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ABSTRACT. We give sharp, uniform estimates for the probability that the empirical distri-
bution function for n uniform-[0, 1] random variables stays to one side of a given line.

1. INTRODUCTION

Let Uy,...,U, be independent, uniformly distributed random variables in [0, 1] and let
u >0, v > 0. Our goal is to estimate

Qn(u,v) =P (Fn(t) <

where F,(t) = £ 37, _, 1 is the associated empirical distribution function. In 1939, N. V.

Smirnov introduced the statistic D, = \/nsupg<,<; (Fn(t) —t) and proved [14] for each fixed
A > 0 the asymptotic formula

(1.1) P(Df <\ =Q.(\Wn,n) —1—e?  (n— ).

When Ay < A = O(n'/%) with fired Ny > 0, sharper forms of (1.1) have been proven by a
number of people (e.g. [10]; see also Ch. 9 of [13]), in particular

2 2\ M +1
+ _ 2 -
(1.2) P(Df <A =1-¢ (1 oy +0( - )) .

Here and throughout the Landau O—symbol has its usual meaning: f(-) = O(g(-)) means
|f| < cg for some constant ¢, which is independent of the inputs to the function f. Also,
f < gmeans f = O(g) and f =< g means f = O(g) and g = O(f).

One may ask about the behavior of @, (u,v) for a wider range of the variables u,v. The
strong Komlés-Major-Tusnady theorem [9] implies

n

|
IF,(t) —t — n 2B, (1) < 21

0<t<1
% 0<t<y

with probability > 1 — O(1/n), where B,(t) is a Brownian bridge process. The order &%
on the right side is also best possible [9] (see also Ch. 4 of [1]). Since

P ( sup (B,(t) — (at + b)) < 0) —1_ 6—2l;(a+b)7
0<t<1
and writing

w=u-+v—n,
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the KMT theorem implies the uniform estimate

1 _ 2(u+O(logn))(w+O(logn))

Qn(u,v)zc)(—>+1—e z

n

(1.3)

1 1
_ 1_6—2uw/n+0((u+w+ ogn) ogn).

n
This gives an asymptotic for Q,,(u, v) provided $ — 00, i — 00, and u+w = o(n/logn)
as n — 0o. In the author’s recent paper [6] on the distribution of divisors of integers, sharper
information was needed for very small v and w. That paper includes a short proof of the
crude bound @, (u,v) <K w uniformly in n > 1, u > 0, and w > 0.

By using different methods, we prove here new uniform estimates, which essentially remove
the logarithm terms from the right side of (1.3).

Theorem 1. Uniformly in uw >0, w > 0 and n > 1, we have

Qn(u,v) =1 — e 2uw/n 4 O<u+ w)'

n

In particular, if u — oo, w — 0o and u + w = o(n) as n — oo, then

Qn(u,v)

_ 2uw 1

I—en
2. A RANDOM WALK WITH A BARRIER
Exact formulas for @), (u,v) are known, which we record below.

Lemma 2.1. Assumen >1 and v > 0. Then
(i) Ifn—v <u <1, then Qu(u,v) = 2(1+u/v)"';
(ii) Ifn—v<u<nandu >0, then

Qn(u,v - <T,L)v+u—'"_j_1 — ).
(u,v) - u;n j ( J) (j —u)

Formula (i) is due to H. E. Daniels [2] and (ii) is due to R. Pyke [11]. The case v = n in
(i) was earlier proved by Smirnov [14]. Starting with (ii), one may use a more complicated
version of the complex analytic method of Lauwerier [10] to prove Theorem 1. This was
carried out in an early version of the author’s paper [6], a sketch of which may be found
in [3] (the English paper [5] includes a sketch of the argument below). We present below
an elementary, probabilistic proof of Theorem 1. Rather than work with (ii), we reinterpret
Qn(u,v) in terms of a random walk.

Lemma 2.2. Let X1,..., X, 11 be independent random variables, each with density function
e tifr<land Oifx>1. Put So=0and S; = X1+ ---+ X; for j > 1. Then

Qn(u,v):leaX S;<ulSpp1=n+1-v

0<j<n

Proof. Let Yy, -+ ,Y,.1 be independent random variables with exponential distribution, and
let Wi, =Y1+---+Ypfor 1 <k <n+1. Let &, ..., &, be the order statistics of Uy, ..., Uy, so
that @, (u,v) is the probability that §; > +—* for every j. By a well-known theorem of Rényi
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[12], the vectors (&1, ..., &,) and (W1 /Wiy, ..., W, /W, 1) have identical distributions. Sim-
ilarly, given that W,,.; = v, the probability density function of the vector (W /v,... , W, /v)

is identically n! on the set {(xy,...,2,) :0 <z < .- <z, < 1}. Therefore,
Qn(u,v) =P 1rgn<n (W, —1) > —u | Wyyq = v} )
Putting X; = 1 — Y; completes the proof. 0]
The sequence 0, S1, Sy, ... can be thought of as a recurrent random walk on the real line,

with @, (u,v) being the probability that the walk does not cross a barrier at the point u
given that it ends at the point n + 1 — v after n + 1 steps. A similar quantity may be
defined for a random walk with the X; having a different distribution. In the paper [4], an
analog of Theorem 1 is proven for a general walk whose steps X; have a continuous or lattice
distribution, but valid in a more limited range of the variables. More specifically, under
appropriate conditions on X;, we prove that

P{ max S; <y

0<j<n—1

1
Sn:y_zl _ 1_ezyz/n+0(ﬂ)

n

uniformly for 0 <y < ¢y/n, 0 < z < ¢y/n (¢ being any fixed constant).

Kolmogorov used a relation similar to that in Lemma 2.2 in his seminal 1933 paper [8] on
the distribution of the statistic

D, = \/ﬁ sup ’Fn(t) - t"
0<t<1
Specifically, let X 1, )N(Q, . ,)N(n be independent random variables with discrete distribution
~1
~ e
P[X]:T—]_]ZT (TZO,]_,Q,...)

and let §j = )?1 44 )?j for 7 > 1. Like the variables X; in Lemma 2.2, each )N(Z has mean
0 and variance 1. Kolmogorov proved that for integers u > 1,

len ~ ~
P(sup |F,(t) —t| <u/n) = —— P ( max |5 < u, S, = 0)

0<t<1 nm 0<j<n—1
3, o) |

Small modifications to the proof yield, for integers u > 1 and for n > 2, that

§n=0).

When v # n, however, it does not seem feasible to express @, (u,v) in terms of the variables
Sj.

Let f, be the density function for S, (n = 1,2,...). The Central Limit Theorem for
densities (e.g., Theorem 1 in §46 of [7]) implies that for large n and |z| < /n, f.(z) =~
(27n)~1/2e~**/2"  However, there are asymmetries in the distribution for || > \/n. We have

(n—ac)"’1 <
(2_1) fn(SU) — {e_nz(n—l)! rTn
0 T >n

:P( max1|§j|<u

0<j<n—

Qn(u,n):P( max S; <u

0<j<n—1

which is easily proved by induction on n.
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Lemma 2.3. Letn > 2. Then

(i) fu(z) is unimodular in x, with a mazimum value f,(1), and f,(1) ~ \/L

2mn’
(ii) Forxz >0, fo(l+2) < f,(1 —x);
(iii) For each real z > 0, there is a unique number b = b(n, z) satisfying 0 < b < z and

fa(l=2)=fu(14+2—=0).

Proof. Item (i) follows from

_1—1:

(2.2) falx) fulx) — (z<n)

n—=x

and Stirling’s formula. For (ii), suppose 0 < 2 < n — 1. Then

fon(l+2) 5 z "' z \ Y B = A
Ti—a) <1_ n—1> (1+n—1> - _2],21(2j+1)(n—1)2j =1

Item (iii) follows immediately from (i) and (ii). O

Using properties of b(n, z), we will prove a sharper form of Theorem 1.

Theorem 2. Supposen > 1,1 <u < 35, 1 <w < {5 and let b= b(n + 1,w). Then

Q) =1- (1= e te) +o (5 + 5 )« =),

3. A RECURRENCE FORMULA

Our principal tool for estimating @, (u, v) is a recurrence formula based on the reflection
principle for random walks : For y > 0 and y > x, a recurrent random walk of n steps that
crosses the point y and ends at the point x is about as likely as a random walk which ends
at 2y — x after n steps. For convenience, define

max S; <y
0<j<n—1 0<j<n—

o) = fu0)P |

Sn—x] —D{ max15j<y,5n:a: ,

where the last expression stands for the density function %P[Tn_l <vy,S, < x]. From the
reflection principle we expect that R, (z,y) = f.(z) — fu(2y — x). The next lemma gives a
precise measure of the accuracy of the reflection principle for our specific random walk.

Lemma 3.1. For a positive integer n > 2, real y > 0, real x, and real a > 1,

1n—1

(381) Ru(@,y) = ful@)— fuly+a)+ / S Rely+€9) (faila =€) = fuoile —y — €)) de.

k=1

Proof. Define T; = max(Sy, ..., S;). Start with

Ru(z,y) = fu(®) = fuly +a) + fuly +a) = D[T1 >y, S, = ],
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If S,, =y + a, then there is a unique k£, 1 < k <n —1, so that T,_; <y and S, > y. Thus,
n—1

faly+a) =) D[y <y, Sk >y, S =y +a
k=1

n—1 1
k=170

n—1 1
:Z/ Rk(y+€7y)fn—k(a_€)d€
k=1"0

Similarly,
n—1
D[T,—1 >y, S, =a] = D[Ti_1 <y, >y, =1

k=1

11
- Z/ Ri(y+ & y) foi(x —y — &) dE.
170

n
k=

O

In Lemma 3.1, choosing a ~ y —x — b(n, y — x) should make |f,_x(a —&) — fur(z —y—&)|
small for small k. Also, we expect Ri(y + &,y) to be small, especially for large k, so the
integral-sum on the right of (3.1) will be treated as an error term.

The same argument provides an analogous formula when the steps in the random walk
have an arbitrary distribution (see [4]).

We next give a crude estimate for R, (z,y) when x > y which will be used on the right
side of (3.1).

Lemma 3.2. Ifk>1,y >0, and 0 < < 1, then Ry(y + p,y) < L2 fi(y).

Proof. Without loss of generality, suppose k£ > 10 and 0 < y < %. By Lemma 2.3 (ii), when
1<j<k-1, f;(4—-¢) < fj(p—¢&). By Lemma 3.1 (with a =4 and x = y + ) and (2.2),

-1 (v + 1) fr(y)

Ruly+0) < Sy ) o) = [ G <

4. ESTIMATES FOR f,(z)

Lemma 4.1. We have

(1) Ifn>20 and 0 < z < {5, then b(n, z) < 2 and b(n, z) = 3(%21) +O<Z—Z);
(ii) If n > 1 and |z| < %, then n~2e " & f, (x) < nTH e 0

(iii) If 1 < h < H < 1022, then fr(2)h ™ < fu(x)H™?%;

(iv) If 1 < k <n, then fi(z) < (n/k)Y?f. ().

Proof. First, writing b = b(n, z), we have

n—1
n—1+z
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Under the hypotheses of (i), let ¢t =

1+ , so that 0 <t < % by Lemma 2.3 (iii). Then

z 10g(1—t)+t_t+t2
n—1 t 2 3

t=2(ni1>—§(n:)2+o(

The asymptotic for b follows. Since 3 + 5 tQ +--- < %t, b
[tem (ii) is trivial when n < 100. When n > 100, (2.1

n—1 9 ©© m—2
Y R _ o -1/2 _95—1> 1fx—1
folz) <xn™"/%¢ (1 n—l) =n""/%exp — E — .

Since |£=1] < 0. 35 the sum on m is between 5 and 2, which proves (ii).
Since fn( )n=? =< n2 for n > (542 it sufﬁces to prove (iii) when H < (%)%, For
1§h§(”‘1—_01)2andh>x,

which implies

nd this proves (i).
Stirling’s formula give

CL@

o\
fa(x)h™? < g(h) = h™"2e"! <1 - z_ 1) .

We have

d —5 r—1 r—1
—logg(h) = — —1 14—

and (iii) follows. If |z| < \/n, Lemma 2.3 (i) and part (ii) above imply fi(z) < &~/ and

fa(x) > n~Y2 When |x| > \/n, applying (iii) gives fi(r) < fu(7) < (n/k)2f,(x), proving

(iv). O

A useful corollary of Lemma 3.2 and Lemma 4.1 (iv) is

n1/2ufn+1 (u)
L3/2

Lemma 4.2. Suppose n > 100, 1 <w <
(i) If w?? < h <n, then

(4.1) Rr(u+ & u) < 1<k<n+1lLu>10<E<).

5, b=0bn+1,w) and 0 < < 1.
3
Frl+w=b=8 =l w9 < (%+%) fl1 = w).

(ii) If2y/n <w < 55 and 1 < k <n—3w, then fok(1+w—0-&) and frx(1-w—¢)

are each
= fur1(1 —w)exp z”: ( ! (1_w_2> +0 (w3)> -I—O(E)
e = \Z j 7 n/ [
Proof. Assume w*? < h < n and write

fu(l+w—0-¢) — prwb <1_ 2w—-b )hl_eE
fr(l—w—¢6 h—1+w+¢ -
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where, by Lemma 4.1 (i),

Y S )

. 2w-—b 2w —b w+E& w?
it (e 2 (- ) ) o)

w o wd

< E—l-ﬁ
By hypothesis, £ < 1 and hence
el +w—b0—8) — fu(l—w—&)] = f(l —w —§&)|e” — 1] < |E|fp(1 —w — &)

w

<IBAG -0 < (§+ 57 ) -0,

This proves (i).
To prove (ii), we write
fonk(l+w—=0-8)  fon(l+w-0-8 7 fil+w-b-¢
(12) falo—0 Lere-b A piaee—i—g

— oA+Bn_kttBn

Y

say. By (2.1) and the hypothesis on w, A < % and

B _ 1 w—b—¢
Bj_1+(]_1)10g(1_j——w+b+§>+10g(1+j——w+b+£)

B 1 B j—1  (w=b=¢) 1w
j—w+b+£(1 2(j —w+b+§) 2(9‘—w+b+£)+ <j+j2>)

1/1 w2 w3
7(5‘27)*0(73)‘

Arguing similarly,

13 bt =08 _ up, yiin,
fn—i-l(l - w)
where ¢ < and D; = %(1 - w72) + O(w3/43). Combining (4.2), (4.3), the above estimates

for A, B;, C and Dy, and the relation f,,+1(1 —w) = fn4+1(1 +w — b) concludes the proof of
(ii). O

5. PROOF THEOREM 2

Without loss of generality, suppose n > ng, where ng is a large absolute constant. We
apply Lemma 3.1 with a = 1 4+ w — b, where b = b(n + 1, w), obtaining

(5.1) Rop(n+1=vu) = fum(ut+l—w) = fup(u+1+w—0b)+ > A,
k=1
where
Al < max Ry(u + &) forr k(I +w—0—8) = fup1 k(1 —w =8|
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If n < u? then fi(u)/k < foy1(u)/n for 1 <k < n by Lemma 4.1 (iii). If n > u?, then we
have

fr(u) < u ! flz(u) <u? o if k<P
k k—3/2 if k> u?

by Lemma 4.1 (ii), (iii). In both cases,

n u nl/2
(5.2) > % < (1 + T) Frgr (w).
k=1
Suppose that 1 < w < 24/n, so that b = O(1). We will prove that
- U+ w U+ w
(5.3) DA € funi () € - fan (W fan (1 - w) (1< w < 2v/m).

k=1

The second inequality follows from the first and Lemma 4.1 (ii). Let h = n+1—k, hg = Lw3/ QJ
and hy = |w?/10]. Choose ng > 2'% so that hy < n/2. For 1 < h < hy, (4.1) and Lemma
4.1 (ii) give

Ufn+1( ) uan(U)
Appr1on K ———= ncax ([rl+w—-b=8+ il —w—-¢)) < s
If hg < h < hy, then (4.1), Lemma 4.2 (i) and Lemma 4.1 (ii),(iv) imply
Ufnia(u) (w w? ufn(u) UJ3 fn+1< )
Ay p < Hott (0 W) e g il 1— .
ok < n (h + h? fall —w) < n hl h% fr(1=w) < Cnw?
When h; < h < %, (4.1) and Lemma 4.2 (i) imply
Ufp1(u) w uw fry1(u)
App1on < Tﬁfh(l —w) K T
Summing on i < § we obtain
Ufrr1(u
(5.4) > 1) < )

1<h<?

Lemma 3.2, Lemma 4.2 (i) and (5.2) imply

uw fr(u u+w
O Al < 32 2. k/i><< o (u).

n/2<h<n 1<k<n/2+1

Combined with (5.4), this proves (5.3).
Next, suppose 2y/n < w <1 and set

n3
K= Lmin (n — Cyw, —3>J ,
w

where Cj is a large absolute constant. When 1 < k£ < K, apply Lemma 3.2 and Lemma 4.2

(ii), observing that for each j < n, %( w?/j) < —;"— < —%. If £ <n/2, then

k 2 2
(5.5) Ap < ufk(u) (% + ﬂ) e Rt /A0 £ (1 — w).

k n3
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When n/2 < k < K,

= o (53]}

for an absolute constant C;. If in addition n — k > w2, then

w? w? w w? w w?
T 6(n—k) C [ — — —1 [ — — T 6(n—k)
‘ (p{ 1(<n—k>2+n)} )<<<<n—k>2+n)€ |

which implies (5.5). If Cow < n — k < w®? and we take Cy = 20C, then

__w? ’u)g w w? . kw2
e 5B [expl Oy [ ———+— | L — 1] < e 20®m < n3e 102,
(n—k)?2 n

and (5.5) follows in this case as well.
By Lemma 4.1 (iv), (5.2) and (5.5),

W3 fri1 (W) o=, _1/2 —kw?/(10m2
ST A < wfuia(1 = w) [ ka J;;/;( ) S et /(10n)]
k=1

(5.6) k<K k<K

uw w
L frr1(1 = w) frga (u) (ﬁ + W) :
When k£ > K, we combine Lemma 4.1 (i), (iii) and Lemma 4.2 (ii) to obtain
fnJrlfk(l +w—>b— f) + fn+1fk(1 —w— 5) < fnJrlfK(l +w—0b— f) + fnJrlfK(l —w— f)
< e—Kw2/(10n2)fn+1<1 . w)

Together with (4.1), this gives

1
1/2 _ —Kw?/(10n?) -
Z |Ak| < un fn+1(u)fn+1(1 w)e Z ]{3/2.
K<k<n K<k<n
If 2¢/n < w < n?3 then K = [n — 3w] and
—Kw2/(10n2) Z < e—w2/(20n) < w_2
k:3/2 n3/2 n2
K<k<n

If n*3 <w < & then K > n®/2w* and
1 w
—Kw?/(10n2) 3/,.3\—1/2 —n/20w
K<k<n

Therefore,

uw?

Z |Ak| < fra(1 = w)fml(“)@-

K<k<n

Combined with (5.6), we have

51 LI fonall =)o) (S5 + ) @< w < a/10)
k=1
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Combining (5.1), (5.3) and (5.7) with Lemma 2.2, in all cases we have
0 1+w—b Y2 (1 —w) fo i
Qn<u,?}):1—f+1(u+ +w )+O n f+1( U))f +1(u) u—i—w_'_uu; .
fori(u+1—w) fori(u+1—w) n n
By the definition of b,

forri(u+1+w—0b) _ fori(u+14+w—0)fri1(1 —w)
fn+1(u+1_w) fn+1(1+w_b>fn+1<u+1_w)

(1 u(2w — b) "
B m—w+bn+w-—u))
Also, by Stirling’s formula,

n'2 fri1 (1= w) froi (u) _ nt/2(n + 1)" ((n +1—u)(n+ w))n
fop1(u+1—w) entin! (n+1)(n+w—u)

u(w — 1)
< (1-—
m+1)(n+w—u
which concludes the proof of Theorem 2. O

n
&L et
)

6. PROOF THEOREM 1

We may assume 0 < u < dn and 0 < w < dn for a small, fixed, positive 0. If 0 < u < 1
and 0 < w < én, Lemma 2.1 (i) implies @, (u,v) < w/n. When 0 <w <1 and 1 <u < dn,
Lemma 3.2 implies Q,(u,v) < %. When 1 < u < dn and 1 < w < dn, we may assume that
n is large. The error term in Theorem 2 is

U+ w W UW _ww U+ w
+—.—e 2n<< .
n n o n n

<

4/3

When uww > n** the main terms are

1-0(e ) =1-e 2" + 0(%).

When uw < n*?, the main terms are, by Lemma 4.1 (i),

e {_ u(2w — b)n )+O((uw)2)}

(n—w+b)(n+w-—u

—1—exp [—2“7“’ (1+o<“;w)ﬂ +O<<“;‘;)2>
e (u+w+ (uw)1/2)

n
zl—e_QUTw +O<u+w)‘
n
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