[Page 1]

On two conjectures of
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Dedicated to Professor Andrzej Schinzel on the occasion of his 60th birthday.

Abstract. Let o(n) denote the sum of the positive divisors of n. In this note it is shown
that for any positive integer k, there is a number m for which the equation o(z) = m has
exactly k solutions, settling a conjecture of Sierpiriski. Additionally, it is shown that for
every positive even k, there is a number m for which the equation ¢(x) = m has exactly
k solutions, where ¢ is Euler’s function.
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1. Introduction

For each natural number m, let A(m) denote the number of solutions of ¢p(z) = m
and let B(m) denote the number of solutions of o(x) = m. Here ¢(x) is Euler’s
function and o(x) is the sum of divisors function. About 40 years ago, Sierpiriski
made two conjectures about the possible values of A(m) and B(m) (see [S1], [E,p.
12] and Conjectures C14 and Ci5 of [S2]).

Conjecture 1 (Sierpinski). For each k > 2, there is a number m with A(m) = k.
Conjecture 2 (Sierpinski). For each k > 1, there is a number m with B(m) = k.

An older conjecture of Carmichael [C1,C2] states that A(m) can never equal 1.
Carmichael’s Conjecture remains unproven, however it is known that a counterex-
ample m must exceed 1010 (c.f. Theorem 6 and section 7 of [F1]).

Both of Sierpiriski’s conjectures were deduced by Schinzel [S1] as a consequence
of his Hypothesis H [SS].

Schinzel’s Hypothesis H. Suppose f1(n), ..., fx(n) are irreducible, integer val-
ued polynomials (for integral n) with positive leading coefficients. Also suppose
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that for every integer q = 2, there is an integer n for which q does not divide
fi(n) - fru(n). Then the numbers fi(n),..., fx(n) are simultaneously prime for
infinitely many positive integers n.

By an inductive approach, the first author [F1,Lemma 7.1] has shown that
Conjectures 1 and 2 follow from Dickson’s Prime k-tuples Conjecture [D], which
is the special case of Hypothesis H when each f;(n) is linear.

Although Hypothesis H has not been proved in even the simplest case of two
linear polynomials (generalized twin primes), sieve methods have shown the con-
clusion to hold if the numbers fi(n), ..., fr(n) are allowed to be primes or “almost
primes” (non-primes with few prime factors). See [HR] for specifics. Taking a new
approach we utilize these almost primes to prove Conjecture 2 unconditionally.
The same method is applicable to Conjecture 1, but falls short of a complete proof
because of the (probable) non-existence of a number with A(m) = 1. The fact that
B(1) =1 is crucial to the proof of Conjecture 2.

Theorem 1. For every k > 1, there is a number m with B(m) = k.

Theorem 2. Suppose r is a positive integer and A(m) = k. Then there is a number
[ for which A(lm) = rk.

Corollary 3. If A(m) =k is known to be solvable for 2 < k < C, then A(m) =k
has a solution for every k divisible by a prime < C. In particular, A(m) = k is
solvable for all even k.

The first author has succeeded in proving Conjecture 1 for all k£ > 2 by combin-
ing the inductive approach in [F1] with the theory of almost primes. The details
are very complex and will appear in a forthcoming paper [F2].

2. Preliminary lemmas

Let w(n) denote the number of distinct prime factors of n, let P~ (n) denote the
smallest prime factor of n, and let [z] denote the greatest integer < x. The first
two lemmas provide the construction of numbers m with a desired value of A(m)
or B(m).

Lemma 1. Suppose A(m) =k, r>2,n>2andp;; (i=1,...,r;5=1,...,n)

are primes larger than 2"m+1. For each i, let ¢; = p; 2Di3 -+ - Pin, and let t be the

product of all primes p; j. Suppose further that

(i) 2pi1g; + 1 is prime whenever i =1, j=1 or j =1,

(i) no ps; equals any of the primes listed in (i),

(iii) exzcept for the numbers listed in (i), for each di|t with dv > 1 and d2|2"1m,
2d1ds + 1 is composite.



Then A(2"tm) = rk.

Proof. Suppose that ¢(z) = 2"tm. No p; ; may divide z, for otherwise p; ; —1|2"¢tm,
which is impossible by conditions (ii), (iii) and the fact that each p; ; > 2"m + 1.
Therefore, each p; ; divides a number s; ; — 1, where s; ; is a prime divisor of x.
Therefore, s; ; = dp; j + 1, where d|2"mt/p; ; and 2|d. By condition (iii), s, ; must
be one of the primes listed in (i) and by condition (ii), each prime s, ; divides x
to the first power only. By (i), there are r choices for s1; and once s7 1 is chosen
the other primes s; ; are uniquely determined. For each choice,

(s1,152,1 - Sr1) = 27t

and thus ¢(x/(s1,1 -+ sr,1)) = m, which has exactly k solutions. O

Lemma 2. Supposer > 2, n>2andp;; (¢ =1,...,r;5=1,...,n) are primes

larger than 2" + 1. For each 1, let ¢; = p;2pi3---Pin, and let t be the product of

all primes p; j. Suppose further that

(1) 2piq; — 1 is prime wheneveri=1, j=1 orj =1,

(i) o(7w®) t27t for every prime m and integer b > 2 with o(n®) > 27,

(ili) except for the numbers listed in (i), for each di|t with di > 1 and da|2" 7!,
2dy1ds — 1 is composite.

Then B(2"t) =r.

Proof. Suppose that o(z) = 2"t. Each p; ; divides a number O’(Sg’j), where S?J» is

a prime power divisor of . Condition (ii) implies b =1, so s; ; = dp; j — 1, where

d is an even divisor of 2"t/p; ;. By condition (iii), s; ; must be one of the primes

listed in (i). There are r choices for s1 1 and once s; 1 is chosen the other primes

s;,; are uniquely determined. For each choice,

o(s11821--8r1) =2t

which forces = 51,1+ 55 1. a

To show such sets of primes (p; ;) exist, the first tool we require is a lower

bound on the density of primes s for which % (or sgl) is an almost prime.

Lemma 3. Let a = 1 or a = —1. For some positive a and x sufficiently large,
there are > x/ log? & primes x/2 < s < x for which s = 2u + a, u has at least 2
prime factors and every prime factor of u exceeds .

Proof. This follows from the linear sieve and the Bombieri-Vinogradov prime num-
ber theorem (Lemma 3.3 of [HR]) to bound the error terms. By Theorem 8.4 of
[HR], we have

#{z/2 <s<x:s,1(s—a) both prime} < (4+ 0(1))1 5
og
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and for x > z¢(a)

X

#Ho/2 < <assprime P (4= ) > 57 > (S0 Ca) o))

where f is the usual lower bound sieve function and v is the Euler-Mascheroni

constant. Taking o = 1 and noting that f(4) = %67 log 3, the number of primes

x/2 < s < x for which u = é(s — a) contains at least 2 prime factors and all prime

factors of u exceed z® is at least 0.39x/log? x for large x. O

In the argument below it is critical that the numbers 1 (s —a) have at least two
prime factors. This may be the first application of lower bound sieve results where
almost primes are desired and primes are not.

Lemma 4. Suppose g > 1, and a;,b;(i = 1,... ,g) are integers satisfying

g

E = Hai H (arbs — ash,) # 0.

=1 1<r<s<yg
Let p(p) denote the number of solutions of

[[(ain+b) =0 (modp),

i=1

and suppose p(p) < p for every prime p. If log E < log z, then the number of n
with z <n < 2z and P~ (a;n +b;) > 2% fori=1,...,9 is

1-g
z p(p) — 1 1
_c 12 ") (1=
o0 loggzg< p—1 )( P
E ¢ log1 g
z < > <pn z(loglog 2) '

g log? z log? z

¢(E)

Proof. This is essentially Theorem 5.7 of [HR]. The second part follows from the
fact that p(p) = g unless p|E, in which case p(p) < g. O

Lemma 5. For any real 3 > 0,

> ((b(kk))ﬂ <p .

k<Lz

Proof. Write (k/¢(k))? = >k 9(d), where g is the multiplicative function satis-
fying g(p) = (p/(p — 1))” — 1 for primes p and g(p®) = 0 when a > 2. Then

> (k/o(k)? =D g(d)[z/d] < wH1+g )/p) = c(B)a.

k<z d<z



3. The main argument

Fix a =1 or a = —1. The primes s counted in Lemma 3 have the property that
w(3(s — a)) < [1/a]. Therefore, there exists a number n (1 < n < [1/a] — 1) and
some pair y, z with /16 < yz < z/2, y > x® such that

. _ x
#{y <p < 2y,z < q<2z:p,2pg+ a prime,w(q) =n, P~ (q) >y} > T
og” x
Denote by B the set of such pairs (p, ¢). From now on variables p, p; will denote
primes in (y,2y] and variables ¢, ¢; will denote numbers in (z,2z] with n prime
factors, each exceeding y. Implied constants in the following may depend on r, n
or m.

Lemma 6. The number of 2r-tuples (p1,...,q,) with each (p;,q;) € B which
satisfy condition (i) but fail condition (ii) or (iii) (referring either to Lemma 1 or
Lemma 2 and writing p; = p1,; and q; = pi2 -+ Din) S

z" (log log x)rn+4r71

(10g x)5r—1

Proof. We first count those 2r-tuples satisfying (i) but failing (ii). When a = 1,
all of the 2r-tuples satisfy condition (ii) in Lemma 1, since 2p;1g; +1 > x and
each p; ; < 2!~ If condition (ii) of Lemma 2 fails, then y/2 < 7 < 2"t < (2x)".
Therefore, the number of 2r-tuples not satistying (ii) is bounded above by

(Qx)r r = 1 r—a/2
> o<y, Y, <l

y/2<mb<(22)" b=2nm>(y/2)'/"

Counting the 2r-tuples satisfying (i) but failing (iii) is a straightforward application
of Lemma 4. First fix ds and the set of pairs (4, j) for which p; ;|d1 (there are finitely
many such choices). Each of the numbers listed in (i) and (iii) are linear in all the
variables p; ;, thus applying Lemma 4 successively with the variables p; ; (in some
order) gives the desired upper bound on their number.

We illustrate this process in the case m = 3, n = 2, di = p22p2,3p3,3, da
arbitrary. Fix distinct primes p1 2,p1.3, P22, P2,3, P3,2- Since ps 2 < z/y, by Lemma
4 the number of primes p3 3 such that 2daps 2p2 3p3,3 + a is prime is

2(log log 7)?

< S
p32log”x

Given ps 3 (i-e. q1,q2,qs are fixed), the number of p; with 2p1¢; + a prime (j =
1,2,3) is O(y(loglog z)*/ log* z), the number of py with 2paq; + a prime (j =1,2)
is O(y(loglogx)?/log® ) and the number of p3 with 2p3g; + a prime (j = 1,3)
is O(y(loglogz)®/log® x). Multiplying these together and summing over all Dij
(i =1,2,3;j = 2,3) gives an upper bound of O(z3(loglog z)'3/log* z) 6-tuples.

O
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Lemma 7. The number of 2r-tuples (p1,- .. ,qr), with each (p;,q;) € B, satisfying
condition (i) of Lemma 1 or Lemma 2 is

IT

> (log x)5r72 :

Proof. Denote by P; a generic j-tuple (p1,...,p;) with p1,...,p, distinct. Let
N;(g) be the number of P; such that 2p;q + a is prime for each ¢, and let M;(P;)
be the number of ¢ such that 2p;q + a is prime for each 1.

By the definition of B, we have

ZNl(q) = |B| > x/log’ z.

Therefore, by Holder’s inequality,

S = ZMT(R«) — ZNr(q) _ HZ <N1T((I)>
P, 4 p

> S Ni@)" > (2/log ) M| @
Ni(q)>r+1 Ni(g)>r+1

‘,L,T’

> .
Zr—l (log $)27‘+1

Lemma 4 gives
z

M, (P) < L(PT)W’ (2)
where
N ‘pg ph|
wey= 1 S =nn ®)

This follows from the fact that » +1 > p(p) > r + 1 — k,, where k,, is the number
of pairs (4, j) with ¢ > j and |p;, — p;| divisible by p. Let A be the number of p, so
that A < y/logx. Let R(k;x) denote the number of primes p < x — k for which
p + k is also prime. By Lemma 4, when k < z/2 we have

T k

R(k),l‘) < l()ngM

Lemma 5 now gives

PN
> L)’ <Y (W) R(k;2y) <5 A%

y<p1<p2<2y k<y



Let H = (}). Together with (3) and Holder’s inequality, we have

1/H
A [A - ,
JI( > <>oLey< I 1472 Lwg.pn)” < A (4)
J Py 1<g<hsy Py Ph
and similarly
> L) <5 A
Py
The upper bounds
S <« ZiAT
(log z)r+1
and
Y MAP) < SPAT (5)
P,

now follow from (1), (2) and (4). Choose dp > 0 small enough so that

LAYz _8
‘\r /) (logz)r+1 = 2

and let P denote the set of P, with

502

M. (P) 2 —————.
(Pr) (log z)r+1

By (5) and the Cauchy-Schwarz inequality,

< g +0(|P|/2s47772),

whence
|P| > A". (6)

For each Pj, let J;(P;) denote the number of P._; with P,_; N P; = () and
(Pj,P-_;) € P. Let 61 and J, be sufficiently small positive constants, depending
on 7, but not on A. Let R denote the set of p such that J;(p) > 6; A" L. By (6), if
d1 is small enough then |R| > A. If p € R, denote by T'(p) the set of p’ such that
Jo(p,p') = 82A"=2. If 0y is small enough, |T'(p)| > A uniformly in p. Choose 5 so
that o < %(51. We first show that

z

M. (p1,p2,...,pr Al ——— 7

Z (p1,p2 pr) > (oga) ™1 (7)
P1ER

P2, ,pr€T(p1)

(p1;--»pr)EP



The functions M; are symmetric in all variables, hence

#{(p1,--- .,pr) € P:p1 € R;pa,... ,pr € T(p1)}
> ) -r Y Japrp2)

pieR P1ER
p2&T(p1)

|R|0; A" — r|R|A(52 A7 %)

>
> LRI AT > A

Together with the definition of P, this proves (7). Next, if p; € R and ps € T(p1),
then by Lemma 4,

z
—— < eee y Dr
Ja(p1,p2)do Toga)r 1 S ) Z M, (p1,... ,pr)

35:5Pr

= Z Ny_2(q)

g counted in M2 (p1,p2)

r—2
< <y2> M>(p1,p2),
log” x

whence

Ms(p1,p2) > (8)

log‘ z
Let E denote the number of 2r-tuples (pi,...,¢.) with ged(g;,¢;) > 1 for some

i # j. Using (7) and (8), the number of 2r-tuples satisfying condition (i) of either
Lemma 1 or Lemma 2 is at least

Z M, (p1,--. ,pr) H Ms(p1,p;) — E

P1,,Pr Jj=2

2 Z Mr(pl;-“ apr)HM2<p17pj)_E

P1ER Jj=2
p2,....pr€T(p1)

>( : )T_l > Mip,....pr)—E

log3
08 @ p1ER
P2, pr €T (1)
:L.T
>» ———F— —FE.
(log )52
Trivially F < % and the lemma follows. O

For every r > 2, Lemmas 6 and 7 guarantee the existence of a set of primes
(pi,;) satisfying the hypotheses of Lemma 1 or Lemma 2. This completes the proof
of Theorems 1 and 2.

The methods of this paper also apply to a wide class of multiplicative arithmetic
functions. An exposition of some results will appear in section 9 of [F1].
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