > €3, 2 <Y < 21 < w < 1.5log, z and
0 < &< gy (D IFY < exp{(log 2)**}, then

The only messy part to take care of is the fraction

S(z,Y;w;€) < (log 2)°.
(ii)) If Y > exp{(log 2)°°}, then

41 w
S(Z,Y;w;§)<<%.

Proof. Part (i) is immediate from the elementary bounds n/¢(n) < log, P*(n),
> nes 1/n < log z and

1 ¢ 1+ 01
Z F<<H<l+%><exp{zw}<<log)ﬁ

PH(d)<Y <Y <Y p

: 1 1
since £ < 0T0g Y < T0logp forallp <Y.

For part (ii), first apply Cauchy’s inequality, and get that S(z,Y;w;&) <
gl/2g1/2
177557, where

S = bzd abc;1_2§ (¢?d>>4 <¢fb>>2 <¢<>>
$=2 ablcd <¢?b_—cc)> ’

a,b,c,d

and in each sum we have the same conditions on a, b, ¢, d as in the definition
of S(z,Y;w;&). We may quickly deal with S} using Lemma 3.6 repeatedly. We
obtain

r+s+t u j w
@) S, < Z (log, 2) (log, V) < Z (4 logz 2) < (4log, z)

rlsitlu!
r4+s+tt+uw J<w

where we used the lower bound on Y which implies that v < w < 1.5log, 2 <
1.8log, Y and Y > €%

For S, write (#)2 = >y 9(1), where g is multiplicative, supported on
squarefree numbers and g(p) = 223 for primes p. Let [y = |log® z|. Recalling

(p—1)?
that (b, ¢) = 1, we then have

Sy = ZQ(Z) Z chd

b>i:?\7(cl;cic)
1 1 1 1
P CUND D DD D1 DI-EED DI S 2
I<lp r+st+ttusw a<z Py c<z c<b<z

Q(a)=r Q(d)=s Q(c)=u Q(b)=t
(e,))=1 b=c (mod I)
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where the “error term” F satisfies

E< Zg(l) Z ablcd

I>lp a,b,c<z,PT(d)<z
b>c,l|(b—c)
gw() ) 1 1
<) Slog2)’d =y g
1>y c<z c<b<z

b=c (mod I)

30 (log2)*  (logz)?
<> l oo <1

1>y

By Lemma 3.7 and partial summation (since 2(¢) = u implies that w(c) < w),

2 t—1

1 (log,( 103/1
— d
Z p S /+l o(1) slog 10s/1) j;o °

c<b<z
Q(b)=t
b=c (mod I)

1 (logy )
NP

Applying Lemma 3.2 to the sums over a, b and d in S, we obtain that

l log y T+s+u+j
S2<<Z¢l Z Z r‘s'u']'
I<lp r+s+t+usw j=0
(10g2 y)r+s+u+j )

< D g weorms—u—it)

r4+st+ut+j<w

410 v
_ Z ol 229) _
v!
v<w

Since w — v + 1 < 2¥~", we quickly arrive at

41 w 41 w
(5) Sy < (4log, )" ng ) +1k (4108, )" ng 2
w! w!
Combining (4) and (5) gives the lemma. [l

Now we prove the lower bound in Theorem 1. Write z = min(y, z/y), v =

min(1, ——) and put w = 2|~ log, z|. Notice that v = unless 6 < 0 and

) a10g4 alog4

we are in case (iii).

We may assume without loss of generality that (a) y < x'/'! or that (b)
y = ' forif /1 < y < 2'°M we have N(z,y) > N(z,2'°™) and the
result follows from the lower bound for the case y = 2'%!. Consequently, in
either case we have z < z'/'1. We may also assume that x and v are sufficiently

large so that z > e3.
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Let r(n) denote the number of ways to factor n as n = (p — 1)m, where p is
prime, y < p < y'!, Q((p — 1)m, z) < w, and furthermore we have in case (a)
that m = kh with k < y'/** and P~ (h) > y*L.

By Cauchy’s inequality,

(6) 2

N(z,y) Z#{n<x:r(n) >0} > ﬁ;’ M, = ;r(n), M, = nZ;T(TL)Q.
First we bound M; from below. Start with case (a). Given p and k, we have
(p— 1k < y'? < 2%2, so by Lemma 4.2, the number of possible choices for h
is > ——~—. Hence

pklogy” 1
x
e Y L
logy i
Yy<p<y
k<yl/10
Q(k(p—1))<w

We note that « = 1 — O(1/log, ) and w = lfo%y + O(1). Consider numbers
with Q(k) = mq, Q(p — 1) = mg and my + my € {w — 2,w — 1, w}. With

my < 0.9w — 2 fixed, Lemma 3.5 implies that

1 log, )2~
2 P> (w(—%g)ml)!logy'
y<p<y*!
w—2—m1<Q(p—1)<w—my

By Lemma 3.1,
1 lo m1
vl (log, y')
ma:
kgyl/m
Q(k)=m1

uniformly in m;. Putting these bounds together and summing on m,, we obtain

1 w=2 1
Ml > Jf( OgQ y) Z

mil(w — 2 —myq)!

2
log Yy 1<m1<0.9w—2
1

allogy) et

(log”y)(w —2)! — (logy)’\/logy y
In case (b), we similarly use Lemmas 3.1 and 3.5 to bound separately the
number of n with Q(m) = jand Q(p—1,z) € {k—2,k—1,k} withj+k < w.

This gives

)

w—22w—2

1
M12§ E E #Hp<ax/m:Qp—-1,2)e{k—-2k—1k}}
j+k<w m<z
0.1w<k<0.9w Q(m)=3

r(log, 2)
> D (log 7)(log 2)j!(k — 2)1"

J+k—2

J+k<w
0.1w<k<0.9w
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Next, gather together the summands with j + k& = [ for fixed [ > w/2. We obtain

T (log, 2)! [
My > (log x)(log z) Z il Z (k - 2)

w/2<I<w—2 k<l
0.1w<k<0.9w

T 2log, 2)!
Z (2log, 2)

> T

log x)(log 2) w2
S €T e(2logz 2)(1-Q(7))
logz(logz) max(1,60)
T
~ max(1,0)(logz)(log z)1+27log =27

®)

We next bound from above the quantity M, = M, — M. In case (a), M)
counts the number of solutions of

(p1 — Dkih = (p2 — 1)koh <

with p; prime, y < p; < 'Lk < 10 Qky) + Qp; — 1) < w (5 = 1,2),
P~(h) > y*! and p; # p,. We may assume that p; < py. Given p1, po, k1, and

¢ ((Pl - Sk’l log ?/)

choices for h by Lemma 4.2. Write a = (kq, ko), put ky = ab, ks = ac, g =
(p1 —1,py — 1) so that p; — 1 = cg, p» — 1 = bg. Note that g > y*/'® and b > c.
Lett = P*(g), g = td. Then (p; — 1)k; = abcdt. Suppose that T' < ¢ < 2T,
where T is a power of 2. By Lemma 4.4, if a, D, ¢, d, T are fixed, the number of ¢
such that ¢, cdt + 1 and bdt + 1 are all prime is bounded above by

ko, there are

- T (d)Qb‘c_b—c
log? T \o(d) ) ¢(b) é(c) ¢b—rc)

If T > ¢, set £ = 0, and otherwise let £ = m. In the latter case d > y°8
and thus in either case we have

1 < 1 1

i 3086 i€
Hence,

T 1
M, < —_— Syt 2T w; €).
logy T;yl L y088log” T

If T < exp{(logy)®®}, then y*% > (logy)'?’, hence by Lemma 7.1, these
summands contribute O(x/ log® 1) to the above right side. For each T satisfying
T > exp{(logy)*?°}, we see from Lemma 7.1 that

Sy 2T w;€)  wlog”y 1
yo.sg log3T \/@ (log3 T)eo.081ogy/1og(2T)‘
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Summing over 7" which are powers of two, we get

X
(logy)®+/logyy

In case (b), M/, equals twice the number of solutions of the equation

€)) M, <

(p1 — 1)my = (p2 — 1)my < o,

with p; >y, p1 < pe, m; < z =x/y, and Q((p; — 1)m;, 2) < w fori = 1,2. As
in case (i), we write a = (mq, my), m; = ab, my = ac, and note that b > c. Also
write (p; — 1, p2 — 1) = dh, where P (d) < z < P~(h). Then p; — 1 = c¢dh and
p2 — 1 = bdh. There are two cases to consider: d < v/z and d > /z. If d < \/x,
we have abed < x'/?2% < x'%/?2. Using Lemma 4.4 to bound the number of
possible A for a given quadruple (a, b, ¢, d), and then applying Lemma 7.1 and
Stirling’s formula, we find that the number of solutions in this case is bounded
by
x
(log 2)(log® )
x (4log, 2)v

(log 2)(log? x) w!
T

< .

(log x>2(10g z>1+2’y log v—2~v—2~log 2 /10g2 2
Now assume d > +/z and let t = P*(d), d = d't. We further subdivide into two
subcases. If abed'h < x3/%, then by Lemma 4.4, for each quintuple (a, b, c, d’, h)
with ¢, tbd’'h + 1 and ted'h 4 1 all prime (with

< S(z; z;w; 0)

(10) <

the number of possible ¢ <
b>c)is

_x
abed'h

< x ( d >2 b c b—c
abed'hlog®z \o(d') ) ¢(b) oé(c) ¢(b—c)
Summing over all possible a, b, ¢, d’, h we see that the above is
x

L —5———5(z;z;w; 0

(o7 2)(log =) 550
and we get the same upper bound as in (10) for the number of solutions. When
abed'h > 3/*, we note that t > P*(d') and thus abed’h < x/P*(d'). By

Lemma 4.4, for each quintuple (a, b, ¢, d’, h) the number of possible ¢ is

< T ( d )2 b c b—c
dbedhiog? (@) \ o)) ) 3e) db—0)
Suppose that V' < P*(d’) < V2, where V is of the form V = z'/2 for some

positive integer [. Put £ = .Since t < x4, d' > z'/* and it follows that

D S
101log(V'2)
1 < 1

d S g€ (dyE
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By Mertens’ estimate,

1 log x
Z h < 1 :
— 0g 2
P~ (h)>z
Summing over all possible a, b, ¢, d’, we find that the total number of solutions
counted in this subcase is at most

>, S VEwE).

z¢/4log® vV

xlogx

log z

V=gp1/2 g2

When V' < exp{(log 2)*%}, 2¢/* > (logx)'® and the number of solutions
is O(x/log™ ) by Lemma 7.1. Otherwise, using Lemma 7.1, the number is

bounded above by
xlogx 1 (4logy 2)v
< log = Z ¢/t log® V. w!

V=gpl/2! <22

< T Z 23[
(log )2 (log ) +2iee 72127z, flog, = £ exp{27}

1
i

(log z)2(log z)1+27log7—27—2ylog2 /1og2 Py

Recalling the bound (10) for the number of solutions with d < \/x, we find that

<

x
M, <
(11) > (log z)2(log o)l ogr 2102 Jlog >
x
< .
(log z)(log Z)1+2710g7_27\/@
since v < @.

Inserting (7) and (9) into (6) gives the desired bound for part (i). Inserting (8)
and (11) into (6) gives the desired bound for part (ii), and also handles the case
when —# is bounded in part (iii).

References

[1] T. H. Chan, S. K.-K. Choi and K. M. Tsang, An extension to the Brun-
Titchmarsh theorem, Quart. J. Math. Oxford 62 (2011), 307-322.

[2] P. Erd6s and S. S. Wagstaft, Jr., The fractional parts of the Bernoulli num-
bers, lllinois J. Math. 24 (1980), 104—112.

[3] K. Ford, Integers with a divisor in a given interval, Ann. Math. 168 (2008),
367-433.



Integers divisible by shifted primes 19

[4] G. Halasz, Remarks to my paper: “On the distribution of additive and the

mean values of multiplicative arithmetic functions”. Acta Math. Acad. Sci.
Hungar. 23 (1972), 425-432.

[5] H. Halberstam and H.-E. Richert, Sieve Methods, Academic Press, London,
1974.

[6] R.R. Hall, G. Tenenbaum, Divisors, Cambridge Tracts in mathematics vol.
90, 1988.

[7] N. McNew, P. Pollack and C. Pomerance, Numbers divisible by a large
shifted prime and large torsion subgroups of CM elliptic curves, Internat.
Math. Res. Notices, to appear, doi: 10.1093/imrn/rnwl73.

[8] K. K. Norton, On the number of restricted prime factors of an integer. 1.
Illinois J. Math. 20 (1976), no. 4, 681-705.

[9] G. Tenenbaum, Introduction to analytic and probabilistic number theory,
3rd ed., American Math. Soc., 2015.

[10] N. M. Timofeev, Hardy-Ramanujan and Hdlasz type inequalities for shifted
prime numbers, Math. Notes 57 (1995), 522-535.



